Technical report, IDE1122 , August 21, 2011

Pricing of exotic options under
the Kou model by using the
Laplace transform.

Master’s Thesis in Financial Mathematics

Gayk Dzharayan and Elena Voronova

/ , : \
MASTER'S PROGRAMME IN FINANCIAL MATHEMATICS

. GSKO(
O 7
g % School of Information Science, Computer and Electrical Engineering
Halmstad University
“ALnsT



Pricing of exotic options under the
Kou model by using the Laplace
transform.

Gayk Dzharayan and Elena Voronova

Halmstad University
Project Report IDE1122

Master’s thesis in Financial Mathematics, 15 ECTS credits

Supervisor: Ph.D. Jan-Olof Johansson
Examiner: Prof. Ljudmila A. Bordag

External referees: Prof. Vladimir Roubtsov

August 21, 2011

Department of Mathematics, Physics and Electrical engineering
School of Information Science, Computer and Electrical Engineering
Halmstad University






Preface

First of all we want to express huge and sincere gratitude to our supervisor
Jan-Olof Johansson for all his wise suggestions. We must thank him for this
time, it was great pleasure to write master thesis under his direction.

We would like to thank a lot prof. Ljudmila A. Bordag for giving us the
opportunity and very useful instructions to study in Sweden and write this
thesis. We appreciate very much all our teachers from the programme for
the precious knowledge, which we got from them.

Also we thank Wojtek Reducha for providing his own programme, which
estimates parameters under the double exponential jump diffusion model.
Special thanks to Halmstad University for the good conditions and big re-
courses.

Halmstad, May 2011
Gayk Dzharayan
Elena Voronova



i



Abstract

In this thesis we present the Laplace transform method of option pricing
and it’s realization, also compare it with another methods.

We consider vanilla and exotic options, but more attention we pay to the
two-asset correlation options. We chose the one of the modifications of
Black-Scholes model, the Kou double exponential jump-diffusion model
with the double exponential distribution of jumps, as model of the un-
derlying stock prices development.

The computations was done by the Laplace transform and it’s inver-
sion by the Fuler method. We will present in details proof of finding
the Laplace transforms of put and call two-asset correlation options, the
calculations of the moment generation function of the jump diffusion by
Lévy-Khintchine formulae in cases without jumps and with independent
jumps, and direct calculation of the risk-neutral expectation by solving
double integral.

Our work also contains the programme code for two-asset correlation
call and put options. We will show the realization of our programme in
the real data.

As aresult we see how our model complies on the NASDAQ OMX Stock-
holm Market, considering the two-asset correlation options on three
cases by stock prices of Handelsbanken, Ericsson and index OMXS30.

Keywords: Double exponential jump-diffusion model, Kou model,

Laplace transform, Laplace transform inversion, two-dimensional Euler
algorithm, two-asset correlation options.
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Chapter 1

Introduction

The innovations of the financial derivatives are not from so remote past, and
now we have already had the growth derivatives markets, more and more
such products have been designed and issued by financial institutions. But
in connection with this phenomenon, some of those products are complicated.
Consequently, there are new problems with the pricing and the hedging of
those derivatives.

Nowadays the knowledge about pricing of plain vanilla options is generally
used and investors become interested in more complex products such as the
exotic options. To study exotic options has become very important because
people who deal with options in the market need to be able to price these
specific derivatives. In this paper, we focus on the pricing and modeling of
such derivative products.

First very crucial revolution in the history of derivatives was done by Fis-
cher Black and Myron Scholes, when they published their groundbreaking
paper "The Pricing of Options and Corporate Liabilities” in 1973. Due to
this publication theoretically consistent framework for pricing options be-
came available. So far, this model has huge influence on the way that traders
price and hedge options. It became the basis of the growth and success of
the financial engineering in the last four decades. The idea of this work is
based on the assumption, that the asset prices follow a geometric Brownian
motion. Till now modifications of this model are commonly used, because of
its simplicity and ease of implementation.

Despite the successes of Black-Scholes model (BSM model), and the fact,
that the outcomes achieved by this model reflect the real prices quite well,
it has some faults, emerged from many empirical investigations, such as the
leptokurtic and asymmetric features, the volatility smile and the volatility
clustering effect. Also what is evident now, is that in the real world there
exist jumps [45], caused by a variety of economical, political and social fac-
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tors. According to the observation from the real market prices does not
follow a geometric Brownian motion. The Black-Scholes model does not fit
real data very well. Many scientists have tried to improve and modify the
Black-Scholes model.

Varieties of models have as its object to incorporate the leptokurtic and asym-
metric features. Among others there are the chaos theory, fractal Brownian
motions, and stable processes [39, 41, 43|, [41], [43]; generalized hyperbolic
models, including t-model, hyperbolic model and variance gamma model [42],
[18], [6] ; time changed Brownian motions [25]. Each of them has some ad-
vantages, but the problem is that it is hard to get analytical solutions in
order to price option, alias they might provide some analytical formulae for
standard options, but no fear for interest rate derivatives and exotic options.
The variety of models pursue the object to incorporate the ”volatility smile”.
Among them there are constant elasticity model (CEV) model [13], [14],
stochastic volatility and ARCH models [28], a numerical procedure called
7implied binomial trees” [53], normal jump models [45]. These models are
useful for researches in many fields, such as pricing plain vanilla options,
path-dependent options, short maturity options, interest rate derivatives.
Problem is that referred above models may not reflect the leptokurtic and
asymmetric features, particularly the "high peak” feature. Because of jump-
diffusion issues, in this work we are going to focus on the double exponential
jump diffusion model, which is also called Kou model [37].

Besides the crucial properties the double exponential distribution, this model
provide following issues:

e [t can reproduce leptokurtic and asymmetric features, according to
which the distribution of assets return has a higher peak and two heav-
ier tails than the normal distribution, and it is skewed to the left.

e [t provides analytical solutions for variety of option pricing problems
(plain vanilla options, interest rate derivatives, some exotic options,
and options on futures).

e [t can reflect the ”volatility smile”. The fact, that the implied volatility
curve looks as ”smile” is well-known. The graph of the implied volatility
with respect to strike price is a convex curve.

You can read about crucial empirical facts for the pricing models in Chapter
2. Then we consider some modifications of Black-Scholes model in Chapter 3
to illustrate, that there exist several models, but we chose the pricing options
under the Kou model, which we describe in Chapter 4 and all algorithm of
calculations in detail in this chapter.
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We use the FEuler algorithm to obtain price of the option by the numerical in-
version of Laplace transforms, because the explicit formulas for the inverted
Laplace transform in some cases do not exist. Due to fast convergence of
Euler algorithm, just a limited number of terms are necessary [48].

Our objective is to consider the double exponential jump-diffusion model and
use the Laplace transform for pricing of plain vanilla, barrier and two-asset
correlation options. To provide effective method with simple general error
bounds we use these methods to confirm the accuracy. We present the Euler
algorithm, which can be used for accurate inversion of the Laplace transform
of option prices.

And then we apply our research results to valuation of options under the
double exponential jump-diffusion model via the Laplace transform in Chap-
ter 5. We are interested to show fruit of our work realized with real data,
which we got from the special electronic information system SIX Edge™™.
For the visualization we wrote our own program in the software for statistical
computing R. We will present our results on the example of the NASDAQ
OMX Stockholm Market, considering the two-asset correlation options on
three cases by index OMXS 30 and stock prices of Handelsbanken, Erics-
son. In Chapter 6 we analyze all our results and make a conclusion. Some
calculations and the code of our programme you can find in Appendix.
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Chapter 2

Empirical facts

A stylized fact is a widely used term referring to empirical results that are
so accordant that they are accepted as truth. The stylized findings, which
are presented as true, in statistics can only be taken as highly probable.
The stylized facts show complex statistics in an easy way. A stylized fact
is usually a broad generalization, and due to their generality, they are often
qualitative.

Definition 2.0.1. If X is a random variable defined on a probability space
(Q, F, P) with probability density function f(x), then the expected value of
X is defined as

B(X) = /Q Xdp = /_ :Oxf(x)dx. 2.1)

For a discrete random variable the expected value is given by
E(X) = Z zip(w:), (2.2)

where p(x) is a probability mass function.

Definition 2.0.2. If a random variable X has the expected value u = E(X),
then the variance of X is given by

Var(X) = E[(X — p)*] = B[(X - E(X))’] = BE(X?) - [E(X)]"  (23)

Definition 2.0.3. The covariance between two real-valued random variables
X and Y with finite second moments is

Cov(X,Y) = E[(X — E(X))(Y — E(Y))] = E(XY) — E(X)BE(Y). (2.4)
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Definition 2.0.4. The correlation p between two real-valued random vari-

ables X and Y is
cov(X,Y)

P= \/Var(X)Var(Y) ’

(2.5)

as long as the variances are non-zero [22].
Correspondigly for a stock return discrete time series r(t) the autocovariance
v is defined as
v = Cov(ry, ri—g) = Cov(ry, rik), (2.6)

and the autocorrelation pg

cov(ry, i)

B \/Var(rt)Va'r’(rt,k)'

Pk (2.7)

To estimate sample pp we can use

¥ — )T — T
G = tmger1 (Tt = T) (e, 7’). (2.8)

Zthl (re —7)?

2.1 The leptokurtic and asymmetric features

Many empirical studies of the real data behavior suggest that the distribution
of return has a higher peak and two heavier tails than the normal distribu-
tion, especially the left tail. These features are called the leptokurtic and
asymmetric features.

Definition 2.1.1. The kurtosis is a measure of the concentration of a dis-
tribution around its mean.The kurtosis is defined as

K_E[(x_”ﬂ. (2.9)

g

The kurtosis minus 3 is also known as excess kurtosis.
The distribution is called mesokurtic, if its excess kurtosis equal zero . The
normal distribution, which underlies the Black-Scholes model, is the most
known instance of a mesokurtic distribution.
If K > 3 then the distribution will be called leptokurtic. The leptokur-
tic distribution will have a higher peak and two heavier tails then normal
distribution. Examples of leptokurtic distributions include:

1. double exponential distribution;

2. the family of generalized hyperbolic distributions;
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3. the stable distributions.

If K < 3 then the distribution is platykurtic. For distributions which are
platykurtic, the tails are thinner and they have wider peaks. The uniform
distribution is an example of platykurtic distribution.

To estimate kurtosis , we can use

~

1 = =4
K= m;m - X)" (2.10)

as sample kurtosis, where & is the sample standard deviation [37], X is the
sample mean.

Definition 2.1.2. The skewness is a measure of the asymmetry of the prob-
ability distribution of a real-valued random variable. The skewness is defined

SzE[(x_M)]g. (2.11)

g

If the left tail is more pronounced than the right tail, the function is said
to have negative skewness. If the reverse is true, it has positive skewness. If
the two are equal, it has zero skewness.

The estimation of sample skewness can be done in similar way as in ([2.10]),

. 1 - _ 3
S = m;(xi - X)) (2.12)

The leptokurtic feature has been noticed since 1950’s. Nevertheless classi-
cal finance models simply ignore this feature. For example, according to
the Black-Scholes model the stock price is modelled as a geometric Brow-
nian motion, S(t) = S(0)e** W where the Brownian motion W (t) has
a normal distribution with mean 0 and variance t, p is the drift and o is
the volatility, which is measure of the returns standard deviation. Also in
this model the continuously compounded returns, r(¢), has a normal distri-
bution, which is an evident contradiction to the leptokurtic feature [37]. As
mentioned before the double exponential density function is an example of
a leptokurtic distribution, as it has higher peak and tails heavier then the
normal distribution.

2.2 Implied volatility

The Black-Scholes model uses the different inputs to derive a theoretical value
for an option, which depends on a value of the forward realized volatility of
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the underlying.

Despite difficulties of the volatility estimation in practice, we definitely know
that the option prices are quoted in the market and even if people do not
know the volatility, for market system it is known. More precisely, take the
Black-Scholes formula for a call, for example, and substitute in the interest
rate, the price of the underlying, the exercise price and the time to expiry.
Based on the call option price increases monotonically with volatility, there
is a one-to-one correspondence between the volatility and the option price.
Taking the option price quoted in the market and working backwards, we
can say that the market’s opinion of the value for the volatility over the
remaining life of the option. This volatility, derived from the quoted price
for a single option, is called the implied volatility, see [59].

One significant feature of implied volatility is the fact, that if we will compute
volatility from a call option with the maturity T and strike K and from a
put option with identical parameters, we obtain the same answers due to the
put-call parity:

S(t)=C(S,K) — P(S,K) 4+ Ke "7, (2.13)

where S(t) is the asset price at time ¢, K represents the strike price, which is
the same for both options, P(S, K) and C(S, K) is the price of the put and
call option respectively.
For any possible model, which we can use, the put-call parity must hold to
obviate arbitrage, see [59].
If we denote the market price of the call and put like Cy; (S, K) and Py, (S, K),
while Cpg(S, K) and Pgg(S, K) will be the call and put prices given by the
Black-Scholes formula, then taking the difference between the two equations,
we get

Cr(S,K) — Py(S,K) =Cps(S,K) — Pgs(S, K). (2.14)
From definition of implied volatility we have 0,(T, K) = 0.(T, K) = o(T, K),
where o.(T, K) is implied volatilities derived from the quoted prices in the
market for the call option and 0,(T’, K) - for the put option. We suppose that
the implied volatilities from call and put options with the same maturity T
and strike price K must be equal, but in practice it is not the case, because
we have bid-ask spreads for options.
Implied volatility has another important singularity that it does not figure as
a constant via exercise prices. In other words, if the value of the underlying,
the interest rate and the time to expiry are fixed, the price of options via
exercise prices should show volatility like an invariable value, but in practice
it can not be. And this contradiction exists in some option pricing models.
This effect has a reflection in the plot of implied volatility against strike
prices, witch holds U-shape and generally called the ”volatility smile”.
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2.3 The volatility clustering effect

Many finance models simply ignore the dependent structure among asset re-
turns and suggest that the stock returns have no autocorrelation. Among
them there are capital asset pricing model and Black—Scholes model, etc.
Moreover, the assumption, that the stock prices follow ”a random walk hy-
pothesis” with independent asset returns underlies most of the classical mod-
els. Nevertheless, empirical observations show some interesting dependent
structures among asset returns. From this observations researchers have con-
cluded that while asset returns have approximately zero autocorrelation, the
volatility of returns are correlated. Whereas returns themselves have almost
no correlation, the absolute returns |Y;| or their squares display a positive,
significant and slowly decaying autocorrelation function Cor(|Yy|, |Yiik|) > 0
for k ranging from a few minutes to several weeks. This phenomenon is
called the volatility clustering effect. Financial models for stock returns with
independent increments cannot capture the volatility clustering effect. The
jump-diffusion models as special cases of Lévy processes cannot incorpo-
rate the volatility clustering effect directly. However, the combination jump-
diffusions with stochastic volatilities resulting in the ”affine jump-diffusion
models”, see Duffie [16] , which can incorporate jumps, stochastic volatility,
and jumps in volatility, but these models have another shortcomings.

2.4  The tail behavior

The main purpose for using Lévy processes in finance is the fact that the asset
return distributions tend to have tails heavier than those of normal distribu-
tion. The tails distribution can be power-type distributions or exponential-
type distributions.

In order distinguish the tails distribution we need to consider very large sam-
ple size. It can be necessary to use quantiles with very low p values. If the
true quantiles have to be estimated from data, then the problem is even
worse, as the sample standard deviations need to be considered, resulting
in great numbers necessary, see [26]. Therefore, people should be careful to
choose a good model based only on the limited empirical data.

For describing power-type distribution, cf. [54], let the right tail of random
variable X has a power-type tail if

P(X > x) %i, x>0,a8 T — 0, (2.15)
xOé
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the left tail of X has a power-type tail if
P(X > —z) ~ i, x>0, as v — 00. (2.16)
xO{

By analogy, for exponential-type distributions, see for example [54], we can
say that X has a right exponential-type tail if

P(X >z)~ce ™, x>0, (2.17)

and a left if
P(X > —z)~ce ™, ©<0,as v — o0. (2.18)

However, we can use power type right tail only for discretely compounded
models, because there exists one relevant feature of using power type right
tail in modeling return distributions. It is that this type can not be used in
models with continuous compounding, see [33]. If we consider this case, we
will have the infinite value of expected asset price. Note that t-distribution
has power type for any degree of freedom.

If we come back to the problem about distinguishing tail distributions we
will have next difficulty, it is a risk connected with choosing an acceptable
model and preference of using power-type distributions or exponential-type
distributions. To measure this risk we can use: Value-at-Risk (or VaR),
which is a measure based on quantiles, or the tail conditional expectation
[27]. The choice between them depends on whether the measure is used for
internal or external risk management.



Chapter 3

Some financial models

The development of modern option pricing models began with Fischer Black
and Myron Scholes’ publication in 1973, see [7]. Their work has forever
changed the way for both practitioners and theoreticians view of the pricing
of derivative securities. The next scientists moved beyond Black-Scholes,
making modifications, and now we can read about several option pricing
models. In this chapter we consider some the most general of them. Others
are left without due attention, but we will mention articles, where you can
find their description. There are models, which are conducted to reproduce
the volatility clustering effect, such as Stochastic volatility [28], [20] and
GARCH models [19]. It worth to mention the affine stochastic-volatility and
affine jump-diffusion models, which is combination of stochastic volatility
and jump-diffusion models, see [16].

3.1 The Black-Scholes model

The simplicity of Black-Scholes model was achieved by taking following as-
sumptions [59]:

e The price of asset follows a geometric Brownian motion
dSt = /,I/Stdt + O'Stth, (31)

where W, is a Brownian motion, g is the mean value, also known as
the drift, o represent the volatility of the relative price change of the
stock price, and S; is the current stock price.

e The volatility o of the stock price change and risk free interest rate r
are assumed to be constant.

11
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e There are no transaction costs associated with hedging a portfolio and
no taxes.

e The underlying asset pays no dividends.

e There is no arbitrage opportunities.

e The assets are divisible and short selling are permitted.

e Continuous trading of the underlying is possible.

e Participants can borrow and lend on the risk free interest rate.

Using It6s Lemma, we can obtain from ((3.1))

ov 1 *V. oV ov
oS 2 052 Ot oS

dV = <uS— + =08 —— + — |dt + 0 S——=dW, (3.2)

where V' is the price of option. Applying no arbitrage argument, we can get
the Black-Scholes partial differential equation [59)

NV 1,0V OV

The solution of the equation (3.3) is given by [24]
C(S,t) = SN(dy) — Ke " TN (d,), (3.4)

P(S,t) = Ke " T"ON(—dy) — SN(—dy), (3.5)

where C' and P denote the price of European call and put options respectively,
(T'—1t) is time to expiration in years, K is strike price, N(-) is the cumulative
normal distribution function, described by the following formula

N(z) = ﬁ / e dy, (3.6)

where
b log2 + (r+ $0?)(T — t)
b oI —t ’
log2 + (r — Lo®)(T —t)
dy = —E 2 =d, —oVT —t. 3.8

It is widely recognized that sometimes we can’t get results from the Black-
Scholes model, which coincide with the real prices. The reason is that the

(3.7)
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Black-Scholes model relies on the idealized assumptions and can not incor-
porate empirical facts, which we mentioned before. However, this model is
a major breakthrough of the option pricing development. Many studies are
based on the Black-Scholes model. The main purpose of this studies is to
modify classical model and make it more adjusted to the real world. We
are going further to consider alternative modifications of the Black-Scholes
model.

3.2 Nonlinear chaotic models and a fractional
Brownian motion

Let’s consider the evolution of the sequence

h = (hy,) with h, = lnSSn ,

n—1

where S,, is the level of some price at time n and
Sy = Sp(w) and h, = h,(w)

were random variables defined on (Q, F, (F,)n>1, P), some filtered probabil-
ity space, and simulating the statistic uncertainty of real-life situations. For
comparing, some deterministic system:

Tpt1 = f(xn; X),

where X is a parameter, can produce sequences with behavior similar to that
of stochastic sequences [54].

Many economic, including financial, series are actually realizations of chaotic
(rather than stochastic) systems. Considering the forecast and predictability
of the future price movements, we can say that it has chaotic behavior. We
should understand chaos as an explicit lack of order of predictability in asset
price behavior. The two required elements of chaos theory are that the prices
(some invents) depend on an underlying order, and that even elementary or
short events can lead to complex behaviors or events (sensitive dependence
on initial conditions).

Fractional Brownian motion was introduced by Kolmogorov, see [31], and
studied by Mandelbrot and Van Ness in [40]. In these models where the
fractional Brownian motion is instead of the geometrical Brownian motion,
see [52], perhaps, arbitrage opportunities exist.



14 CHAPTER 3. SOME FINANCIAL MODELS

Definition 3.2.1. [54]
A continuous Gaussian process X = (X;)i>0, with zero mean and the
covariance function equals

Cov(X,X,) = %(1 f—s+ 1 olt—s P t—s—11%) (3.9
is a (standard) fractional Brownian motion with Hurst self-similary exponent
0<HC<LI.

It has the following properties:
e Xp=0and E(X;) =0 for all £ > 0;
e X has homogeneous increments, i.e.,

Law(Xiys — Xs) = Law(Xy), s,t > 0; (3.10)

e X is a Gaussian process and E(X?) =|t |?", ¢ > 0, where 0 < H < 1;
e X has continuous trajectories.

These properties show that a fractional Brownian motion has the self-similarity
property. And if Hurst parameter equals % the process is a standard Brow-
nian motion.

Definition 3.2.2. [54] A random process X = (X;);>0 with state space R?
is self-similar or satisfies the property of (statistical) self-similarity if for each
a > 0 there exists b > 0 such that

Law(Xg4 ,t > 0) = Law(bX; ,t > 0). (3.11)

In other words changes of the time scale (t — at) produce the same results
as changes of the phase scale (z — bz).

3.3 Models based on a Lévy process
Let (£2, F, P) be a complete probability space.

Definition 3.3.1. [46] A one-dimensional stochastic process X = X (¢),¢ > 0
is a Lévy process:
X(t) =X(t,w), we, (3.12)

with the following properties:
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X(0) =0 P-as.,

X has independent increments, that is, for all ¢ > 0 and s > 0, the
increment X, — X; is independent of X and s <,

X has stationary increments, that is, for all h > 0 the increment X, ;—
X; has the same probability law as X,

It is stochastically continuous, that is, for every ¢ > 0 and € > 0 then
lim5_>t P{‘Xt — Xs‘ > 5} = O,

X has cadlag paths, that is, the trajectories are right-continuous with
left limits.

The Lévy process unlike the Brownian motion can have jumps. The jump
at time t is defined by

In such type of models the asset price S(t) is represented as
St = S[)GXt,

where X, is the Lévy process.

3.4 The constant elasticity of a variance model

The Black-Scholes formula states volatility as constant during the life time
of the option. However, from empirical observations of the stock markets we
can conclude, that the volatility is increasing with decreasing of stock price.
So, stock prices level and the volatility tend to to have negative correlation.
Cox and Ross have produced from this effect the model, which is known now
like constant elasticity of variance model (CEV) [12], [13]. According to the
CEV, the stock price follows the diffusion process

B
dSt = ILLStdt —+ O'St2 th, (313)

where ¢ is the instantaneous volatility of the stock price return, p is a drift,
[ is an elasticity parameter (0 < § < 2) and W, is the Brownian motion.
The CEV obtains some well-known special cases depending on the choice of
B. For example, f = 0 indicates a normal distributed asset price, § = 2
yields the classical BSM model. For g < 2 we will have the distribution with
increase of the volatility ¢ increases in response to the decrease of the stock
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price S, which is alike leptokurtic feature.
The given diffusion process can be reduced to process with constant volatility.
Applying It6 formula to the process z; = Sy /a0, with a = 1— /2, we obtain

St (o —1)o

as; + 5

day = dt. (3.14)

According to the definition of the process x; we have

(a—1)o

dl’t = (.I'tOé,LL + 9

>dt + AW, (3.15)

Thereby, we have received a process with constant volatility equal to 1.

3.5 An implied binomial tree

Often, price of an option estimated by the Black-Scholes-Merton formula
does not coincide with one which is real market price. As Fisher Black said
[8], this discrepancy may appear because of one of the following reasons

e The market price is incorrect.
e The parameters used as input for the theoretical value are incorrect.
e The Black-Scholes-Merton theory is incorrect.

In 1994 Dupire, Derman and Kani developed the implied tree model, accord-
ing to which the market price of option is always correct, see [17], [I5]. An
arbitrage-free model containing all relevant information from the real market
prices is constructed by using information from liquid options with different
strikes and maturities.

The process of stock price evolution is discretized in the implied tree model.
The volatility is a function of time and the current asset price, which follows
random walk given by [24]

The volatility function can be calculated numerically using volatility smile
given by the real quoted price of option. The binomial tree pricing method
based on the dividing the life of the option into the small time intervals and
it is assumed that on the each interval stock price can move in two direc-
tions. The risk-neutral valuation principle underlies the way binomial tree
approach is used. It implies that the expected return from the traded asset
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are assumed to be equal risk-free interest rate and the price of any deriva-
tive product is expected return discounted by the risk-free rate. Moreover,
this model is preference-free and markets are assumed to be complete. All
investors in the risk-neutral world are indifferent to the risk.

3.6 Generalized hyperbolic(GH) models

The modeling of financial assets as stochastic processes is determined by
distributional assumptions on the increments and the dependence structure.
The returns of most financial assets have semi-heavy tails, i.e. the actual
kurtosis is higher than the kurtosis of the normal distribution [39]. Actually,
GH distribution is these semi-heavy tails. In this type of models instead of
the normal distribution which doesn’t acknowledge the pricing of options by
martingale methods , well-known density of GHD distribution is used.

Ole E. Barndorff-Nielsen in [6] introduced the GH distributions.

Definition 3.6.1. The one-dimensional general hyperbolic distribution is
defined by the following Lebesgue density

A
2

=

gh(z; A, . 8,0, 1) = a(X, @, 8,6) (0% + (x — p1)*)
XK, _1(ay/6® + (z — 11)2)e’@=r (3.17)

(a2 — B2)N?
\/%a)\fl/Z(S)\K)\((S /a2 — 52)’

where K, is a modified Bessel function and z € R. The domain of variation
of the parameters is 4 € R and

a(\, a, 5,0) = (3.18)

d>0,|B|l<a ifA>0
d>0,|B|l<a ifA=0
520,[B|<a ifA<0

To define the modified Bessel function, let us consider the equation
Pt z— — (2 +vHw = 0. (3.19)

for an arbitrary real or complex v.
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Definition 3.6.2. [I1] The modified Bessel function of the first kind
I,(z) for z > 0 and v > 0 is equal to the solution of Equation that is
bounded, when z — 0.

The modified Bessel function of the second kind K,(z) for z > 0 and v > 0
is equal to the solution of Equation that is bounded, when z — oo.

The GH distribution and its derived classes ensure fits to the data which
are better than normal distribution. Hyperbolic distributions provide an ac-
ceptable tradeoff between the accuracy of fit and and the necessary numerical
effort [49]. But the poor side of GH models is that they are not flexible as
respects to different time scales. It will be not so convinient to work with
options of various maturities. We need to choose maturity with distribution
of asset price as generalized hyperbolic and at another maturities we should
compute distributions like convolution powers of first one.

3.7 A time changed Brownian motion and
Lévy processes

In models based on time changed Brownian motions and time changed Lévy
processes, the asset price S(t) is modeled as

as G is a either geometric Brownian motion or a Lévy process, and M (t) is
a nondecreasing stochastic process modeling the stochastic activity time in
the market. The activity process M (t) may link to trading volumes, see [37].

Definition 3.7.1. [57] Let X = (X;);>0 denote a stochastic process, some-
times referred to as the base process, and let T = (7})s>0 denote a nonnega-
tive, nondecreasing stochastic process not necessarily independent of X. The
timechanged process is then defined as Y = (Y;)s>0, where

Y, = Xrp,. (3.20)
In models can be used two methods for the time change:

1. Absolutely continuous time changes. We can say if a setting 7" is always
continuous and 7 shows jumps, this type of time changes has form
T, = fos Tudu, for an integrable and positive process 7 = (75)s>0. The
advantage of this model class is that it leads to affine models which are
highly analytically tractable, see [57].
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2. Subordinators. We can refer to subordinators a lot of successful fi-
nancial models in terms of timechanged Brownian motion. It is non-
decreasing Lévy processes and therefore is stationary and has indepen-
dent increments. Subordinators are pure jump processes of possibly
infinite activity plus a deterministic linear drift.

3.8 The Merton jump-diffusion model

The main idea of Merton’s jump-diffusion model, presented in 1976 [45], is to
embed in to the classical framework of the BSM model discontinuous jump
processes. As Merton wrote the total change in the stock price is posited to
be the composition of two types of changes

e The "normal” vibrations in price.

e The "abnormal” vibrations in price reflecting to the impact of new
information represent jump part.

The model propose, that the change of the underlying asset price is described
by [24]
dS = (a — \k)Sdt + 6 SdWt + kdq,, (3.21)

where a represents the instantaneous anticipated asset price return, ¢; is the
independent Poisson process, ¢ is the instantaneous variance of the return,
in case when jumps do not appear; dWW; is a standard Brownian motion.
The solution of the stochastic differential equation is given by

N(t)
S(t) = S(0)exp { (u - %(72>t + UW(t)} H e, (3.22)

where N(t) is a Poisson process represents the arrival of new information,
in other words the events, which influence to the asset price. The model
proposes, that the events are independently and identically distributed.
According to the Merton, Y;, {i = 1,..., N(¢)} is normal distributed. The
density function of Y; is described by

Frly) = — exp{—w}, (3.23)

o'\ 21 20’

where 1/ is the mean, and ¢’ is the standard deviation of Y;.
Despite to the fact, that the Merton model can not reproduce the volatility
clustering effect, it can be used for the valuation of the short time options.
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3.9 The Kou double exponential jump-diffusion
model

The main difference between the Kou model and the Merton model described
before is that, the Kou assumed jumps double exponential distributed with
the following density function:

fV(U) =D Ule_nlv]lvzo + q 7726n2vlly<0~ (324)

Here ny > 1; 2 > 0; p,q > 0; p+ q = 1; p is the probability of the
upward jumps and ¢ is the probability of the downward jumps. In comparison
with Merton model, where just one random variable reflects bad and good
news, the double exponential jump diffusion model has better economical
interpretation, due to the distribution of the jumps.

We are going to consider the Kou model more in details in the next chapter.



Chapter 4

The Kou model and option
pricing

4.1 Introduction to option pricing

The usage of options to ensure economic security or for return dates deeply
back in our history. The first published account of options use was in Aris-
totle’s Politics, published in 332 B.C., it said that the creator of options was
some great philosopher, astronomer and mathematician, Thales. Then op-
tions appeared again during the famous Tulip mania of 1636 (the tulip bulb
options).

By the mid 1900’s, the Put and Call Brokers and Dealers Association was
formed, but the public acceptance was limited, and options needed an illiquid
investment vehicle as they were not standardized and could not be exercised
until their expiration dates. Then because of people had already recognized
the real utility of these contracts, and though the long developments in the
end of the 18 century option contracts were finally accessible to the gen-
eral population and were ready to flourish. Gradually, already standardized
option contracts were provided the guarantor (Options Clearing Corpora-
tion(OCC)), the market maker system was established for creating and en-
suring a two-sides market with the best bids and offers for public customers.
And when people have had an affective infrastructure, they encountered the
next problem: you might stand ready to trade a particular option, but only
at a fair price. The general method of evaluating of options was essential,
because pricing was random.

Fisher Black and Merton Sholes solved this problem in [7] around the same
time as establishment of the Chicago Board of Exchange (CBOE) when they
developed a mathematical formula for calculating the theoretical value of a

21
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option. The Black-Sholes model gives the value of the determined option
by the strike price, the underlying asset, the time to expiration, the interest
rate, and the volatility of the underlying asset. It gave opportunity for the
individual trader to trade by using the same computations that profession
traders use and also opened the business of option trading to a wide public,
like a big progress of the whole financial market.

In 1975-1977, with exchange-traded options increasing in demand, the stock
exchanges began trading call options such as American, Philadelphia, and
Pacific stock exchange. Put options were created. As people became more
interested in options contracts and more researchers started to research pric-
ing and trading of them.

Today, derivatives are used to hedge against the risk in different spheres.
For instance banks can use derivatives to abate the risk that the short-term
interest rates will increase and abate the profit, which have the investors on
fixed interest rate securities and loans, farmers can use derivatives against
the falling prices of harvest before they will realized results of their work in
the market. Pension funds use derivatives to insure against big falls in the
value of the portfolios, and insurance companies make credit derivatives by
selling credit protection to security institutions and banks. Traders use inter-
est rate swaps, options and swaptions to hedge for reducing the prepayment
risk associated with home mortgage financing. FElectricity producers hedge
to reduce changes unappropriated for the season.

Besides the risk management derivative markets act the important place in
pricing traded items in the markets, and then distributing those prices as
information throughout the economy and the market. Therefore these prices
are significant not only for selling and buying but also using and producing
in other markets and it is reflected in the height of commodity and security
prices, interest rates and exchange rates.

Nowadays trader has a very big variety of choice for making portfolio. In
general, he can select options on two categories:

Plain vanilla it can be European or American, call or put, bond option,
warrants. They have standard well-defined properties, their prices are
valued by traders on a regular basis.

Exotic the options with complex financial structures: Asian, barrier, binary,
compound, lookback, chooser, Russian. They are nonstandard prod-
ucts that have been created by financial engineers. These products are
usually a small part of portfolio, but it is very relevant for traders,
because they are, in general, more profitable than plain vanilla.
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It is just examples, but in the market there are a lot of different styles and
the new ones often appear, see [30]. Some of them is widespread and actively
traded, like European, American, some of them are complicated and we can
trade only in special case, like Russian, for example.

In our thesis we will pay your attention to the rare type of the option - two
asset correlation options (with two underlying assets and two strike prices).
The payoff for call is max(S; — X7;0) if So > X5 and 0 otherwise and for put
is max(X; — 51;0) if Sy < X5 and 0 otherwise. In [61] Zhang proposed the
formulas by which we can price these type of options:

C = S5 My + 02VT, 0 + poaV'T; p) — Xoe T My, y130)  (4.1)

P = Xoe " M(—ys, —yn; p) — S2e®* T M (—yy — 02V'T, —y1 — poaV'T; p),
(4.2)
where M(a, b; p) is the two-dimensional normal distribution with the corre-
lation coefficient p between the returns on the two assets and

ne 01\/T

_ In(S2/X5) + (ba — 03/2)T
Y2 = agﬁ

During a long time people have tried to research these financial instru-
ments, because for successful strategy they need to be able to price these
specific derivatives. And they have already got the crucial results. We have
mentioned some models for option pricing. But many of them are not ex-
tended for exotic options, only for vanilla options, because it is more difficult
to provide some model or method which will compute the option price for
contracts with complicated structure. In our thesis we will present one good
way - the application of the Laplace transform in option pricing.

(4.3)

(4.4)

4.2 The motivation of the choice of the Kou
model

The Kou model possess some crucial features, which can be useful for the
option pricing. Firstly, the Kou model is internally self-consistent, which
means that this model is arbitrage-free and can be embedded in an rational
expectations equilibrium setting, [37].

Moreover, the considered model can incorporate two of the empirical facts
mentioned before. Thus the Kou model overcomes the problems, which was
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faced by the BSM model. It reproduces leptokurtic and asymmetric feature
the ”volatility smile” effect. Nevertheless, the empirical tests should not be
judgement whether model is good or not. The models with many parameters
usually reflect the empirical facts better, but these models have less tractabil-
ity on the other hand. This is one of the explanation why the BSM is still
so popular among traders. The Kou model retains analytical tractability, it
yields closed-form solutions not only for standard plain vanilla options, but
also for variety of exotic options, such as lookback options, barrier options,
perpetual American options, see [35], [36]. According to the Ramezani and
Zeng [50],that the double exponential jump-diffusion model fits real data bet-
ter than the Merton’s normal jump-diffusion model, and both of them fit the
data better than the BSM model. So, the double exponential jump-diffusion
model as a modification of BSM has improved the classical model, and it is
tractable.

Furthermore, there are two more crucial features of the Kou model provided
by the double exponential distribution of jumps. Firstly, it is the memoryless
property. This feature is the reason why it is feasible to obtain the closed-
form solutions for various option pricing problems, such as lookback, barrier
and perpetual American options under the Kou model, while it is quite dif-
ficult using many other models, even Merton model, see [37] . Indeed, the
double exponential distribution of jumps provides some economical interpre-
tation to the model. It is known from behavioral finance,that the market has
both overreaction and underreaction to the arrival of new information. The
jump part can indicate the impact of the news to the market performance
of the stock price, while a geometric Brownian motion corresponds to the
absence of the outside news. The asset price changes in response to the ar-
rival of the positive and negative information, which appears according to a
Poisson process, while the amount rate of the change conform to the jump
size distribution, cf. [37].

The refereed above properties are attractive for the practitioners and can
persuade market participants to switch from the classical BSM model to the
double exponential jump-diffusion Kou model.

Since the double exponential jump diffusion model is a special case of Lévy
processes, the stock returns have independent increments. In fact, it means
that the Kou model can not incorporate the the volatility clustering effect.
It explains that the Kou model as the option pricing model does not perform
better than BSM model in case of a highly volatile underlying stock. Nev-
ertheless, the combination of the Kou model and another processes, such us
stochastic volatility model, can overcome the considered shortcoming.



PRICING OF EXOTIC OPTIONS UNDER THE KOU MODEL 25

4.3 The model description

The Kou model assumes that the underlying asset price consists of two parts,
one is continuous part represented by a geometric Brownian motion and the
other a jump part, with the double exponential distributed jump sizes and
Poisson distributed jump times. The stock price is modeled as

ds(t) Al

where W (t) denotes a Brownian motion, N(¢) represents a Poisson process
with rate A, and {Z;} is a sequence of independent identically distributed
nonnegative random variables, which are the jump sizes, p is the drift, o
denotes volatility, cf. [37]. The model assumes that the all sources of ran-
domness, N(t), W(t) and the jump sizes are independent. The model can
provide the analytical solution even for complex option pricing problems, due
to the simplifying assumptions that the drift and the volatility are constant,
while the jumps and the Brownian motion are one-dimensional.

The stochastic differential equation can be solved by using Ito’s formula
for the jump-diffusion, see [11].

N(t)
S(t)zS(O)exp{(u—%a)t—l—aW }HZ (4.6)

Kou showed that under the double exponential jump diffusion model the
rational-expectations equilibrium price of an option equals the expectation
of the discounted option payoff under a risk-neutral measure P*, see [33].
Under this measure, the logarithmic return process Y (t) = log(S(t)/S(0)) is
given by Kou et al., see [30],

Y(t) = (7“—(5——0 — Xt + oW (t +Zm, (4.7)

where r is the risk-free rate, J is the continuous dividend yield,
C=FE*e¥]—=1=pm/(m —1)+qn2/(n2 +1) =1, and V; = log(Z;) is double
exponential distributed with the density function given by

fv(v) =p-me " 1,>0 + g n2e™" 1<, (4.8)

where p and ¢ are the probability of the upward and downward jumps respec-
tively and p,q > 0; p + ¢ = 1.There are also restrictions 7; > 1; 7o > 0. As
Maekawa described [38] , that the V' can be represented like random variable,
which can either take value £~ with probability p and the mean ;! or £
with probability ¢ and the mean 7, .
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4.4 The Laplace transform for the option pric-
ing

The Laplace transform of a function f(t), defined for all real numbers ¢ > 0,
is the function f(&), defined by

7(6) = L(7(1) = / " oxp(—€ 1) (1) dt, (4.9)

such that the the parameter £ is a complex number £ = o + iw, cf. [5§].
In order to price the option under the Kou model we will use the Laplace
transform, widely known as the effective mean for evaluating the derivative
products. The double exponential jump diffusion model implies that the price
of path-dependent options as well as the standard options can be calculated
numerically by using Laplace transforms.

In the survey of Kou [37], the price of a European call option with maturity
T and strike price K is given by

Cr(k) = e "E[(S(T) - K)7]
e "TE*(S(0)eY ™) — e7F)H], (4.10)
where k = —log K.
The price of a European put option is given in the similar way
Pr(k) = e "E*[(K - S(T))"]
e"TEF (e — S5(0)eY D), (4.11)
where k' = log(K'). We now consider the double exponential jump diffusion

model, cf. [3.22]and [3.24] For further calculations we need to introduce the
moment generating function of the return process Y (t), which is

E*[eey(t)] — GO (4.12)

where the function G(x) is defined as

1
G(z) =z + 596202 + A(E[e™Y] - 1), (4.13)
where it =r — 6§ — %0‘2 — A under the risk-neutral measure and r, J, A\, ¢
are defined as in [£.7] As Kou and Wang showed [34], the equation G(z) = a
for positive values of a has exactly four roots B4, P24, —83.4, —B1,4, such
that 0 < B1, < < faq <00 and 0 < B3, <My < Pa, < 00. The Laplace
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transform of the European call and put options can be derived with respect
to k and k', respectively, cf. [30],

+o00

fo(&): = / e~k Cr (k) dk

o

~r SO Gernr
£E+1) ’

£>0, (4.14)

—+00

fr(&): = / e~ Pr(K')dK'
erng((Og_(i)l) (GEDT o (4.15)

As we can see the Laplace transform can be applied to the standard plain
vanilla options. Now our aim is to check how it will work in the case of the
path-dependent options. Many models can give accurate results for standard
options pricing problems, but the inversion of the Laplace transform under
the Kou model can provide us solution for variety of the more complicated
exotic options. In order to study the pricing of the exotic options, such as
barrier and lookback options, under the double exponential jump diffusion
model, it is important to understand first passage time.

Definition 4.4.1. [37] The first passage time of a jump-diffusion process
Y (t) to a flat boundary b is defined by

7 :=inf {t > 0; Y(¢) > b}, b>0, (4.16)
where Y (7,) := limsup,_,., Y (), on the set {7, = co}.

The closed-form solution for the barrier and lookback options under the
BSM model was achieved by Merton [44] and Goldman [21]. It was showed
by Kou and Wang [34], that for the Kou model the exponential distribution
memoryless property leads to

e The conditional memoryless property of the jump overshoot.

e The conditional independence of the overshoot having non-zero positive
value, Y, — b, and the first passage time 7.

e Analytical solution for the Laplace transforms of 7.
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Let us consider the pricing of the path-dependent options under the Kou
model, for example an up-and-in call option (UIC). The pricing of the other
types of barrier options can be done in similar way using the symmetries,
see [23]. An UIC is a option, which will be triggered if the path of the asset
price cross the certain price level above, which is called barrier. In the paper
of Kou and Wang [34], the price of an UIC option is defined by

UIC(k,T) = E*[e " (S(T) — e ") s, <1y], (4.17)

where K denotes the strike price, k& = —log(K) is the transformed strike
price, H > S(0) denotes the barrier level, b = log(H/S(0)) is transformed
barrier. The problem is that the one-dimensional Laplace transform of UIC
involves many special functions, which is complicated for computation. In
2005 the two-dimensional Laplace transform for was showed, see [30],

which made the formula more convenient for calculations.

Theorem 4.4.1. [36]

For £ and « such that 0 < £ <n; — 1 and o > max(G(§ +1) —r,0), (such a
choice of £ and « is possible for all small enough ¢ as G(1) —r = —§ < 0),
the Laplace transform with respect to k& and 7" of UIC(k,T) is given by

furc(&a) = / / e~ F=TyIC(k, T)dkdT
0 —00

_ HEH 1 (A(r—i—oz) h —|—B(7’+Oz)>,

(E+)r+a—-GE+1) m—({+1)
(4.18)
where
AL : = Efe™ 1. _ (m = Brn)(Bop — ) etBn _ o ~bBan)
) e oy e |
(4.19)
B(h): = Efe™lxep] = B D1 i 2= g
") M o=l =5, 7, Bo — Prn
(4.20)

with b = log(H/S(0)), and By, B2, are two positive roots of the equation
G(z) = h.
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According to Petrella [48], the Laplace transform of the UIC option under
the BSM model with respect to k£ and T' is given by

X(H/X)(f“)
§E+D(a—-GE+1)

where 7, = inf {t > 0,Y; > b}, b=1In(H/S), and G({) = Cu+ (¢o)?/2.

We also can get the Laplace transform for the standard lookback option.
Lets consider the put option, while derivation of the Laplace transform for
the lookback call can be done in the similar way. The price of the considered
lookback put option is given by [36]

foic(&,a) = e T E* [e™] (4.21)

LP(T) = FE* [eiTT{ max {M, max S(t)} — S(t)H

0<t>T
= E* [e_’”T max {M, Jax, S(t)}] —S(t),

(4.22)

where M > S(0) is the prefixed maximum at time 0.
The Laplace transform of the lookback put with respect to the time to ma-
turity T for any positive value of £ is given by [35]

M

)

S(0)Aq (5(0)>m,a+r1+s<0)3a (S(O))ﬁz,a+r1+ M S(0)

C,, Ca

h T, P(T)dT =
/O e~ LP(T) o

a—+r «
(4.23)

where

Aa _ (771—51,a+r)52,a+r

61,04—&—7“ —1 7
B _ (62,05—&-7‘ - nl)ﬂl,a—&-r
“ /62,a+r -1 ’

Ca - (OC + 7”)7]1 (ﬁ2,a+r - Bl,a—i—?")?

and B1,a+4r, 2,0+ are two positive roots of the equation G(x) = a+ .

4.5 The Euler algorithm and it’s merits

Sometimes it is not easy to obtain any explicit analytical solutions for the
probabilistic model, therefore we should use some numerical algorithm. Many
numerical methods have been developed in the last decade. We present the
Euler Laplace transform inversion algorithm, but there exist others, such
that:
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1. Lattice methods are the most popular and general methods, see [29)].

2. Monte Carlo simulation is also one of the general methods, see [9].

These methods can require a lot of programming effort and can take a
lot of time to produce accurate result.

3. The Gaver-Stehfest method. It requires the high numerical accuracy,
see [56]. For comparing, the EU algorithm requires a precision of 12
digits and the Gaver-Stehfest method needs 80 digits accuracy. And the
results of observation by Petrella, see [48], show that the EU method
is more robust than Gaver-Stehfest method.

4. Fourier transform inversion. In some cases it is difficult to derive the
formulae, see [4].

By using the Euler algorithm (EA) we can invert functions defined on positive
real line, with extension of the algorithm - to the entire real line, see [48], and
it is very useful, because it is likely to made Laplace transform and invert
log-strike price by EA. The method, which we have chosen, has the following
advantages:

e [t provides error bounds.
e The speed of convergence is very high.

e Comparing with other methods, it does not require a big numerical
accuracy.

4.6 The Euler method for the Laplace trans-
form inversion

The Euler method for the Laplace transform inversion is first described in
[1]. Tt makes use of the Euler summation, cf. [55], which speed up the sum-
mation in the algorithm. Now we will present the formulas of the inversion
Laplace transform, bounds on the one-dimensional and two-dimensional dis-
cretization error.

For a real function f(-) defined in R, for any ¢ # 0

0= Gre(i(5)) + 5 S Re((H) <o a2
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where f(-) is the Laplace transform of f(-) with respect to a logarithm of the
strike, and A is a positive constant, which was found by the experiments, ¢
is equal In (K/X), K is strike price and X = S - e and e; = ¢ + e, with

el = Ze—jA F((25 + 1)), (4.25)
e, = _Z e TAf((25 + 1)t), (4.26)

is the discretization error, see [48].

For extending to the two-dimensional EA, suppose a real function f(t,%,)
defined in R? (or in R* x R), where f(-,-) is the Laplace transform of f(-,-),
Ay, Ay are arbitrary constants, [y, s are integers that are used to control the
round-off error, then

exp(A1/(2h) + As/(205)) y (f( A Ay )

4t1l1t2l2 2[1t1 ’ 2l2t2

f(ti,ty) =

12 o - ) )
k-lﬂ' ~ Al AQ Z]{Il’ﬂ' ikm
23 ST (1R [ (— : ) ( - -
+ =« 0( ) €| exp l2 f 2l1t17 2l2t2 thQ t2
1=1 k=

ji=1 j=0 k1=1 k=0

xf( A, g ijm Ay ik zlmr)]

20t; Lty ty 2ty lsts ty

A 0o .. .. ..
, iJ T A Ay o uym Ag
2 Z Z(_l)]Re[eXp ( - T) % f<2l1t1 Tt t 2ty

Ji=15=0
g i ik
3> e (= ()
ki=1 k=0 1 2
N Al ij17T Z]Tr A2 ik?17T Zk?ﬂ')]
S Rl 4.27
<[ <2l1t1 Lttt bt 6 M) (4.27)

eq represents the discretization error for a function defined in R2,

ea =€ +e; +e; +eq  with (4.28)

+2 ,
et =) e TR E(25 + 1)ty (242 + D), (4.29)
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+2 , . )
est = Z 67j1A1+]2A2f(<2j1 + Dty (=252 + Dty), (4.30)
+2 4
ea =Y IR (22, + 1), (2 + L), (4.31)
Z ehAlmA?f (=271 + D)ty, (—2j2 + ty), (4.32)

where

o oo
POREDIDS
J1=0j2=0

4.7 The realization of the Euler method for
the Laplace transform inversion on a two-
asset correlation option

Here we present the realization of the two-dimensional EA for the Laplace
transform for a two-asset correlation option, when the underlying stock prices
are assumed to follow a two-dimensional geometric Brownian motion with
correlation equals to p as well as the Kou jump diffusion process. Suppose
the functions P? and C” defined in R x R, which have values, see [48],

T 1
PNK,Ky) = e E [(KI_S(T))+]1{S<T2)<K2}]

= TR (K - ST e ] (433)

{S(()Q)e T <K2}

CH(KLKy) = ¢ TE((Sy) = K higen ]

= TR SWe ) — k)1 (4.34)

{SéQ)eY%2)>K2}]
where S((,i), YT(i) are respectively the initial value and the return process of
asset ¢ and K is Strlke relative to the ith asset, for + = 1,2. The two
processes Y ) and Y are correlated. Let X; < S; be rescaling factors and
k; log(K /X5) Wlth i = 1,2 for a put option and X; < K; be rescaling
factors and k; = —log(K;/X;) with i = 1,2 for a call option. Then

S o
Ph(ks ko) = X B[ (b = Zo-eT

+
4.35
X1 ) {(5'62)/X2)6Y7<“2)<ek2} ’ ( )
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1
Otk = (S0 —en) ] )
T 7 X {(S(()Q)/Xg)eYT >e~k2}

Theorem 4.7.1. The Laplace transform of Pr(ky, ka) in (k1, ko) is given by,
see [T,

fp(&’&) X <i;1)) o (ii)>_£2 &(& 1— 1)§2E* [ei(glil)YT(nei&Y%]'
(4.37)

The Laplace transform of a two asset correlation call option CL(ky, ks) is

2
A S ——

~ _T 52
fe(€1,6) =7 X, <X1 X, ) §i(& +1)&

(4.38)
where r is the interest rate, T is time to maturity, S and S are the spot
prices and X1, Xo are rescaling factors. For jump diffusion processes the
underlying return processes are

Ni(T)
V9 = (r = 62/2)T + o, W + Z v i=1,2 (4.39)

where W}i) are the standard Brownian motions, N;(T') are Poisson processes
with rate XT' and p = Corr(Wc(pl), WT(FZ)) in the case of uncorrelated jumps.

We will show the proof in the case of a put option Laplace transform.
Proof(Put case). The price of two-asset correlation put option is given by

PUK,, K,) = e TEY (K, — S3) 1 (4.40)

{s¥><K2}]’

where K, Ky are the strike prices and S:(Fl ), 5’;2) are the stock prices at time
T. E*[] is the expectation under the risk-neutral measure, [61].

Put k1 = log(K;/X;) and ky = log(Ks/X3), where X, Xy are rescaling
factors X; < S;, i = 1,2. The Laplace transform is

e = [ [ et TR - S 1 b dhy

S( ) +
/ / e T g—E1k1—8aka x E*K X > ]1{5<T2>/X2<ek2} dky dks.
1
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The Fubini theorem justifies a change of the integration order and we get,

~ o N r S oo . S(l) + B
folr,6) =X E / / e (M = ) e,y by b
-J —00 J —00 1

S(l) 00
— o TX,E" / ik (ekl _ L)dkl / e*€2k2dk2}
L Sog(s)/x71) Xi log(S2)/X5)

og
e L [ i g L B Y

In consideration of Séf) = Séi)eyf", i=1, 2, finally

R S(l) —(&-1) 5(2) —&2 1 ) Z
—T y 0 0 w | = (&)Y’ =&Y,
) € < ) ( > o [6 | e gl
[o(61,62) = 1 X, X5 &(& —1)&

Proof(Call case). The price of two-asset correlation call option is given by

CP(K1, ) = e " TEF(SY — Kp)T1 (4.42)

{5¥)>K2}]’

where we use the same notations as in (4.40).
The Laplace transform is

A~

fe(61,&2) = /OO /OO e~Shi—Gk T T Rr (1Y — K)* ﬂ{sg>>K2}]dk1 dks

Y AR Sy’ k)"
:/m/me etk y [(71—6 D W) sy | AR o,

where k; = —log (%), =1, 2.
The Fubini theorem justifies a change of the integration order and we get

; oty [ [T e (S k-
fC<€17€2) =e TXlE /_ /_ € Sk (Xil —¢€ kl) € §2k2]1{efk2<sgp2>/x2} dky dkz}
_ poo 1)

S oo
— e TX\ B / eethr (S5 — e R )iy / ek k|
LS —log(s /x1) X1 —10g(52) / X)

_ 1), @,
—as e () ()]

In consideration of Séf) = Séi)eyf", i=1, 2, finally

X S (&+41) , S & 1 D) @)
__—rT 0 0 * &1+1)Y &Y.
Jel€1, &) X, Xo/ &G +1)&
(4.43)




PRICING OF EXOTIC OPTIONS UNDER THE KOU MODEL 35

4.7.1 Calculation of the risk neutral expectation

We will calculate E*[e~(€1=DV17e=6Y27] Consider the Lévy-Khintchine for-
mula for the characteristic function,

E[e? ] = 20 vy = (viV, v, (4.44)
. 1 : ,
p(0) =0, B) = 5(0,C0) + /R (e X0 1 — (0, X) g xj<ry)v(de), (4.45)

where 0= (01,0,),
tr
fr—al/z (r—03/2)) .

0102/)
0'20'1p O'
and in the case of no jumps

v(dz) = 0.
Let put i6y = —(§ — 1) and i6, = —& in ([4.45). Then
Ble @ e —exp {(— (& — 1) = 03/2)T — &(r — 03/2)T)
+5((-@ -, —@))( o )( ey )T}
—exp{T( = (6 - V) 03/2) - &(r — 03/2)
+ 336~ 17 + 200m(E — D)6 +0360)) ) (4.46)

B =

C

4.7.2 The moment generating function of the jump dif-
fusion with independent jumps.

Again using formula 1) with YT@ defined as in 1 , we get,
9 1—e 1 1—e 1
B = (7"—01/2)—!—/\1]91( o —6_771) —)\1Q1< 7 _€—n2> )
2

1

tr
l—e ™ 1—e™
r—05/2) + Aap2 —e M) = g —e
2 2
n b

1

2
C = < o1 G192P ) (4.47)

02010 0y

= (—(51 - 1)7 —52) (4-48)
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and v(dv) = vy (dvy)va(dvy), where
I/Z‘(d’Ui) = )\,Lfvl (vi)dvi =
= )\ipinlie—ﬁivi ﬂ{wzo}dvi -+ )\zqznéenévl ]1{Vi<0}dvi; 1= 1, 2 (449)

1 - _77% i 1 - _né i
Put (Aipi(—— — ) = N (——— — 7)) = B}, i=1,2
n

™ 2
Then by and , we get
Bl = exp{T(=(& = )(r = 03/2) — &o(r - 03/2) = (& = VELI] - &EL)
+ %(o—f(gl —1)® 4+ 20109p(&1 — 1)&2 + 0363) + [ % 12)} (4.50)

Because the jumps are independent

]1 X ]2 = / (6_(51_1)1)1 -1+ (51 — 1)U1]1{\U1|§1}> )\lf(vl)dle

[e.9]

X / <€—§21)2 — 1+ §2U2]1{|v2‘§1}>/\2f(7}2)d’02 (451)

for u = (—(& — 1), —&). Then each integral I; is calculated according to
I= / (e“” —1- uv]l{‘wgl}))\pme*m”dv—i—
0
0
+ / (" =1 —wvlyyi<iy) Agme™’dv =

fe'e) 00 1
= )\pnl/ e~ (Mm=—wv gy, — )\pm/ e M"dy — )\pm/ wve” MVdv+
0 0 0

0 0 0
+ >\€I772/ emtwv g, )\q772/ ey — >‘q772/ wve™V dy —

—00 —00 —1

1 1 1 em 1
= Apm — A\pp— — /\pn1U(—2 - (—+ 1)>+
m—u T m m Mm

1 1 e 2 1
+ Agne — A\gno— + Aqnw(—Q - (—+ 1)) =
No + U 72 Up N2 712
1 e”™m 1
= - Apnw(—g ——(—+ 1))+
h—u m m
1 e ™ 1
+ \q e _ Ag + )\qngu<—2 - (—+ 1)) (4.52)
2 r~u Ub M2 N2



Chapter 5

Implementation of the method
in a software package R

5.1 An application of the Kou model to the
real market

Here we examine the solution of the real option pricing problem by using the
the double exponential jump-diffusion model. The NASDAQ OMX Stock-
holm Market is considered, specifically the main index OMX Stockholm 30
(OMXS30). The OMXS30 is the market-weighted index, which consist of
the 30 most actively traded stocks on the Stockholm Stock Exchange, such
as Ericsson, Sandvik, Nokia, Scania and Volvo, Swedbank, SEB, Svenska
Handelsbanken(SHB), Tele2 and Telia, Hennes& Mauritz etc.

The standardized option contracts in Sweden were introduced by a futures
exchange OM AB (Optionsmaklarna) originated by Olof Stenhammar in the
1980s. OM acquired the Stockholm Stock Exchange in 1998 and merged with
the Helsinki Stock Exchange (HEX) in September 2003. The join company
got the name OMX. In the next few years OMX acquired he Copenhagen
Stock Exchange, the Iceland Stock Exchange, Armenian Stock Exchange and
Central Depository and took a part in the ownership of the Oslo Stock Ex-
change, launched alternative exchange for smaller companies in Denmark,
Sweden, Iceland, Finland, started a virtual Nordic Stock Exchange. NAS-
DAQ OMX Group was formed on May 2007, when OMX was bought by NAS-
DAQ. The NASDAQ OMX Stockholm Market is is the part of the NASDAQ
OMX Group Incorporated, which is owner of the American stock exchange
NASDAQ Stock Market and seven European stock exchanges and currently
is the world largest exchange company.

We observed the stocks of the Svenska Handelsbanken. The history refers
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the foundation of Handelsbanken to 1871, when a number of prominent com-
panies and individuals in Stockholm’s business world founded Stockholms
Handelsbank. This was the result of a personal conflict at Stockholms En-
skilda Bank which culminated in April 1871 with the resignation of eight
board members who shortly after decided to form a new bank. Then it ex-
pands to become Svenska Handelsbanken.

Today it is one of the leading banks in the Nordic region and Europe’s most
cost-effective bank. Handelsbanken has more than 460 branches in Sweden,
and some branches in another counties, for example, in Denmark , Finland,
USA, Poland, Russia, Norway, Austria, China, France and many others, see
the official website of the bank (http://www.handelsbanken.com/). The bank
also has an almost nationwide branch network in the other Nordic countries.
In Great Britain, Handelsbanken now has 50 branches. Handelsbanken as-
pires to be a universal bank, that is to take up the majority of the banking
area, and in the last 2 decades , Handelsbanken has been widening its univer-
sal banking operations into not only different Nordic countries also in Great
Britain. The Group consists of Handelsbanken Fonder (mutual funds), Han-
delsbanken Finans (finance company), Handelsbanken Liv (life insurance),
Stadshypotek (mortgage company).

We also use in our observations the stock prices of swedish company Ericsson,
the famous around the world provider of telecommunications equipment, re-
lated to mobile and fixed network operators. It was founded by Lars Magnus
Ericsson in 1876, as a telegraph equipment repair shop. But nowadays it has
customers in more than 175 countries, more than forty percent of the world
mobile traffics are made through Ericsson system, it has 27 000 patents,
they have already been for 134 years in the telecoms market. The head de-
partment located in Stockholm and company has offices in more than 175
countries, the number of workers just in Sweden is more than 17 000 people.
This company is one of the largest and profitable in Sweden and it’s shares
are widely traded in the markets.

We collected the data from the electronic information system SIX Edge®™.
The data from 24.04.2011-12.05.2011 with the frequency 1 minute, 5 min-
utes, 10 minutes, 20 minutes, 30 minutes, 1 hour and daily is at our disposal.
There is 252 trading days in 2011.

5.2 The programme of the option valuation

In order to examine the correctness of the the Kou model, we decided to
explore the theoretical issues of the model and consider the Laplace transform
as the method of the pricing exotic options. There are programmes which
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are written for a purpose to investigate the ability of the double exponential
jump diffusion model to find the price of the plain vanilla option, but there
is no available code concerning exotic options.

The aim of the practical part of the thesis was to write our own programme for
pricing two asset correlated option. While the Laplace transform is presented
as the option pricing method, the two-dimensional Euler algorithm is used
for the the Laplace transform inverting. The main idea of the programme is
to exploit in the practice the formulas (4.37)), (4.38)),(4.27). The programme
is written in the statistical programming language R , which is free and
available with description and manuals on the (http://www.r-project.org).
We used version 2.13.0, which is described in [60]. However, for applying our
program we need to find the parameters of the model A\, 1y, 12, p.

The estimating of the parameters is beyond the scope of our thesis, it is quite
broad problem and can be exploited as a theme for another research. We
will just shortly discuss some of the methods to determine parameters. There
are several of them from the effortless to the quite complicated. Any way
in order to compute the parameters it is crucial to study logarithmic return

process Y; = In (%)

The simplest way to find the parameters is based on the assumption that
positive jumps occurs when the Y; exceed the standard deviation of returns
on the certain amount, for examples three times as much, and negative jumps
appears, when Y; is less then standard deviation on the certain amount. Then
the amount of jumps during the time interval can be found. The intensity A
is the ratio of the amount of jumps to amount of observation multiplied by
the amount of the of the observation during the day. The probability of the
upward jumps is ratio of the number of positive jumps to the total number
of the jumps, 71 and 7y are the reverse of the arithmetic average of positive
and negative jumps respectively. This method is not laborious, but there is
shortcoming as you can not detect does jump occurs or it is just rapid change
of the price.

The more complicated methods are based on the assumption, that the data
set follows the considered model. Then parameters are estimated numerically
correspondingly to the chosen method. There are generalized moment of
methods, see [2] , the simulated moment estimation, see [3], but we chose the
Maximum Likelihood Estimation model(MLE), due to its suitable statistical
properties. The consistent property of the MLE provides more precise results
in the case of the high frequency data. We mostly used 20 minutes data which
ensure the good precision and makes MLE preferable for us. We exploit the
programme made by our classmate Wojiech Reducha and presented in his
thesis, within of which he used Simulated Annealing numerical method for
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maximizing the likelihood function, for more details see [51].

5.3 Results from the Kou model versus the
Black-Scholes model

In this section we compare our results of the Kou model versus Black-Scholes
model results. For these experiments we chose three different combinations of
two underlying assets: the two-asset correlation option prices with OMXS30
and Ericsson B, the option prices with OMXS30 and SHB A and the option
prices with Ericsson B and SHB A. There are three different starting point
for options on 20.04.2011, 25.03.2011, 24.02.2011 with the same maturity
date 12.05.2011, it means the durations are 23, 49 and 78 days. Here we
present the results for the longest expiration date 24.02.2011-12.05.2011.
The used parameters o, A and n for the Kou model are taken from the
programme made by Wojciech Reducha. As interest rate we take STIBOR
3M on the yearly basis. The price S(0) for each is the closing price from
the 12.05.2011. For the Black-Scholes model we use volatility calculated by
SIX Edge™.

The tables with results you can find in Appendix D and here we demonstrate
the graphs of option prices with respect to different strike prices.

For this case on Figure we chose as a first underlying asset Ericsson B
with 51 = 95, Ay = 1,7, a1y = 89 and 7¢2) = 95, 01 = 0,04; then second
underlying asset index OMXS30 with Sy = 1167, Ay = 1,5, 12,1y = 72 and
N2y = 18, 0o = 0,015; and the time to maturity 7' = 0,22, interest rate
r = 0,0246 and the correlation p = 0, 5.

For the case on the Figure we chose as a first underlying asset Ericsson

B with S; = 95 and o; = 0, 21, then second underlying asset index OMXS30
with Sy = 1167 and o, = 0, 15; and the time to maturity 7" = 0, 22, interest
rate r = 0,0246 and the correlation p = 0, 5.
The discrepancy between prices calculated under the considered models is
not significant. However, we can see that the price of the two asset correla-
tion call option is more sensitive to the high values of the Ericsson B strike
price in the case of the Kou model. It explains that the shape of plot which
is correspondent to the jump diffusion model is more figured.

For the case on the Figure [5.3] we chose as a first underlying asset SHB
A with S = 210, Ay = 1,4, 1,1y = 80 and 72y = 103, o1 = 0,019; then
second underlying asset index OMXS30 with Sy = 1167, Ay = 1,5, 12,1y = 72
and 72y = 78, 0 = 0,015; and the time to maturity 7' = 0, 22, interest rate
r = 0,0246 and the correlation p = 0, 41.
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Option prices of Eric B and OMXS 30, corr=0.5. Jump=diffusion model.

Figure 5.1: Results of the Kou model for the two-asset correlation options
with underlying assets OMXS30 and Ericsson B.

For the case on the Figure we chose as a first underlying asset SHB A
with S = 210 and o7 = 0, 16, then second underlying asset index OMXS30
with Sy = 1167 and o, = 0, 15; and the time to maturity 7" = 0, 22, interest
rate r = 0,0246 and the correlation p = 0,41.

We can detect the similar observations as in the previous case. The plot cor-
respondent to the BSM model is more flat and less sensitive to the increase
of the strike price K.

For the case on the Figure we chose as a first underlying asset Ericsson
B with S =95, Ay = 1,7, 9,1y = 89 and n(1,2) = 95, o1 = 0, 04; then second
underlying asset SHB A with Sy = 210, Ay = 1,4, 12,1y = 80 and 72,2y = 103,
oy = 0,019; and the time to maturity 7" = 0,22, interest rate » = 0,0246
and the correlation p = —0, 8.

For the case on the Figure[5.6|we chose as a first underlying asset Ericsson
B with 51 =95, Ay = 1,7, 9,1y = 89 and 1y 2 = 95, 01 = 0,04; then second
underlying asset SHB A with S5 = 210, Ay = 1,4, 12,1) = 80 and 722y = 103,
oo, = 0,019; and the time to maturity 7' = 0, 22, interest rate r = 0, 0246
and the correlation p = —0, 8.
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Option prices of Eric B and OMXS 30, corr=0.5. Diffusion model.

Figure 5.2: Results of Black-Scholes model for the two-asset correlation op-
tions with underlying assets OMXS30 and Ericsson B.

In the case of the two asset correlation call option on the Ericsson B and
SHB stocks difference between shapes of the graphs is more significant than
in previous cases.

And now for more detailed analysis we present the results, which show the
dependence of two-asset correlation call option prices with underlying assets
OMXS30 and SHB A on changing of correlation between them. For the
experiment we use the same values as for the Figures 5.3 and 5.4, Hence we
can say that the option prices and correlation between two underlying assets
are linear dependent. The price of option rises with increase of correlation
in the both models.
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Option prices of SHB A and OMXS 30, corr=0.41. Jump-diffusion model.

Figure 5.3: Results of Kou model for the two-asset correlation options with
underlying assets OMXS30 and SHB A.

Option prices of SHB A and OMXS 30, corr=0.41. Diffusion model.

Figure 5.4: Results of Black-Scholes model for the two-asset correlation op-
tions with underlying assets OMXS30 and SHB A.
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Option prices of Eric B and SHB A, corr=-0.08. Jump~-diffusion model.

214 90

Figure 5.5: Results of Kou model for the two-asset correlation options with
underlying assets Ericsson B and SHB A.

Option prices of Eric B and SHB A , corr=-0.08. Diffusion model.

214 90

Figure 5.6: Results of Black-Scholes model for the two-asset correlation op-
tions with underlying assets Ericsson B and SHB A.
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Dependence of option prices on correlation

Dependence of option price on correlation
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correlation call options with underlying assets OMXS 30 and SHB A.
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Chapter 6

Conclusions

The aim of our work was to explore theoretical framework and assumptions of
the double exponential jump diffusion model and to asses the Laplace trans-
form as option pricing method under the given model. The motivation of
the choice of the Kou model is that the model possess crucial features, since
it reproduces leptokurtic and asymmetric features and the ”volatility smile”
effect, which can be useful for the option pricing. Moreover, the Kou model
is tractable and can be easily interpreted economically and it is feasible to
obtain the closed form solutions for various option pricing problems, such as
exotic options, under the Kou model, while it is quite difficult using many
other models. This feature is the decisive factor of the model choice, due to
the fact that exotic options are becoming more popular among the market
participants. The theoretical knowledge concerning to the two-dimensional
Euler algorithm of the Laplace transform inversion was used to write the
program for the pricing two asset correlation option, relatively modern type
of the options.

The price of the option obtained by the programme under the Kou model
is compared with one, which is provided by available option pricing calcula-
tor, based on the Black-Scholes model. In most cases the difference is not
significant. The discrepancy becomes more tangible in case of the two as-
set correlation call option written on the Ericsson B and SHB A underlying
assets. The reason of the difference is a broad theme. The detection of the
reasons may serve as the aim of the many researches on the considered field,
as it is not feasible to find reasons based only on our works and available pa-
pers of other authors. We may assume that the significant difference in case
of the the Ericsson B and SHB A underlying assets is caused by the fact that
the average volatility of these stocks is the biggest among all considered com-
binations. Also the reason can be that the correlation between the returns of
the Ericsson B and SHB A stocks is low and negative. However in order to

47



48 CHAPTER 6. CONCLUSIONS

make such statement we need more researches. Unfortunately, the two asset
correlation option is not on the electronic exchange and we can not com-
pare our results with real prices and we do not have enough information to
draw a conclusion about performance of the Kou model on NASDAQ OMX
Stockholm Market. We can not assert that the Kou model perform better
on the considered market, than the the Black-Scholes model. Nevertheless,
we can state that the double exponential jump-diffusion model implies that
the price of exotic options can be calculated numerically by using Laplace
transform, while the Euler algorithm is the fast and accurate method of the
Laplace transform inversion. The considered option pricing method can be
implemented to the real market and it will be useful for the derivative mar-
ket participants. Despite to the impossibility to check performance of the
Kou model on the two asset correlation option pricing, it is evident that the
trader will have better position possessing several option pricing methods
the only one. Moreover, we concluded that our option pricing programme is
correct and effective. We could check it by putting zero jumps, which leads
to the coincidence of the results obtained by our programme and from avail-
able Black-Scholes calculator. Taking into account that the Kou model is the
modification of the Black-Scholes model with assumption of the existence of
the jumps, the coincidence is theoretically explicable. In addition the pro-
gramme is universal, as it can provide results under the both models. We
recommend for the further researches to examine the the considered method
for other types of the exotic options, to implement the Laplace transform on
the Merton model and to investigate some other models, which can incor-
porate the volatility clustering effect, such as affine jump-diffusion models,
since it is combination of the jump diffusion and stochastic volatility models.
Probably, these type of model are more suitable for the pricing of the long
term options or options on the highly volatile assets then the Kou model.



Notation

R real numbers.

R? or Rt x R a two-dimensional space of pairs
of real numbers - the real plane. A point
or vector in R? has two coordinates.

X = (Xt)t>1 the stochastic process or the sequence of
random variables, which depend on ¢ and t > 1.

(Q, F, (Fn)n>1,P) filtered probability space with set of
outcomes (), sigma algebra F, flow or
filtration {F,,} and probability measure P.

E*(X) expectation of the random variable X
with respect to the risk neutral measure.

Ijy<1y  the indicator function of event that [y| < 1.
p(S1,S2) the correlation between two different underlying assets.
S(t~) the asset price before jump.
Y;and {i =1,2,...,N(x)} process Y; is normal distributed.

~

Re(f(€)) the real part of complex function.

)

57(5), YT(i) respectively the price and the return process
of asset 7, i =1,2.

~

£
Im(f(&

the imaginary part of complex function.

Cl. the price of two-asset correlation call option.

Pg the price of two-asset correlation put option.

o~

fo(&1,&)  the Laplace transform of the two-asset correlation
call option price.

~

fr(&1,&) the Laplace transform of the two-asset correlation
put option price.
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Appendix

APPENDIX A:
Direction calculations of the risk-neutral expectation by solving
double integral for two-asset correlation put option under Black-
Scholes model

Let S; and Sy be the asset prices for some correlated stocks and Ky, K5 the
respective strike prices. Then the price of a two-asset put correlation option
is given by

P(Ky, Ky) = e ""E*[(K1 — S1r) s, p< i}, (6.1)
where r is the interest rate, 7' is time to maturity, £* is the risk-neutral
expectation.

The two stocks are assumed to follow a geometric Brownian motion
S = Selr=o*tkaBi 1y — 1 9 (6.2)
and
p = cor(B", BY). (6.3)

The Laplace transform of P(K;, K5) is

Lle&) = () (%)‘:(&1—_1)&];* et e

where ' 4
Vi) =(r—0?/)T + By, i=1, 2,

are the processes of the log returns.
Calculation of the risk-neutral expectation,

where

Vil = (r—o?/2)T + 0By = (r — 0}/)T + oVTBY, i=1,2, (6.5)
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where

(BlY, BY) ~ N ((8 ) (; f)) (6.6)

and p is the correlation coefficient.

B[] = e~ @ D0-0t/2T -3 2T pr-oVTe-DBY —ovTeB®)  (57)

Put
[ = Bje-oVT@-DB —ovTen?) (6.8)
u=oVT(& —1)2(1 — p?),
V= 02ﬁ§22(1 - ,02).

Then

1 <[ —1 Lt pur—2pzyt+y vy}
1:—/ / e dr dy.
2m\/1 — p? J—oo J—0 Y

{w2+uw}{ _%(1_71,]2){3124‘(1’—2%’37)% dy} dx

I— L/ S r ;/ e
V21 J - V21— p? ) -
1 o -1 1 (a2 tux)
= — e 20-p I, dx
V 27 /—oo 7

where

2 2
11 {yz_’_(V_sz)y_’_(vfipx) _ (v—2px)

iy 2 .

1 0
]x:—/ c
\/27T\/1—p2 —00

1 1 (v=2pz) 2y (v—2pz)? (v—2px)?
I,=— e 2 2N Ay dy = e 50-07)

V2my/1— p?

o0

we then get
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eii(l—p

,l{x2+M,L}

e 2 21-p2) 41— 1
—0o0

/oo ,l{x2+2m(u+up) 2 n (utvp)? (utvp)?
e 2 )
—o0

/ ¥ A - et -5

2(1-p2)  4(1—p? 4(1—P2)274(1—92)2}d1‘

-5~ 5~ %%~
3 3 3 3

o0 _1 (“+VP)2 2 v2 (u+l/p)2
= —/ e 2o 2(1—p2)) dx 68(1—p2)+8(1—p2)2
Vor Jo

u2(1—p2)+(u+up)2 u2+2uup+u2
8(1—p2)2 = e 8(1-p?)?

o0

|
)

Finally, the risk-neutral expectation equal

u2+2uv -+ 2
Erlem@ DY - 1Y) _ om(@-D—ot/DT o—alr-od/T 505

where

u= alﬁ(& —1)2(1 = p*),
v =0oVT &2(1 - p?),

Erle @D Y -2 i) _ - @100t/ DT-(r-03/2T 3(of€1-1)*+201020(E1~ Déatoded)
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APPENDIX B:
Program code for pricing two-asset correlation call options under
Kou model via the Laplace transform.

# Two asset correlation call option pricing by using
the Laplace transform

H OH H H OH H HH

Bcall<-function(S1,S2,K1,K2,r,T,sigmal,sigma2,rho,11,12) {

A<-40;
thetal<-2/(sigmal*sqrt(T));
theta2<-2/(sigma2+*sqrt(T));

k1<-min(A/thetal,A/4);
k2<-min(A/theta2,A/4) ;

mul<-(r-sigmal~2/2)*T;
mu2<-(r-sigma2°2/2)*T;

X1<-S1x*exp(kl);
X2<-52x*exp (k2) ;
N<-200;
#H##HHHH R #E% Double exponential parameters ###########HH#H#HH
###11<-1.5;
#H##12<-1.7;
etall<-71.6
etal2<-78.3
eta21<-88.7
eta22<-95.0
p1<-0.5

p2<-0.5
gql<-1-p1
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g2<-1-p2

########### The Laplace transform of the price function #########

uic<-function(sl,s2){

fp<-exp(-r*T)*X1*(S1/X1) "~ (1+s1)*(S2/X2) " (s2)/(s1*
(s1+1)*s2) *exp(mul* (s1+1)+mu2*s2)* # mean diffusion
exp(1/2*(sigmal~2*(s1+1) "2+2*sigmal*sigma2x*
(s1+1)*s2*rho+sigma2~2*s272)*T)* # expectaion of diffusion

exp((s1+1)*(11xplx((1l-exp(-etall))/etall-
exp(-etall))-11*ql*((1-exp(-etal2))/etal2-
exp(-etal2)))*T)* # mean S1 jumps

exp (s2* (12*p2* ((1-exp(-eta21))/eta2l-
exp(-eta21))-12*q2* ((1-exp(-eta22))/eta22-
exp(-eta22)))*T)* # mean S2 jumps

exp (T*(11*pl*etall/(etall-(s1+1))-
11-11xpl*etall*(s1+1)*(1/etall~2-
exp(-etall)/etall”2-exp(-etall)/etall)+

11xql*etal2/(etal2+(s1+1))+11xql*etal2*(s1+1)
x(1/etal2"2-exp(-etal2)/etal2"2-
exp(-etal2)/etal2))*(12xp2xeta2l/(eta21-s2)-
12-12xp2*eta21*s2*(1/eta21"2-exp(-eta2l) /eta21"2-
exp(-eta2l)/eta21)+12xq2*eta22/(eta22+s2)+
12xq2*eta22*s2*(1/eta22"2-exp(-eta22)/eta22"2-
exp(-eta22)/eta22)))

return(£fp)

}

#H#HHHHHH AR HRRARHH#H The two-dimensional Laplace inversion
tvaDpet<-function(lpfun,tl,t2){

A1<-40; # Al and A2 are predefined, see Petrella 2004

A2<-18.4;
N<-400;
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M<-N;

al<-A1/2;

a2<-A2/2;

D<- exp(al+a2)/(4xt1*t2);

E<- sum((-1)~(0:N)*Re(exp(-pix*1i)=*

lpfun(al/tl,a2/t2-pi/t2*x1i-pi/t2*(0:N)*1i)));

Fsum<-0;

for(j in 0:M){

Fsum<-Fsum+(-1) " j*sum((-1) " (0:N) *Re (exp (-pi*2i) *

lpfun(al/t1-pix1li/tl-j*pi*1i/t1,a2/t2-pi/t2*1i-pi/t2%(0:N)*1i)))};
G<- sum((-1)"(0:M)*Re(exp(-pix*1i)=*

1pfun(al/t1-pi*1i/t1-(0:M)*pi*li/t1,a2/t2)));

Hsum<- O;

for(j in 0:M){

Hsum<-Hsum+(-1) " j*sum((-1) ~ (0:N) *Re (1%

lpfun(al/t1-pi*1i/t1-j*pi*1i/t1,a2/t2+pi*1i/t2+(0:N)*pi*1i/t2)))};
return(Dx(lpfun(al/tl,a2/t2) +2+E+2*Fsum+2*G+2*Hsum) )

}

tvaDpet (uic,-log(K1/X1),-1log(K2/X2));
}

# Example of usage:

# Bcall(S1,S2,K1,K2,r,T,sigmal,sigma2,rho,11,12)
# Bcall(100,105,105,115,0.05,1,0.3,0.2,0.5,1.4,1.7)
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APPENDIX C:
Program code for pricing two-asset correlation put options under
Kou model via the Laplace transform.

Two assert correlation put option pricing by using
the Laplace transform

#
#
#
#
#
#
#
#
#

Bcall<-function(S1,S2,K1,K2,r,T,sigmal,sigma2,rho) {

A<-40;
thetal<-2/(sigmal*sqrt(T));
theta2<-2/(sigma2*sqrt(T));

k1<-min(A/thetal,A/4);
k2<-min(A/theta2,A/4);

mul<-(r-sigmal~2/2)*T;
mu2<-(r-sigma2°2/2)*T;

X1<-Sixexp(-k1);
X2<-82*exp (-k2) ;
N<-200;
#H#########E Double exponential parameters #########HH#H#H#HIH#
###11<-0;
###12<-0;
etall<-30
etal2<-30
eta21<-30
eta22<-30
p1<-0.5
p2<-0.5
gl<-1-p1
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gq2<-1-p2
######### The Laplace transform of the price function ########
uic<-function(sl,s2){

fp<-exp(-r*T)*X1*(S1/X1) " (1-s1)*(52/X2) "~ (-s2)/
(s1x(s1-1)*s2) *exp(-mul*(s1-1)-mu2*s2)* # mean diffusion
exp(1/2*(sigmal~2x(s1-1) "2+2*sigmal*sigma2x*
(s1-1)*s2*rho+sigma2~2*s272)*T)* # expectaion of diffusion
exp(11*pl*((1-exp(-etall))/etall-
exp(-etall))-11*ql*((1-exp(-etal2))/etal2-
exp(-etal2))*T)* # mean S1 jumps

exp (12xp2* ((1-exp(-etal2))/etal2-

exp(-etal2))-12*q2* ((1-exp(-eta22))/eta22-
exp(-eta22))*T)* # mean S2 jumps
exp(1llxplxetall/(etall+(s1-1))-11+
lixplxetall*(s1-1)*(1/etall"2-exp(-etall)/etall”2-
exp(-etall)/etall)+1l1xql*etal2/(etal2-(s1-1))-
1l1xqlxetal2*(s1-1)*(1/etal2"2-exp(-etal2)/etal2”"2+
exp(-etal2)/etal2) *T)*exp(12*p2*eta2l/(eta21+(s2))-
12+12*p2*eta21*(s2) *(1/eta21"2-exp(-eta2l) /eta21"2-
exp(-eta2l)/eta21)+12*q2*eta22/(eta22-(s2))-
12*xg2*eta22*(s2)*x(1/eta22"2-exp(-eta22) /eta22"2+
exp(-eta22)/eta22) *T)

return(fp)

}

#i#d####### The two-dimensional Laplace inversion ##########
tvaDpet<-function(lpfun,tl,t2){

A1<-40; # Al and A2 are predefined, see Petrella 2004

A2<-18.4;
N<-400;

M<-N;
al<-A1/2;
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a2<-A2/2;

D<- exp(al+al)/(4xt1xt2);

E<- sum((-1)~(0:N)*Re(exp(-pix*1i)*
lpfun(al/t1,a2/t2-pi/t2*1i-pi/t2*(0:N)*1i)));
Fsum<-0;

for(j in 0:M){
Fsum<-Fsum+(-1) " j*sum((-1) " (0:N)*Re (exp (-pi*2i) *
lpfun(al/t1-pi*x1i/t1-j*pi*1i/t1,a2/t2-pi/t2x*
1i-pi/t2x(0:N)*1i)))3};

G<- sum((-1)~(0:M)*Re(exp(-pix*1i)=*
lpfun(al/t1-pi*1i/t1-(0:M)*pix1i/t1,a2/t2)));
Hsum<- 0;

for(j in 0:M){
Hsum<-Hsum+(-1) " j*sum((-1) ~ (0:N) *Re (exp (-pi*21i) *
lpfun(al/t1-pix1li/tl-j*pi*1i/t1,a2/t2+pix1i/t2+(0:N)
*pix1i/t2)))};

return(Dx(1lpfun(al/tl,a2/t2) +2*xE+2*Fsum+2*G+2xHsum) )
}

tvaDpet (uic,log(K1/X1),log(K2/X2));

}

# Example of usage:

# Bcall(S1,S2,K1,K2,r,T,sigmal,sigma2,rho,11,12)
# Bcall(100,105,105,115,0.05,1,0.3,0.2,0.5,1.4,1.5)
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APPENDIX D:
Tables of results from the programme R

Table 6.1: Results of pricing under the Kou model with different strike prices in case of two-asset correlation

options(SHB A and OMXS 30). Part I.

K2/K1 1162 1162.5 1163 1163.5 1164 1164.5 1165 1165.5 1166 1166.5 1167

205 7.911867 | 7.904240 | 7.888470 | 7.863870 | 7.829768 | 7.785510 | 7.730476 | 7.664085 | 7.585810 | 7.495184 | 7.391809
205.5 7.055277 | 7.044435 | 7.026524 | 7.000963 | 6.967181 | 6.924629 | 6.872784 | 6.811161 | 6.739319 | 6.656869 | 6.563487
206 6.271502 | 6.258974 | 6.240327 | 6.215066 | 6.182708 | 6.142785 | 6.094857 | 6.038513 | 5.973382 | 5.899140 | 5.815516
206.5 5.547456 | 5.534463 | 5.516201 | 5.492247 | 5.462191 | 5.425634 | 5.382200 | 5.331542 | 5.273345 | 5.207334 | 5.133280
207 4.872980 | 4.860475 | 4.843470 | 4.821606 | 4.794531 | 4.761904 | 4.723405 | 4.678735 | 4.627626 | 4.569841 | 4.505185
207.5 4.240657 | 4.229351 | 4.214250 | 4.195045 | 4.171437 | 4.143135 | 4.109862 | 4.071363 | 4.027405 | 3.977784 | 3.922330
208 3.645850 | 3.636224 | 3.623447 | 3.607260 | 3.587407 | 3.563639 | 3.535720 | 3.503428 | 3.466562 | 3.424942 | 3.3784%9
208.5 3.086810 | 3.079117 | 3.068866 | 3.055838 | 3.039818 | 3.020594 | 2.997964 | 2.971738 | 2.941740 | 2.907814 | 2.869874
209 2.564675 | 2.558955 | 2.551214 | 2.541272 | 2.528948 | 2.514067 | 2.496456 | 2.475953 | 2.452406 | 2.425679 | 2.395651
209.5 2.083134 | 2.079241 | 2.073805 | 2.066679 | 2.057717 | 2.046773 | 2.033705 | 2.018377 | 2.000660 | 1.980436 | 1.957598
210 1.647611 | 1.645259 | 1.641774 | 1.637042 | 1.630946 | 1.623370 | 1.614200 | 1.603323 | 1.590633 | 1.576031 | 1.559423
210.5 1.263961 | 1.262785 | 1.260815 | 1.257964 | 1.254144 | 1.249266 | 1.243239 | 1.235976 | 1.227391 | 1.217402 | 1.205932
211 0.936913 | 0.936535 | 0.935629 | 0.934133 | 0.931981 | 0.929107 | 0.925446 | 0.920930 | 0.915493 | 0.909072 | 0.901605
211.5 0.668651 | 0.668738 | 0.668494 | 0.667875 | 0.666837 | 0.665333 | 0.663317 | 0.660739 | 0.657553 | 0.653711 | 0.649166
212 0.457954 | 0.458250 | 0.458351 | 0.458229 | 0.457855 | 0.457198 | 0.456227 | 0.454908 | 0.453208 | 0.451095 | 0.448535
212.5 0.300128 | 0.300467 | 0.300699 | 0.300807 | 0.300773 | 0.300578 | 0.300202 | 0.299623 | 0.298821 | 0.297774 | 0.296459
213 0.187741 | 0.188035 | 0.188274 | 0.188450 | 0.188551 | 0.188567 | 0.188485 | 0.188293 | 0.187978 | 0.187527 | 0.186926
213.5 0.111851 | 0.112068 | 0.112261 | 0.112423 | 0.112549 | 0.112633 | 0.112668 | 0.112647 | 0.112564 | 0.112410 | 0.112176
214 0.063351 | 0.063494 | 0.063627 | 0.063747 | 0.063851 | 0.063936 | 0.063999 | 0.064035 | 0.064042 | 0.064014 | 0.063948
214.5 0.034060 | 0.034146 | 0.034228 | 0.034305 | 0.034376 | 0.034439 | 0.034493 | 0.034535 | 0.034564 | 0.034578 | 0.034574
215 0.017360 | 0.017408 | 0.017454 | 0.017499 | 0.017541 | 0.017581 | 0.017617 | 0.017648 | 0.017674 | 0.017694 | 0.017707
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Table 6.3: Results of pricing under the Black-Scholes model with different strike prices in case of two-asset correlation

options(SHB A and OMXS 30). Part 1.

K2/K1 1162 1162.5 1163 1163.5 1164 1164.5 1165 1165.5 1166 1166.5 1167
205 6.951914 | 6.930741 | 6.909502 | 6.888197 | 6.866827 | 6.845392 | 6.823894 | 6.802332 | 6.780708 | 6.759023 | 6.737277
205.5 6.750151 | 6.729737 | 6.709257 | 6.688713 | 6.668105 | 6.647434 | 6.626701 | 6.605906 | 6.585049 | 6.564133 | 6.543156
206 6.551361 | 6.531689 | 6.511953 | 6.492153 | 6.472292 | 6.452368 | 6.432384 | 6.412338 | 6.392233 | 6.372069 | 6.351846
206.5 6.355601 | 6.336655 | 6.317646 | 6.298575 | 6.279443 | 6.260251 | 6.240999 | 6.221687 | 6.202317 | 6.182888 | 6.163402
207 6.162928 | 6.144691 | 6.126393 | 6.108034 | 6.089615 | 6.071137 | 6.052601 | 6.034006 | 6.015354 | 5.996645 | 5.97788
207.5 5.973394 | 5.955849 | 5.938245 | 5.920581 | 5.902859 | 5.885079 | 5.867242 | 5.849348 | 5.831398 | 5.813392 | 5.795331
208 5.787049 | 5.770180 | 5.753252 | 5.736267 | 5.719225 | 5.702126 | 5.684972 | 5.667761 | 5.650496 | 5.633177 | 5.615803
208.5 5.603939 | 5.587729 | 5.571462 | 5.555138 | 5.538759 | 5.522325 | 5.505836 | 5.489293 | 5.472696 | 5.456046 | 5.439344
209 5.424107 | 5.408539 | 5.392916 | 5.377238 | 5.361505 | 5.345718 | 5.329879 | 5.313986 | 5.298041 | 5.282044 | 5.26599H
209.5 5.247595 | 5.232652 | 5.217655 | 5.202605 | 5.187502 | 5.172347 | 5.157139 | 5.141880 | 5.126569 | 5.111208 | 5.095797
210 5.074437 | 5.060103 | 5.045716 | 5.031278 | 5.016787 | 5.002246 | 4.987654 | 4.973011 | 4.958319 | 4.943578 | 4.928787
210.5 4.904668 | 4.890926 | 4.877132 | 4.863288 | 4.849394 | 4.835450 | 4.821457 | 4.807414 | 4.793323 | 4.779184 | 4.764998
211 4.738316 | 4.725149 | 4.711933 | 4.698667 | 4.685352 | 4.671988 | 4.658577 | 4.645118 | 4.631612 | 4.618058 | 4.604459
211.5 4.575409 | 4.562800 | 4.550143 | 4.537439 | 4.524686 | 4.511887 | 4.499041 | 4.486149 | 4.473210 | 4.460226 | 4.447197
212 4.415966 | 4.403900 | 4.391786 | 4.379627 | 4.367421 | 4.355169 | 4.342872 | 4.330529 | 4.318142 | 4.305711 | 4.293236
212.5 4.260008 | 4.248467 | 4.236881 | 4.225249 | 4.213573 | 4.201852 | 4.190087 | 4.178278 | 4.166426 | 4.154531 | 4.142593
213 4.107548 | 4.096516 | 4.085440 | 4.074321 | 4.063158 | 4.051952 | 4.040703 | 4.029412 | 4.018078 | 4.006703 | 3.995286
213.5 3.958596 | 3.948058 | 3.937476 | 3.926853 | 3.916187 | 3.905480 | 3.894731 | 3.883940 | 3.873109 | 3.862237 | 3.851325
214 3.813160 | 3.803099 | 3.792996 | 3.782852 | 3.772668 | 3.762443 | 3.752178 | 3.741873 | 3.731528 | 3.721143 | 3.71072
214.5 3.671242 | 3.661643 | 3.652003 | 3.642323 | 3.632604 | 3.622846 | 3.613048 | 3.603212 | 3.593338 | 3.583425 | 3.573475
215 3.532842 | 3.523688 | 3.514495 | 3.505264 | 3.495995 | 3.486687 | 3.477342 | 3.467960 | 3.458540 | 3.449084 | 3.43959




VOLCYE € | 8VGCGE € | 8GECIE'E | GETCLEE | LLRISEC | PAT6EC | 99CT0V'€ | €680TF°€ | G6V0CTH '€ | T900ET '€ GTe
GGOTLY'E | L9CC8V'E | GVGe6V'€ | L8LEOG'E | ¥66C1G°E | 991€CSE | TOEEES'E | 00VEVE'E | COPEGGE | L8YEIGE SR
607709°€ | 90CSTI€E | 996GC9°€ | 0699€9°€ | 8LELYIE | 6C08GIC | €VI899°€ | 61C6L9°€ | 8GL6BIE | 8GCO0L'E v1¢
¥9007L°€ | TOETGL'E | 0C9CIL'E | CVRELL'E | 9COGRL'E | €LTI6L'E | T8CLOY'E | TGERIR'E | GBE6CRE | VLEOTR'E G¢ele
VI68L8°E | 92L068°€ | 00GC06°C | 9ECVI6'E | €E6GC6°E | C6SLEG'E | TIC6V6'E | 06L096°€ | 6CECLE'E | BCRERG'E €1¢
L¥60¢0V | ¢6CEE0T | L6GSTOY | €98LG0T | 0600L0V | 9LEC80V | ¢c¥v60V | LES90TY | T6S8TITY | €T90€T T G¢cle
GST99TV | GVO6LT'V | B6ST6T'V | TILVOCY | €8VLICTY | VICOECT | €06CVC T | 0999GCY | GGI89CV | LTLOSCT qré
CIGVIE Y | 0L6LCE Y | L8ETVEY | €9LVGET | 96089€T | 8BCISEY | LEIV6EY | EV8LOV'Y | SO0TCY'V | €CIVEY'V G¢T1¢
900997V | G¥008V'¥ | €EVOV6Y 'V | 866L0G°F | TI6TCS T | 08LGEGT | G096VSV | 98CEIGV | CCILLGY | €18064GT 11¢
TT90C9Y | 8¥VCSE9T | €EV86VIT | G6EVIIT | CO68LIT | G9EE69F | €8LLOLY | 9GTCCLY | €8VIELT | VILOGLY G01¢
66C8LLYV | CGGE6LT | TIL8O8V | GC6ECYY | TPO6ERY | 8TIVERT | V1698V | LEIV88T | 190668V | 8V6EL6 Y 01¢
¢V06€6°7 | 9¢6796'7 | G9L0L6'V | 6959867 | L0€C00°G | 8O0BTO'G | ¢99€€0°G | 69¢6¥0°G | L&8F90°G | LEEOBOG 4'60¢

Y08COT'G | LEEOTT'G | €C8GET'S | €9¢CST'S | 99989T°G | TOOSKT'S | 66¢10C°S | LVSLIC'S | LVLEET S | 9686TC G 60¢
09969¢°G | 87L98C'G | 868€0€'G | TOOTCE'S | 9G08€E'G | ¢90GGE'G | 6T0CLE ™G | LE68BE'G | €8LG0TV'G | 68GCEY 'S G'80¢
IVe6EV S | OCILSGY G | TSOVLY'G | €ELCOV'G | LOPOTG 'S | 0GI8CGE'S | ¥8LGYG'G | LIEEIG'G | 86808G'G | LLEBES G 80¢

€ERTTYG | 60V0€9°G | BEG8TI'G | 9IPLIOG | GPRGRI'G | €CCV0L'G | 0G9CCL'S | PE8OVL'G | LVO6SL'G | 9TCLLL G §L0¢
I8CL8L G | ¢L9908°G | PIRGER'G | G00ST8'G | IVIVI8'G | GECERY'G | 1TLCC06°G | ¥SClc6'S | ¥8I0T6°G | 090696°G 20¢
LE€GG96°G | 699986°G | TE€GG00'9 | ¢4¥SC0'9 | 0CESP0'9 | 9€TG90°9 | 66878079 | BOIVOT'9 | TICVCT'9 | 098ETVT'9 G'90¢
TGGIVT'9 | 0CELIT'9 | 6E€088T9 | GOL80C9 | 8IE6CCY | LLBEVCY | €8€0LE9 | €€806C9 | LCCTIE9 | G9GTEE™9 90¢
69¢0€€™9 | COBTGE™Y | €8CELED | TILV6E9 | G8O9TV'9 | POVLET'D | 8II8GT'9 | 9L86L7°9 | LCOT0SG9 | TC1EcS™9 G'G0¢
LEIITG9 | 6768€S9 | 60CTIG9 | PIVERS'Y | 9996099 | 099.89°9 | 6696%9°9 | T8ITLI9 | G09€69'9 | TLVSIL'9 G0¢

GLIT GTLTT TLTT G0LTT 0LTT 6911 6911 G'891T 8911 GL9TT | I31/831

11 1ed (0€ SXINO pue v gHS)suondo
UOT)R[OII0D J9SSB-0M) JO 98D UT $9011d ONIIS JUOIDPIP M [9POU SO[OYIS-Oe[(] o1} 1opun Surmrid Jo s)nsoy 9 o[qR],

69




Table 6.5: Results of pricing under the Kou model with different strike prices in case of two-asset correlation
options(Ericsson B and OMXS30). Part I.

K2/K1 1162 1162.5 1163 1163.5 1164 1164.5 1165 1165.5 1166 1166.5 1167

90 5.120559 | 5.080209 | 5.035892 | 4.987409 | 4.934576 | 4.877224 | 4.815212 | 4.748418 | 4.676755 | 4.600164 | 4.518621
90.5 4.663521 | 4.627945 | 4.588810 | 4.545927 | 4.499123 | 4.448240 | 4.393140 | 4.333706 | 4.269849 | 4.201506 | 4.128646
91 4.206680 | 4.175869 | 4.141905 | 4.104616 | 4.063838 | 4.019423 | 3.971236 | 3.919165 | 3.863119 | 3.803032 | 3.738866
91.5 3.750570 | 3.724479 | 3.695646 | 3.663912 | 3.629124 | 3.591142 | 3.549840 | 3.505106 | 3.456850 | 3.405001 | 3.349514
92 3.296517 | 3.275035 | 3.251223 | 3.224936 | 3.196033 | 3.164385 | 3.129870 | 3.092381 | 3.051828 | 3.008136 | 2.961253
92.5 2.847229 | 2.830142 | 2.811134 | 2.790075 | 2.766839 | 2.741305 | 2.713362 | 2.682906 | 2.649848 | 2.614111 | 2.575638
93 2.407442 | 2.394399 | 2.379833 | 2.363631 | 2.345682 | 2.325877 | 2.304116 | 2.280301 | 2.254347 | 2.226178 | 2.195731
93.5 1.984287 | 1.974795 | 1.964153 | 1.952266 | 1.939040 | 1.924384 | 1.908206 | 1.890421 | 1.870950 | 1.849720 | 1.826666
94 1.587041 | 1.580491 | 1.573122 | 1.564861 | 1.555632 | 1.545360 | 1.533969 | 1.521387 | 1.507544 | 1.492374 | 1.4758%7
94.5 1.226016 | 1.221746 | 1.216935 | 1.211528 | 1.205469 | 1.198700 | 1.191164 | 1.182801 | 1.173556 | 1.163372 | 1.152198
95 0.910732 | 0.908106 | 0.905153 | 0.901836 | 0.898116 | 0.893953 | 0.889306 | 0.884132 | 0.878388 | 0.872032 | 0.865023
95.5 0.647888 | 0.646362 | 0.644661 | 0.642762 | 0.640641 | 0.638272 | 0.635629 | 0.632683 | 0.629407 | 0.625771 | 0.621745
96 0.439843 | 0.439007 | 0.438090 | 0.437083 | 0.435971 | 0.434742 | 0.433381 | 0.431870 | 0.430194 | 0.428334 | 0.426273
96.5 0.284180 | 0.283751 | 0.283296 | 0.282812 | 0.282294 | 0.281734 | 0.281128 | 0.280466 | 0.279740 | 0.278943 | 0.278064
97 0.174445 | 0.174249 | 0.174056 | 0.173863 | 0.173671 | 0.173478 | 0.173282 | 0.173081 | 0.172872 | 0.172652 | 0.172419
97.5 0.101738 | 0.101676 | 0.101627 | 0.101592 | 0.101571 | 0.101566 | 0.101578 | 0.101606 | 0.101652 | 0.101716 | 0.101798
98 0.056533 | 0.056549 | 0.056581 | 0.056629 | 0.056695 | 0.056782 | 0.056891 | 0.057023 | 0.057181 | 0.057367 | 0.057582
98.5 0.030176 | 0.030237 | 0.030312 | 0.030403 | 0.030511 | 0.030639 | 0.030788 | 0.030961 | 0.031159 | 0.031386 | 0.031643
99 0.015749 | 0.015834 | 0.015930 | 0.016040 | 0.016165 | 0.016308 | 0.016468 | 0.016650 | 0.016854 | 0.017083 | 0.017340
99.5 0.008304 | 0.008397 | 0.008501 | 0.008615 | 0.008743 | 0.008884 | 0.009041 | 0.009216 | 0.009410 | 0.009625 | 0.009864
100 0.004639 | 0.004731 | 0.004832 | 0.004942 | 0.005063 | 0.005195 | 0.005341 | 0.005501 | 0.005678 | 0.005872 | 0.006087
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Table 6.7: Results of pricing under the Black-Scholes model with different strike prices in case of two-asset correlation
options(Ericsson B and OMXS30). Part I.

K2/K1 1162 1162.5 1163 1163.5 1164 1164.5 1165 1165.5 1166 1166.5 1167

90 5.162823 | 5.147837 | 5.132798 | 5.117704 | 5.102557 | 5.087358 | 5.072107 | 5.056803 | 5.041449 | 5.026044 | 5.010590
90.5 4.938405 | 4.924275 | 4.910092 | 4.895858 | 4.881571 | 4.867234 | 4.852846 | 4.838408 | 4.823920 | 4.809382 | 4.794796
91 4.718241 | 4.704939 | 4.691587 | 4.678184 | 4.664731 | 4.651228 | 4.637676 | 4.624076 | 4.610427 | 4.596730 | 4.582986
91.5 4.502548 | 4.490047 | 4.477496 | 4.464897 | 4.452250 | 4.439554 | 4.426811 | 4.414020 | 4.401183 | 4.388300 | 4.375370
92 4.291535 | 4.279806 | 4.268029 | 4.256205 | 4.244334 | 4.232417 | 4.220454 | 4.208446 | 4.196392 | 4.184293 | 4.172149
92.5 4.085401 | 4.074415 | 4.063383 | 4.052305 | 4.041182 | 4.030015 | 4.018803 | 4.007547 | 3.996248 | 3.984905 | 3.973519
93 3.884335 | 3.874062 | 3.863745 | 3.853384 | 3.842980 | 3.832533 | 3.822043 | 3.811511 | 3.800936 | 3.790320 | 3.779662
93.5 3.688512 | 3.678922 | 3.669291 | 3.659617 | 3.649902 | 3.640145 | 3.630347 | 3.620509 | 3.610630 | 3.600711 | 3.590752
94 3.498092 | 3.489156 | 3.480179 | 3.471163 | 3.462107 | 3.453011 | 3.443875 | 3.434701 | 3.425488 | 3.416236 | 3.406946
94.5 3.313219 | 3.304907 | 3.296556 | 3.288167 | 3.279740 | 3.271274 | 3.262772 | 3.254231 | 3.245654 | 3.237039 | 3.228388
95 3.134022 | 3.126304 | 3.118548 | 3.110757 | 3.102929 | 3.095064 | 3.087164 | 3.079228 | 3.071257 | 3.063250 | 3.055208
95.5 2.960611 | 2.953456 | 2.946267 | 2.939043 | 2.931785 | 2.924492 | 2.917165 | 2.909803 | 2.902408 | 2.894979 | 2.887516
96 2.793077 | 2.786457 | 2.779805 | 2.773119 | 2.766401 | 2.759649 | 2.752866 | 2.746050 | 2.739201 | 2.732320 | 2.725408
96.5 2.631492 | 2.625378 | 2.619233 | 2.613057 | 2.606850 | 2.600611 | 2.594342 | 2.588042 | 2.581711 | 2.575350 | 2.568959
97 2.475909 | 2.470273 | 2.464607 | 2.458912 | 2.453187 | 2.447433 | 2.441650 | 2.435837 | 2.429995 | 2.424125 | 2.418226
97.5 2.326361 | 2.321175 | 2.315960 | 2.310718 | 2.305448 | 2.300150 | 2.294824 | 2.289471 | 2.284090 | 2.278683 | 2.273248
98 2.182861 | 2.178097 | 2.173307 | 2.168490 | 2.163647 | 2.158778 | 2.153883 | 2.148962 | 2.144015 | 2.139043 | 2.134044
98.5 2.045403 | 2.041035 | 2.036642 | 2.032225 | 2.027783 | 2.023316 | 2.018825 | 2.014309 | 2.009769 | 2.005205 | 2.000617
99 1.913961 | 1.909964 | 1.905943 | 1.901899 | 1.897832 | 1.893742 | 1.889628 | 1.885492 | 1.881334 | 1.877152 | 1.872948
99.5 1.788491 | 1.784839 | 1.781166 | 1.777470 | 1.773754 | 1.770015 | 1.766255 | 1.762474 | 1.758671 | 1.754847 | 1.751001
100 1.668931 | 1.665601 | 1.662251 | 1.658881 | 1.655490 | 1.652079 | 1.648648 | 1.645197 | 1.641726 | 1.638236 | 1.634725
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