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Abstract 
The objective of this thesis is to improve the performance of real-time communication over 
a wireless channel, by means of specifically tailored channel coding. The deadline 
dependent coding (DDC) communication protocol presented here lets the timeliness and the 
reliability of the delivered information constitute quality of service (QoS) parameters 
requested by the application. The values of these QoS parameters are transformed into 
actions taken by the link layer protocol in terms of adaptive coding strategies.  

Incremental redundancy hybrid automatic repeat request (IR-HARQ) schemes using 
rate compatible punctured codes are appealing since no repetition of previously transmitted 
bits is made. Typically, IR-HARQ schemes treat the packet lengths as fixed and maximize 
the throughput by optimizing the puncturing pattern, i.e. the order in which the coded bits 
are transmitted. In contrast, we define an IR strategy as the maximum number of allowed 
transmissions and the number of code bits to include in each transmission. An approach is 
then suggested to find the optimal IR strategy that maximizes the average code rate, i.e., the 
optimal partitioning of n k−  parity bits over at most M  transmissions, assuming a given 
puncturing pattern. Concatenated coding used in IR-HARQ schemes provides a new array 
of possibilities for adaptability in terms of decoding complexity and communication time 
versus reliability. Hence, critical reliability and timing constraints can be readily evaluated 
as a function of available system resources. This in turn enables quantifiable QoS and thus 
negotiable QoS. Multiple concatenated single parity check codes are chosen as example 
codes due to their very low decoding complexity. Specific puncturing patterns for these 
component codes are obtained using union bounds based on uniform interleavers. The 
puncturing pattern that has the best performance in terms of frame error rate (FER) at a low 
signal-to-noise ratio (SNR) is chosen. Further, using extrinsic information transfer (EXIT) 
analysis, rate compatible puncturing ratios for the constituent component code are found. 
The puncturing ratios are chosen to minimize the SNR required for convergence. 

The applications targeted in this thesis are not necessarily replacement of cables in 
existing wired systems. Instead the motivation lies in the new services that wireless real-
time communication enables. Hence, communication within and between cooperating 
embedded systems is typically the focus. The resulting IR-HARQ-DDC protocol presented 
here is an efficient and fault tolerant link layer protocol foundation using adaptive 
concatenated coding intended specifically for wireless real-time communications. 

Keywords: Incremental redundancy hybrid ARQ, multiple concatenated codes, iterative 
decoding, rate compatible punctured codes, union bounds, EXIT charts, convergence 
analysis, wireless real-time communication, quality of service. 
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Chapter 1  

Introduction 

The recent development in wireless communication has resulted in enhanced services and 
products being introduced into the market at an ever-increasing rate. This wireless 
evolution offers improvements for industrial applications, where traditional wired solutions 
have prohibitive problems in terms of cost and feasibility. Wired implementations are for 
example not cost efficient for large, temporary production lines, and may not be feasible at 
all for systems including rotating or high mobility machinery such as measurement and 
control of moving objects. In this context, when considering the opportunities in related 
fields and not just as replacement for existing cables, wireless communication has the scope 
for considerable growth. There is even reason to talk about a wireless revolution when 
considering cooperative embedded systems in home equipment, automotive components, 
logistics services, and entertainment devices wanting to communicate information as well 
as entertainment.  

The growing evolution of wireless communication, and all the new applications this 
enables, also rapidly increases our demands on the performance of communication 
networks. As the transmission speed increases, new wireless applications and services, like 
for example wireless video streaming, suddenly becomes interesting. The expectations of 
the general user with respect to performance of wireless applications are guided by the 
current quality of traditional wired systems. Many of these new wireless applications are 
subject to time-critical constraints, so called real-time constraints.  

In a typical wireless communication system, the channel conditions vary with time, and 
thus the quality of frames transmitted over the channel is not constant. The inherent 
consequence is a relatively high average error rate, making the wireless channel 
significantly less reliable in comparison to copper wire local loop channels or optical 
channels. This has limited the extensive use of wireless access in systems with real-time 
constraints. 

The purpose of the work in this thesis is to improve the performance of real-time 
communication over a wireless channel, by means of specifically tailored channel coding. 
The applications that are targeted in this thesis are not necessarily replacement of cables in 
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existing wired systems. Instead the motivation lies in the new services that wireless real-
time communication enables – services that may not yet exist. Examples of this could be 
communication between cars to improve security in a collision avoidance system. It may be 
sensors along the road informing passing cars about hazards ahead, e.g., icy road 
conditions, a moose crossing or traffic jams ahead. Therefore, embedded systems and 
communication within and between cooperating embedded systems are typically the focus. 

1.1 Real-Time Systems 

A real-time system depends on real time in the sense that the result of its execution needs to 
be presented in a timely fashion. This implies that it is not only the result itself that is of 
importance but also when in time it is presented. Therefore a real-time task has a deadline 
to meet. What happens if the deadline is missed varies with application, much the same 
way as presenting a timely but incorrect result does. In some applications a missed deadline 
may have severe consequences. If, for example, a real-time system is used to control the 
airbag in a car, it does not matter if a correct result is presented, i.e., the airbag is correctly 
triggered – if it is not presented in time, i.e., if the airbag is not triggered until after the car 
has crashed, the consequences can be severe. In other cases, a missed deadline will only 
imply reduced quality. For example, in a video conference a missed deadline will only 
result in a temporary lowered quality and any picture or sound frames that arrive too late 
will simply be thrown away in order to quickly return to normal behavior. This implies that 
the application is not terminated by a missed deadline, but the quality is reduced. The 
consequences of a missed deadline, and hence a reduced quality of the service provided, are 
not severe but can still be damaging in some way. The video conference may possibly be 
tele-medicine, i.e., surgical procedures which are monitored by a remote expert, and a 
continuing bad quality may jeopardize the procedure. It may also make the users of the 
application choose another service provider for the next session. 

In order to grade the importance of a deadline, real-time tasks are often classified as 
being critical, essential or non-essential. If a critical task misses its deadline the 
consequences can be catastrophic and in most cases the system activity is terminated. 
Therefore, when critical tasks are present in the system, resources are often kept in reserve 
since the analysis of the required service for critical tasks is made on worst-case values 
rather than average behavior. Essential tasks will not cause a catastrophe or a system halt if 
they miss their deadlines, but will lead to a system malfunction for a short or long period of 
time. Most real-time tasks fall into this category. Finally, non-essential tasks often have no 
deadline at all (non-real-time tasks) or, if they do have deadlines, nothing critical or 
essential will happen if these are missed. Maintenance tasks are typical examples of non-
essential tasks.    

Real-time tasks are also classified as having hard or soft real-time constraints. A task in 
a hard real-time system becomes useless when the deadline has passed, whereas in a soft 
real-time system the importance of the result degrades with time after the deadline has 
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passed. Hence, if a task with soft real-time constraints misses its deadline, its execution is 
often continued, since its result will still be of some reduced value for a short period of 
time. Consequently, its deadline is said to be softer.  

Often when hard real-time is discussed in the literature, it is also implied that the tasks 
are critical. Similarly, soft real-time tasks and essential tasks are often connected. The 
example with the airbag above can be classified as being a critical task, since a missed 
deadline may have critical effects such as personal injury. The task can potentially also be 
classified as a hard real-time system, since the airbag needs to be inflated before the crash. 
It is sometimes difficult to classify a task as being a true hard real-time task, even in the 
case with the airbag. Assume that the deadline for triggering the airbag is before impact. If 
this deadline is missed the airbag could still be triggered after the car has started crashing – 
since crashing can be expected to take a non-zero time. Hence, the deadline is soft, even if 
it is clear that inflating the airbag once the car has come to a complete halt is useless. It is 
easier to determine that the video conference example above can be classified as an 
essential, soft real-time system.  

Somehow this classification into critical and essential, hard and soft real-time tasks is 
an attempt made by the application or the user of the system to convey the importance of 
different tasks in a system and their deadlines. The reason for doing this is that the available 
resources in the system often are limited and hence we need to use them as best we can. 
This is when scheduling becomes important. Consider a processing unit, which is a limited 
resource that typically has several tasks of different importance to run. We then need to find 
a suitable procedure for determining the order in which these tasks should be executed. If 
all the tasks in the system are scheduled such that they all meet their respective deadlines, 
the corresponding schedule is called feasible. A scheduling algorithm is said to be optimal 
if it can always find a feasible schedule whenever any other scheduling algorithm is able to 
do so.  

Sometimes additional constraints, such as precedence constraints and preemption or 
non-preemption, can be encountered. If task A is dependent on the result of task B, it has to 
start execution following completion of task B. Consequently, even if the tasks have the 
same release time, i.e., time when the tasks are made available for execution, the dependent 
task A must be delayed until task B has been completed. This is referred to as a precedence 
constraint. Some tasks can be interrupted during execution to give way for more critical 
tasks, whereas others cannot be stopped once they have started. This is termed preemption 
and non-preemption respectively, as illustrated in Figure 1.1. 

There are a number of scheduling algorithms available in the literature, e.g., earliest 
deadline first (EDF), [1]. EDF looks only at the deadline of each individual task and 
executes the task which has its deadline closest in time. Hence, priority is given to the most 
urgent task. EDF is optimal for uniprocessors [1]. Recent research on scheduling is 
focusing on, e.g., finding optimal scheduling techniques using constraint programming, [2]. 
Many times, scheduling is done offline for systems that include critical tasks, but in some 
cases offline scheduling is not an option. 
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Scheduling with priorities is one way of controlling the order in which tasks are to be 
executed. Admission control is another option. Admission control is most often used for 
online scheduling. The scheduler then makes an estimate of the remaining available 
resources and only allows a new task into the system if its inclusion does not jeopardize 
previously guaranteed tasks. If the system includes critical tasks the worst-case values are 
used in the analysis, otherwise average values are most common. When determining the 
worst-case completion time for a task, we do not only consider the execution time of the 
task, but also execution interference from other higher priority tasks and any potential 
preemption. If a task is accepted in an admission control system, it is typically guaranteed a 
certain quality of service (QoS). Usually, there are different levels of QoS available in the 
system. Using different priorities is one way of ensuring different levels of quality. Best-
effort is a particular QoS level often provided. It does not, however, give any actual 
guarantees, since only best effort will be made to ensure execution before deadline. Hence, 
best-effort is mostly used for non-essential soft real-time or non-real-time tasks. In 
admission control systems a task often seeks admission to a system requesting a specific 
QoS level and if accepted it will be so with the requested QoS level. If the task cannot be 
accepted, there is often a possibility to reduce the requested level of QoS and seek 
admission anew. Consequently, a negotiation may take place when using admission control 
systems. 

One reason for having several QoS levels is that most systems need to be able to 
support both real-time and non-real-time tasks concurrently. The relative deadline of a task 
is defined as the difference between its deadline and its release time. If the execution time 
of a real-time task is smaller than its relative deadline, the remaining time is called slack 
time. In order to support both real-time and non-real-time tasks in a system it is important 
to use the slack time to run non-real-time tasks. Obviously, if preemption is allowed the 
risk of completely starving non-real-time tasks will be reduced. 

Figure 1.1. Scheduling tasks on two processors. The tasks are numbered according to their 
respective release times.  Further, there is a precedence constraint so that task 5 should be 

executed before task 4. Also note that task 1 is preempted by task 3 on processor 2.τ  

T 

T 

�1 

�2 

 T2  T5  T4 

T1 T3 

2 5 4 

1 3 

iT = deadline for task i 



 5 

1.2 Real-Time Communications  

Communication is an important part of most real-time systems and can take place both 
between systems and within systems. For example, communication is needed in and 
between most embedded and distributed systems so that sensors can report their readings 
and actuators be given directions. In multiprocessor systems the different processors need 
to communicate with each other, and multimedia applications such as video conferencing 
and voice-over-IP implies communication.  

The communication medium can be quite different depending on the application. It 
could be, e.g., optical wireline channels, copper wire local loops, a ring or a bus, wireless, 
or the Internet which is in a sense a mixture of all of the above. A local area network (LAN) 
is a relatively small network that shares a common medium that usually employs the same 
medium access control (MAC) method. The role of the MAC protocol is to ensure that all 
nodes connected to the LAN get access to the medium. The specific MAC method used 
generally depends on the medium in question, e.g., a ring networks may use Token ring, the 
Ethernet uses carrier sense multiple access with collision detection (CSMA/CD), and the 
GSM network uses time division multiple access (TDMA), [3]. Some of these MAC 
methods are said to be deterministic whereas others are not. TDMA is an example of a 
MAC method with a deterministic behavior. The time slots are usually allocated offline, 
and a node carrying real-time traffic knows when it will get access to the medium. Hence, a 
schedulability analysis is possible. CSMA/CD, on the other hand, is not deterministic. The 
reason for this is that collisions can occur, forcing the nodes to compete for access. 
Whenever a collision occurs between two nodes, they both wait a random time before 
making a second attempt. Hence, collisions may occur once more. Consequently, there are 
no deterministic guarantees on when a node can get access to the medium.  

Several extensions to non-deterministic MAC methods attempting to make them more 
suitable for real-time traffic have been proposed. The Timed-token protocol [4] is a real-
time extension to the Token ring protocol where the token rotation time is monitored and 
kept close to a target time. RETHER [5] is a real-time extension to the Ethernet, where a 
token based protocol is used on top of the normal MAC protocol. Recent research 
concerning how to use the Ethernet for real-time communication mainly focuses on 
avoiding collisions completely by using switches that support full duplex, [6]. 
 Scheduling of tasks to different processors has many similarities with accessing the 
shared communication medium. The communication medium is a limited shared resource 
and the communication itself can be seen as a task that has a release time and a deadline. 
Consequently, processor scheduling algorithms can often be used to do communications 
scheduling as well. There are however a few differences. It is difficult to completely 
centralize the scheduling of communication tasks. Further, a large diverse network makes 
the scheduling problem significantly more complex. Specifically, if there are more than one 
MAC technique in use in the network and when routing is necessary.  
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 There are two types of distinguished communication scheduling methods; integrated 
scheduling and separated scheduling. With integrated scheduling, the extra delay caused by 
communication is seen as a part of the overall execution time of the task. In separated 
scheduling, the communication is seen as a separate task with its own release time and its 
own deadline, as illustrated in Figure 1.2. The latter allows for different dispatching 
strategies, i.e., different MAC techniques, and is also more suitable when routing is 
required. Routing issues for real-time communication in ad hoc networks have been 
investigated in e.g., [7],[8]. 

The characteristics of real-time communication differ from the characteristics of non-
real-time communication. For example, the traditional measure of throughput is of less 
importance. Instead we are interested in a message loss rate or a probability of a message 
arriving before its deadline. A lost message will result in an infinite delay. Traditional 
critical hard real-time communication systems often require an upper bound on the 
maximum end-to-end message delay. The real-time literature discusses two types of traffic 
in this context; guaranteed traffic and statistical traffic. When the traffic stream is 
guaranteed, it means that every frame in the stream is guaranteed to arrive before its 
deadline. Statistical traffic, on the other hand, refers to that no more than a certain 
percentage of the frames in the stream may miss their respective deadline. Hence, when 
dealing with statistical guarantees we need to know the task deadlines as well as the 
accepted deadline miss ratio. Statistical guarantees are often given to, e.g., traffic generated 
by an over-sampled sensor. 
 Alternatively, some real-time literature classifies guarantees as being deterministic or 
probabilistic. If the offered service is deterministic it is said to be predictable and suitable 
for hard real-time systems, since normally both a “guaranteed”  minimum throughput and a 
bounded end-to-end delay is offered. A probabilistic guarantee is said to “only guarantee”  
to meet a specified QoS with a certain probability. This probability may however be equal 
to one and hence result in performance that is comparable to a deterministic system. 

Figure 1.2. Separated scheduling of a communication task. 
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Probabilistic guarantees are often connected to average behavior, whereas deterministic 
guarantees are made on a worst-case analysis and hence having a probabilistic guarantee is 
said to yield a higher utilization of the system resources. When a real-time system includes 
communication, we inherently have probabilistic guarantees only since random noise 
prevents a deterministic description. It follows that throughput is a statistical measure and 
hence we can only guarantee a minimal average throughput. Similarly, the end-to-end 
delay cannot be deterministically bounded since that would imply a zero error rate. 
Therefore, it may be meaningful to talk about deterministic guarantees in a real-time 
system that does not include communication, but as soon as communication is involved then 
the probability of an error free message arriving on time is always less than one. For some 
communication channels the error rate may be relatively low, as is the case for some fiber 
optic networks. In these cases it may still be justified to talk about a behavior being more or 
less deterministic, but for e.g., a wireless channel we can only offer probabilistic 
guarantees. 

1.3 Challenges with Wireless Real-Time Communication  

In a typical wireless communication system, the channel conditions vary with time, and 
thus the quality of a stream of frames that have been transmitted over the channel is not 
constant. The inherent consequence is a relatively high intermittent error rate, making the 
wireless channel less reliable compared to copper wire local loops or optical wired 
channels. The concepts of channel coding [9] to cope with the high error rate must therefore 
be introduced in order to provide a more reliable channel.  

Another difficulty with a wireless channel is that its bandwidth is limited since the 
radio spectrum is a limited natural resource. A fully utilized frequency band cannot easily 
be complemented by additional resources. It is not possible to add an extra fiber or an extra 
communication bus which is often done with wired real-time systems in order to increase 
the capacity or the fault tolerance. The radio spectrum is assigned according to strictly 
enforced rules and consequently additional bandwidth may be costly or may not exist at all.  

Furthermore, wireless devices are often battery powered and therefore the transmitted 
signal power should be limited to prolong battery life. The battery also puts restrictions on 
the maximal computational complexity that can be used in each of the end nodes. 
Moreover, given that we have a certain bandwidth to use in our system, a limited transmit 
power also limits the inherent interference generated by other transmitters present in the 
local wireless multiple access system. 

The channel capacity formulated by Shannon [10] incorporates into one composite 
parameter the effects of channel parameters such as thermal noise, constrained bandwidth, 
and limited signal power. The channel capacity is a fundamental upper limit for the 
achievable data rate over channels described by these parameters. The significance of the 
channel capacity is that as long as the communication rate is kept below the channel 
capacity, an arbitrarily low error rate can in principle be obtained if infinitely long signals 
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are used. From coding theory, we know that most finite-length codes are good, provided 
that they are sufficiently long. Decoding complexity, however, generally increases 
exponentially with the block length of the code and hence may prohibit the use of codes 
beyond a certain length. At the same time as a long code will improve the performance in 
terms of lowering the bit error rate (BER), it will also require more resources in terms of 
more bandwidth, more energy and above all, in this context, more time to transmit and 
decode. When a real-time communication system is considered, time is in some sense a 
limited resource and hence we are not only concerned with limiting the length of the code 
in order to limit the decoding complexity but also to limit the overall communication time. 

1.4 Problem Formulation 

Although the search for contention free MAC protocols and optimal communications 
scheduling algorithms are interesting and important problems, they are not treated here. 
Instead this thesis treats the problem of suggesting good channel coding and decoding 
methods to be used in a wireless real-time communication system. Hence, the aim is to find 
a deadline dependent coding protocol, where the channel code used is tailored to the real-
time constraints.  

We assume that we have a MAC protocol that enables instant access to a wireless 
LAN, perhaps by using code division multiple access (CDMA), [3].  Further, the focus is 
on point-to-point communication rather than routing. Separated scheduling is assumed so 
that each communication task has its own release time and deadline.  

We exploit a probabilistic view of the real-time constraints that focuses on worst case 
behavior as far as possible1 in order to provide a systematic approach for the development 
of efficient wireless real-time communication protocols. This means that we do not talk 
about hard or soft real-time requirements or critical and essential tasks. Instead we talk 
about a communication deadline and the probability of succeeding in delivering correct 
information before this deadline. Thus, we use two QoS parameters: deadline for delivery, 

DLT , and the probability of correct delivery prior to reaching the deadline, dP . Correct 
delivery implies that a certain target error rate, tP , is met. This error rate can be in terms of 
average frame error rate (FER) or average BER within the frames. Note that the target error 
rate cannot be equal to zero due to the presence of channel noise. Nor can dP  be equal to 
one. 

Using these QoS parameters it follows that a protocol layer can negotiate values of the 
parameters with an upper or a lower layer, thus enabling flexible admission control that 
provides a trade-off between the delivery time and the quality of the delivered data. The 
values of the QoS parameters are requested by the application using the communication 
system. The value of dP  controls how reliable the transfer must be in a real-time 

                                                 
1 Note that the worst case behavior for a real-time communication system will always be that the 

deadline will be missed, since the BER and the throughput is based on the average behavior of the system. 
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perspective, i.e., a measure of how critical the task is, and consequently, it does not say 
anything about delivery of correct information after the designated deadline. The 
negotiation about the value of DLT  reflects how soft the real-time constraints on the 
deadline are.  

One of the objectives of the wireless real-time communication protocol is to maximize 
the probability that the communication system will be able to accept the transmission 
request with the required values of the QoS parameters. Besides maximizing the probability 
of delivering the required information before a given deadline, the protocol should also 
attempt to minimize the required bandwidth, the transmitted energy and the average time 
required to successfully deliver the information. 
 It is worth noting that these QoS parameters are useful for real-time as well as non-real-
time applications. An application sending emails may for example require dP  to be as high 
as possible but can relax the constraints on DLT  if negotiations require a lower QoS level in 
order to be able to accept the request. If a packet of image data intended for video 
streaming is to be sent, the deadline is relatively tight but dP  can be moderate, since an 
incorrect delivery (or no delivery) will appear as image noise. In contrast, a packet arriving 
too late will disturb the viewing more. For a control application, it is important that correct 
information reaches its destination before a firm deadline with a fairly low error 
probability. This implies that more bandwidth will be required for these kinds of 
applications. 

1.5 Deadline Dependent Coding 

Given the above framework, the main idea behind the concept of deadline dependent 
coding (DDC) is to make all components in the link control protocol, including the channel 
code, deadline dependent. Generally, by using longer code words, i.e., by adding more 
redundancy, we will achieve a higher dP  – but we will, in turn, be requiring more time, as 
illustrated in Figure 1.3. Traditionally, a fixed time has been used when scheduling the 
transmission over a communication medium. In contrast, we make this time variable 
depending of the required quality (error rate).  

The protocol is further intended to minimize the required bandwidth, the multiple 
access interference and the transmitted energy. We therefore not only consider 
concatenated codes [9] to cope with high error rates, but also powerful retransmission 
schemes [11] to provide time diversity in order to obtain a more flexible and reliable 
scheme. Concatenated codes using iterative decoding is a way of providing long codes with 
manageable decoding complexity. The retransmission protocol plays the role of 
maximizing the probability of delivery with the required error rate before the deadline, 
using a minimum of resources. These two main components in the DDC protocol, the 
retransmissions scheme and the concatenated code, are described further below. 
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1.5.1 Hybrid Automatic Repeat Request 

In a packet-based system, an automatic repeat request (ARQ) scheme [12] can be used. 
Whenever a packet arrives, the receiver may choose to reject it, and instead send a 
retransmission request through a feedback channel. To determine whether or not a 
retransmission should be requested the receiver checks the quality of the received packet, 
usually by means of an error detection code. A hybrid ARQ (HARQ) scheme, first 
suggested in [13], uses an error control code in conjunction with the retransmission scheme. 
Consequently, the receiver first tries to decode the received codeword and only requests a 
retransmission if the quality of the decoded information is not acceptable. There are 
different methods of determining whether a decoder output is sufficiently reliable and 
hence different criteria for requesting a retransmission. The choice of method significantly 
affects the character of the retransmission scheme. The most common method is to apply an 
error detection code like a Cyclic Redundancy Check (CRC) code [11]. When concatenated 
codes are used in conjunction with the HARQ scheme, reliability information from the 
iterative decoding process may be used as a retransmission criterion. This is discussed 
further in the next sub-section.  

In a pure HARQ scheme, rejected packets are discarded. Previously received packets 
may, however, be used for so-called packet combining, in order to improve performance. 
There are two major types of packet combining, diversity combining [14] and code 
combining [15]. The choice of packet combining technique is related to the choice of error 
control code, but the goal should always be to use all the received observables in the 

Figure 1.3. Quality of service negations leading to different code lengths. 
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decoding process. In [16, 17] different diversity combining techniques for HARQ protocols 
using concatenated coding were investigated. 

Incremental redundancy (IR), first suggested in [18], implies that the HARQ system 
responds to a retransmission request by sending more redundancy. This redundancy is then 
used to form an increasingly longer code, by means of code combining. IR-HARQ schemes 
are appealing since no repetition of previously transmitted bits is made.  

Rate compatible code families are commonly used in IR-HARQ schemes. Typically, a 
rate compatible code family is constructed by choosing a low rate mother code, which is 
punctured to provide several higher-rate codes. For example, a codeword of length n from 
the mother code may be divided into two parts, constituting two complementing punctured 
codewords of lengths n1 and n2 with 1 2n n n= + . These codewords may then be sent one 
after the other over the channel. This splitting or puncturing of the mother code can be done 
in different ways. Generally, the IR packet lengths are assumed to be fixed, and the 
puncturing strategy, i.e. the order in which the coded bits are to be transmitted, is optimized 
[19]. Hence, the focus on IR schemes has been concentrated on finding optimal puncturing 
patterns, assuming a specific IR transmission strategy. The converse problem has so far 
been overlooked in the literature. 

One of the main components in the DDC protocol is the retransmission scheme. 
However, since we specifically consider a time-limited channel, the maximum number of 
retransmissions must be limited, and hence the HARQ system becomes truncated [20]. The 
maximum number of retransmissions allowed is chosen according to the deadline for 
delivery, DLT  and will consequently provide an upper bound on the communication time.  

The benefit of a retransmission scheme is that it is continuously adapting to 
instantaneous channel conditions. A series of retransmissions is initiated when the channel 
is bad, thus contributing to the robustness of the protocol, while only a negligible number 
of retransmissions are required when the channel is well behaved. We may therefore use 
only the required amount of redundancy suitable for the current channel condition and 
thereby save energy and bandwidth resources as well as reducing the amount of multiple 
access interference. Rather than designing the system based on the worst possible channel 
conditions, increasingly more channel resources are allocated as the deadline approaches, in 
order to meet the probabilistic requirements for delivery before the deadline.  

It has been argued that a retransmission scheme is not to be used in a real-time system, 
e.g., [21] – however as long as there is an upper limit on the maximum number of 
retransmissions allowed and this limit is connected to the deadline, the delay is finite and 
controllable. Consequently, having a truncated ARQ protocol we know how many 
retransmissions will occur during worst-case conditions. Knowing the transmission rate and 
the approximate distance to the receiver we can get a worst-case transmission time for the 
communication task. We will also have an average transmission time and hence slack time. 
This slack time may be used to run non-real-time tasks, or alternatively just seen as a way 
to limit the interference to other nodes that are transmitting real-time traffic concurrently.  

Recall that scheduling of the communication channel is usually non-preemptive, in the 
sense that once a task has started to be transmitted it cannot be preempted if another more 
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important task comes along. However, using the DDC scheme, we can preempt the ongoing 
task in the sense that we can stop further retransmissions and instead let the new task start.  

1.5.2 Concatenated Codes with Iterative Decoding 

The channel capacity unfortunately only states what data rate is theoretically possible to 
achieve, but it does not say what codes to use in order to achieve an arbitrary low BER for 
this data rate. Therefore, there has traditionally been a gap between the theoretical limit and 
the achievable data rates obtained using codes of a manageable decoding complexity. 
However, in 1993 a novel approach to error control coding revolutionized the area of 
coding theory. The so-called turbo codes [22] almost completely closed the gap between 
the theoretical limit and the data rate obtained using practical implementations. Turbo codes 
are based on concatenated codes separated by an interleaver. The concatenated code can be 
decoded using a low-complexity iterative decoding algorithm. Although this iterative 
decoding algorithm is sub-optimal, it has been shown to essentially avoid any performance 
loss, as compared to optimal decoding, [22]. 

Concatenated codes using iterative decoding is a way of providing long codes with 
manageable decoding complexity. Note that the term “ long code”  used here does not refer 
to the length of the information frame, but rather the length of the codeword, or the length 
of the code memory. A turbo code is basically a concatenated system of two simple 
component codes connected through an interleaver in order to create a very long code and 
thus also a very strong code [22, 23]. Optimal decoding of such a system is NP-hard and 
intractable due to the length of the code as determined by the size of the interleaver. 
However, the attractive characteristic of a concatenated system is that iterative a posteriori 
probability (APP) decoding based on exchanging soft reliability information provides a low 
complexity sub-optimal decoding algorithm. This implies that each component decoder is 
used several times in the decoding process, usually once for each iteration. Hence, the soft 
reliability information exchanged between the component decoders is iteratively refined 
and the interleaver is used as an integrated part of the code. Given certain conditions, the 
iterative decoding algorithm performs close to the fundamental Shannon capacity [22].  

In general, concatenated coding provides longer codes yielding significant performance 
improvements at reasonable complexity investments. The overall decoding complexity of 
the iterative decoding algorithm for a concatenated code is lower than that required for a 
single code of the corresponding performance. The lower complexity is achieved by 
decoding each component code separately. Hence, the low-complexity decoders for the 
simple component codes are used and iteratively reused several times, instead of using one 
highly complex optimal decoder for the mother code. The complexity of the iterative 
decoder is increasing linearly with the interleaver size and number of iterations. Initially, 
there is much to be gained from iterating, but eventually the performance reaches a point of 
diminishing returns. The number of iterations needed for convergence varies between 
packets and is generally not known. A common approach for stopping the iterative 
decoding process is to allow for a fixed number of iterations. This may lead to unnecessary 
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iterations or to performance degradation if the process is terminated prematurely. Applying 
a performance-based stopping criterion as in, e.g., [24], these problems can be addressed. 
The stopping criterion is intended to stop the iterative process as soon as the required 
performance is reached – however, this may never occur in some cases due to excessive 
noise. As we are dealing with real-time communication we must have an upper limit on the 
time to decode a frame. The decoding complexity, and hence the time required to deliver a 
frame with sufficient quality, is directly related to the number of iterations. Hence, we still 
need to have an upper limit on the maximum number of iterations allowed. Examining the 
convergence behavior in a concatenated system, it is noticed that for a majority of packets, 
if convergence occurs, it is generally reached after a fixed number of iterations, [16]. 
Consequently, the maximum allowed number of iterations may be set accordingly. A non-
negligible number of packets may, however, converge faster and iterations will cease as a 
result of the performance-based stopping criterion. 

Using concatenated codes in an HARQ scheme also elevates the corresponding 
performance to levels close to fundamental limits. The same performance-based stopping 
criterion can also be used as a retransmission criterion so that if the stopping criterion is not 
fulfilled after the maximum allowed number of iterations a retransmission is requested, [16, 
24]. The stopping criterion together with the upper limit on the number of iterations and the 
number of retransmissions in the truncated IR-HARQ scheme yield an upper bound on the 
decoding complexity thus also the time to decode the information.  

Concatenated codes using iterative decoding also provides the opportunity to perform 
so-called erasure decoding. This means that if a specific bit is unknown, i.e., no APP 
information is received; the iterative decoder simply assigns an a priori probability of 0.5 
and proceeds with the decoding process. This in turn implies that we can construct rate 
compatible codes simply by transmitting a subset of all available parity bits. Hence, we can 
puncture some bits from the mother codeword and instead include them in a potential 
retransmission. Rate compatible punctured codes used in a HARQ scheme results in 
efficient code combining techniques, [25].  

A time and safety critical application benefits from the long powerful concatenated 
codes yielding reliable communication, while the processing time of the iterative decoder is 
kept low. The iterative decoding algorithm together with the retransmission scheme also 
give the opportunity to always deliver something to the receiver before the deadline, i.e., 
we can offer a fast tentative response and progressively provide iterative refinements (lower 
BER). This last-minute delivery can also be complemented by a measure of reliability or 
quality of the delivered information based on the current APP information.   

1.6 Contributions 

The objective of the work conducted in this Ph.D. study has been to develop the foundation 
for an efficient and reliable real-time communication protocol for critical deadline 
dependent communication over less reliable wireless channels. From results in the 
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literature, the principles of DDC tend to provide the most promising design approach for 
achieving this objective. The main idea behind the concept of DDC is to make the 
communication protocol deadline dependent. The deadline and the probability of correct 
delivery before the deadline are QoS parameters that are mapped onto a retransmission 
protocol.  
 Concatenated coding within ARQ protocols provides a new array of possibilities for 
adaptability in terms of decoding complexity and communication time versus reliability. 
Hence, critical reliability and timing constraints can be readily evaluated as a function of 
available system resources and complexity. This in turn enables quantifiable QoS and thus 
negotiable QoS. Service requests can therefore be accepted, rejected or re-negotiated 
depending on available resources.  
 The work reported in [16] by the author considered powerful diversity combining 
techniques as well as retransmission criteria especially adapted to concatenated coding. In 
contrast, the focus in this thesis is on incremental redundancy schemes rather than diversity 
combining schemes. IR-HARQ schemes are appealing since no repetition of previously 
transmitted bits is made, and thus redundancy can be exploited more efficiently. The work 
here is therefore directed towards the development of IR-HARQ schemes and 
corresponding low-complexity rate compatible code families based on punctured 
concatenated codes.  
 We define an IR strategy to be the maximum number of allowed transmissions and the 
number of code bits to be included in each transmitted packet. Based on this definition, this 
thesis work suggests an approach to find the optimal IR strategy that maximizes the average 
code rate, i.e., the optimal partitioning of the mother code over at most M transmissions, 
assuming a given puncturing strategy. 

Rate compatible punctured concatenated codes used in a HARQ scheme do not only 
allow for efficient code combining, but also reduces the decoding complexity since a 
retransmission can simply be included in the ongoing iterative decoding process. In other 
words, we chose a long mother code and simply let each transmission constitute a new part 
of this mother code. The decoder can start iterating when the first transmission is delivered 
and when additional parts of the mother code arrive, they may simply be included in the 
ongoing iterative process. This way the iterative decoding procedure does not have to be 
restarted. 

The constituent codes can be very simple since the total code is constructed by 
concatenating several component codes. Consequently, single parity check (SPC) codes 
[26] are chosen in this work. Simple component codes like these are especially relevant for 
low-complexity implementations and as such they are attractive for real-time applications. 
The SPC codes are concatenated both in parallel and in serial, typically using more than 
two components codes. The FER performance of concatenated SPC codes are analyzed 
both using Monte-Carlo simulations and using analytical upper bounds based on uniform 
interleavers [27, 28]. The bounds are modified to apply to punctured concatenated codes 
with more than two component codes. Further, the modified bounds are used to search for 
good rate compatible puncturing patterns.  
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The SPC component codes are also analyzed using semi-analytical extrinsic 
information transfer (EXIT) charts [29]. This tool provides insight into convergence 
behavior and, in some cases, also gives good estimates of the BER. In addition, the EXIT 
charts can be used to find good puncturing ratios [30] and even rate compatible puncturing 
ratios. For SPC codes this set of puncturing ratios obtained from EXIT charts is the same as 
a puncturing pattern when using random interleavers. Hence, the results obtained using 
bounds can be confirmed by the results achieved using EXIT charts. It is shown that a 
noteworthy improvement can be obtained by choosing a good puncturing pattern. 

Finally, performance results using the concatenated SPC codes in IR-HARQ schemes 
are given.  Real-time constraints are put upon the maximum number of transmissions and 
the required reliability in terms of FER for different QoS levels. Using the optimal packet 
lengths are shown to increase the average code rate, implying better use of available 
resources. The resulting protocol is termed incremental redundancy concatenated hybrid 
automatic repeat request deadline depending coding (IR-CHARQ-DDC). 

As a final point concatenated zigzag (ZZ) codes [31] are considered as an alternative to 
enhance the performance, at the expense of a slightly higher decoding complexity. The ZZ 
codes are also analyzed using EXIT charts. 

The aim of this thesis is to propose good channel coding and decoding methods to be 
used in a wireless real-time communication system. Consequently, a central contribution is 
the IR-CHARQ-DDC protocol and the attempt to bring together the areas of real-time 
communication and coding theory. However, this attempt has also resulted in some 
contributions to the area of communication theory. These are listed below in the order they 
appear in the thesis. 
 

• Optimization of packet lengths to maximize the average code rate in an IR-HARQ 
scheme. 

• Performance evaluation using Monte-Carlo simulations of multiple parallel and 
serially concatenated SPC codes and the effect of the interleaver. 

• Performance bounds for punctured multiple parallel and serially concatenated SPC 
codes. 

• Search for good rate compatible puncturing patterns for multiple concatenated SPC 
codes, using union bounds. 

• Performance evaluation using EXIT charts of multiple parallel and serially 
concatenated SPC codes. 

• Search for good rate compatible puncturing ratios for multiple parallel and serially 
concatenated SPC codes, using EXIT charts.  

• Performance evaluation of parallel concatenated ZZ codes using EXIT charts. 
 

The set of contributions are incorporated into a design process for QoS-based IR-CHARQ-
DDC protocols. The QoS parameters are here in terms of a deadline and a target FER. 
Based on a target FER, a suitable rate compatible code family is selected where the mother 
code is able to provide the required reliability. As the delay in connection with a 
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retransmission is the most significant contribution to the overall delay in an ARQ scheme, 
the deadline determines the maximum number of retransmissions allowed. Given the 
selected code family and the maximum number of transmissions allowed, optimal packet 
lengths for each transmission and corresponding good puncturing patterns are then found to 
complete the design. 

1.7 Outline of the Thesis 

The thesis consists of eight chapters, which are briefly summarized below. 
In Chapter 2 the system model adopted throughout the thesis is presented and 

discussed. A concatenated encoder and a mapper are used to transmit packets over a simple 
additive white Gaussian noise (AWGN) channel using binary phase shift keying (BPSK). 
An iterative APP decoder allowing erasure decoding is used to decode and retransmissions 
are requested through an error free feedback channel. 

In Chapter 3 the concepts of ARQ and incremental redundancy are explained. Further, 
the average code rate and the FER of a truncated IR-HARQ system are derived. It is also 
shown how the average code rate can be maximized by choosing optimal packet lengths for 
each retransmission, given a particular puncturing pattern, i.e., a particular order in which 
to transmit the available redundancy.  

Chapter 4 discusses the component codes employed by the concatenated codes used in 
this thesis, namely SPC codes. These codes are simple to decode and therefore ideal for use 
as component codes in a concatenated code. This way the concatenated code itself can be 
made more complex in the sense that we can concatenate more than two component codes. 
This is termed multiple concatenated codes. The performance of these codes is discussed 
with examples for both punctured and full-rate codes concatenated in parallel and in serial. 
The influence of the interleaver on the performance is exemplified.  

The performance examples made using Monte-Carlo simulations in Chapter 4 are 
compared to analytical upper bounds based on a uniform interleaver in Chapter 5. The 
bounds are made for both punctured and full-rate multiple serially and parallel concatenated 
codes. For some cases, the union bounds can further be used to obtain good puncturing 
patterns, which are chosen to give a low FER for low signal-to-noise ratios (SNRs). 
Further, the FER for every code rate using the chosen puncturing pattern can be obtained 
for use in the optimization procedure of Chapter 3.  

An EXIT chart is a powerful semi-analytical tool used to track the performance of an 
iterative decoder as a function of the number of iterations. EXIT charts can for example be 
used to analyze the convergence behavior of multiple concatenated codes and to obtain an 
estimate of the BER after convergence is reach. An EXIT chart approach for performance 
evaluation of SPC codes is detailed in Chapter 6. Most importantly in this context, the 
EXIT charts are also used to find good puncturing ratios for specific code rates that yield 
good performance in terms of convergence behavior. The concatenated SPC codes are 
analyzed using EXIT charts and good puncturing ratios are obtained. Finally, an attempt to 
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find rate compatible puncturing ratios is made. For concatenated SPC codes using random 
interleavers, puncturing ratio and puncturing pattern implies the same thing. Thus, the rate 
compatible puncturing pattern obtained using bounds can be confirmed by the rate 
compatible puncturing ratios obtained using EXIT charts. 

In Chapter 7 numerical results on the average code rate in an IR-HARQ scheme using 
optimal packet lengths are given. The probability of a retransmission occurring is still 
needed. However, if we assume a genie-aided retransmission criterion resulting in perfect 
error detection (PED) the average code rate depends on the FER. Using PED results in a 
lower bound on what is possible to achieve with a good retransmission scheme. Hence, the 
FER obtained for the rate compatible code families from previous chapters can now be used 
in the optimization process together with the good puncturing patterns. Performance results 
are presented for both parallel and serial SPC codes for different QoS requirements.  

Chapter 8 contains conclusions and suggestions for future research. Finally, Appendix 
A suggests using ZZ codes as an attractive alternative to SPC codes. The ZZ codes are 
analyzed using EXIT charts and yields notable performance improvements at reasonable 
complexity investments. 
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Chapter 2  

System Model 

The communication system model used throughout this thesis can be described by the 
block diagram in Figure 2.1. The data source generates a sequence of equally likely 
information bits. These bits are grouped into frames of length k bits, denoted { }0,1

k∈x .  
Error detection encoding is used when an error detection code is to be included. 

However, in this work a theoretical approach is taken so that retransmission requests are 
generated assuming a genie aided retransmission criterion resulting in perfect error 
detection. This will yield a lower bound on what is possible to achieve with a good 
retransmission criterion. This actually results in a tight lower bound in most cases, since the 
probability of undetected errors can be made much smaller than the probability of detected 
errors, [32]. Consequently, error detection encoding is not used in this work and hence the 
vector x is fed directly into the concatenated encoder. 

Figure 2.1. Block diagram of the communication system model used in this thesis. 
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The concatenated encoder adds a controlled amount of redundant bits to each of the 
frames, producing a longer codeword, n bits long, denoted { }0,1

n∈y . This resulting code is 
called the mother code and it has a code rate, /Cr k n= . The encoder used in this work 
consists of multiple concatenated component codes, separated by random interleavers. The 
component codes are either concatenated in parallel or in serial and they are always 
systematic. Each encoder output as well as the systematic information output is sent 
through individual puncturers. Hence, only the unpunctured vector y has length n. For 
simplicity the vectors in Figure 2.1 are denoted y, s and r respectively, regardless of the 
specific puncturing ratio used. Further details of the concatenated encoder are discussed 
later on. 

In the BPSK modulator each bit in the code block, y, is associated with a corresponding 
signal waveform, sm(t), where 0,1,..., 1m n= − , for transmission over the AWGN channel. 
AWGN is a simple and frequently used mathematical model for the communication 
channel, which models thermal noise present in all electronic equipment. The channel 
corrupts the transmitted signal with additive white noise so that ( ) ( ) ( )m m mr t s t w t= + . The 
optimal demodulator for this channel samples a filter matched to the signal waveforms 
[33]. Consequently, the received sequence of observables, r, is the sampled matched filter 
output, representing sufficient statistics for detection of the transmitted symbols. When 
using a sampled matched filter, the waveform channel can be reduced to a vector channel. 
This implies that each modulated code block instead can be represented by a discrete vector 
of symbols, s, to which a noise vector of Gaussian random variables, w, is added so that 

= +r s w . The variance of each element in w is 2
0 / 2w Nσ = , where N0 represents the 

single-sided noise spectral density. The AWGN vector channel is depicted in Figure 2.2. 
When a vector channel is used, the modulator and demodulator are sometimes referred to as 
mapper and demapper instead. In this thesis the following mapping for →y s  is used 

 0 µ→ +  (2.1) 

 1 ,µ→ −  (2.2) 

where sEµ =  and Es denotes the symbol energy. Sometimes it is convenient to use ‘+1’  
and ‘–1 ’  rather than zeros and ones to represent the elements in x and y. Consequently the 

Figure 2.2. The AWGN vector channel. 
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following notation is used: { }1, 1∈ + −y
�

, where 2 1= − +y y
�

 and thus µ= + = +r s w y w
�

. 
Furthermore, an individual element in y will be denoted y(m), while an arbitrary element 
with an unspecified index in y will be denoted y. These notations are use for all the 
sequences in the system model.  

A sub-optimal iterative decoder is used for decoding the concatenated code. It is 
constructed using APP decoders, one for each component code used in the encoder. Similar 
to the encoder, the decoder components are concatenated in parallel or in serial and are 
separated by random interleavers and deinterleavers. The individual puncturers are also 
matched in the decoder. An erasure is simply inserted whenever a bit has been punctured. 
This is explained in more detail below. Thereafter decoding continues normally, i.e., the 
constituent decoders are activated interchangeably, [22]. Since all of the component codes 
are systematic, any of the constituent decoders can be activated first and any arbitrary 
activation order can be chosen subsequently. Note that this is true regardless of whether the 
component codes are concatenated in parallel or in serial. Finally, the decision statistic for 
the transmitted sequence, ( )D x , which is of length k elements, is delivered for a reliability 
check using a retransmission criterion. The decision is made according to 

 ( )
ˆ ( ) 1

ˆ ( ) 1

( ) 0.
m

m

D m
=−

= +

<>
x

x

x

�

�

�
 (2.3) 

Based on the retransmission criterion, it is determined whether or not a retransmission 
is required, which in this work is done by means of perfect error detection. The request is 
sent through the error free feedback channel either by sending a negative acknowledgment 
signal or simply by not sending an acknowledgement signal. The feedback channel is 
depicted as a separate channel in Figure 2.1 since it is assumed to be noise free throughout 
this work. In addition, the actual information sequence in an acknowledgement message is 
usually much shorter than k bits.  

Since the use of an IR-HARQ scheme implies that no repetition of previously 
transmitted bits is made, the following notation is chosen. If the transmitter receives a 
retransmission request for a particular frame, a new packet will be transmitted. An 
information frame or a data frame is a set of k information bits. Each data frame is passed 
through a rate k/n encoder, generating a codeword of length n code bits with n k−  
redundant bits or parity bits. This codeword is then partitioned, by means of rate compatible 
puncturing, into M IR packets. The packets are transmitted according to an IR strategy 
defined as follows. Let ti denote transmission i and ci denote the number of parity bits sent 
in ti. Note that t1 will include k information bits as well as c1 parity bits according to 

1 1:t k c+ , whereas for 1i > , ti includes only parity bits according to: 

 1 1 2 2 3 3: , : , : , , :M Mt k c t c t c t c+ �  (2.4) 

such that 
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Following transmission i, the decoder attempts to decode the corresponding codeword of 
length  

 
1

.
i

i j
j

n k c
=

= +�  (2.6) 

If decoding is not successful, a retransmission is requested through the feedback channel 
and transmission ti+1 is made. Consequently, if a request for a retransmission is made on a 
particular frame – an additional IR packet is sent. A retransmission request makes the state 
machines of the encoder and the decoder change from ti to ti+1. This is what is done in the 
box marked puncturing table in Figure 2.1.  
 If systematic bits are allowed to be punctured t1 will still include at least k bits2, but 
now according to 1 1 1:t k c+ , where { }0,1,2,..., .ik k∈  For 1i ≥ , ti will include :i i it k c+ , 
where 

 
1

.
M

i
i

k k
=

≤�  (2.7) 

Following transmission i, the received packet length is 

 
1

.
i

i j j
j

n k c
=

= +�  (2.8) 

 In Figure 2.3, a parallel concatenated encoder with three component codes, C1, C2 and 
C3, is depicted. This work considers parallel concatenated codes with between two and five 
component codes, but the notation is general and straightforward to modify accordingly. An 
interleaver, marked iΠ  in Figure 2.3, indicates that the output vector is a scrambled version 
of the input vector. Random interleavers are used in this thesis work, which implies that the 
vector is scrambled in a random manner. Note that 0 1= =x x x  and consequently 

1 2( )Π =x x  and 2 3( )Π =x x . A deinterleaver will descramble the vector to its original order 
as 1 1

0 1 1 2 2 3( ) ( )− −= = = Π = Πx x x x x . Each component encoder thus has as its input the 
vector x or an interleaved version of it. The output of each encoder is a parity vector of 
length l lC Cn k−  denoted { }1, 1 C Cl l

n k

l

−∈ + −y
�

 for 1,2,3l = , where the subscript Cl indicates 
the corresponding component code. The length of the output vector yl depends on the rate 
of the component code. If C1, C2 and C3 are all SPC codes, a single parity bit is generated 
for each input block of size lCk  and hence each component code can be regarded as a rate-

                                                 
2 When systematic bits are punctured, the invertibility of the code has to be guaranteed, i.e., a one-to-one 

mapping between corresponding systematic and coded bits must exist. Therefore at least k bits needs to be 
transmitted before successful decoding is possible. 
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lCk  code. For the concatenated code based on these three components, an input frame x of 
length lCkk =  will result in an output packet y of length 3n k= + , since [ ]0 1 2 3, , ,=y x y y y . 

Alternatively, the same concatenated code could be constructed as in Figure 2.4. Here, 
C1 is a systematic encoder with output { } 1

1 1, 1 Cn∈ + −y
�

, whereas C2 and C3 are the same as 
in Figure 2.3. Consequently, C1 is a rate- 1 1/( 1)C Ck k +  code and C2 and C3 are still rate-

/1lCk  codes. This yields the same output packet y of length 3n k= +  for the concatenated 
code, since now instead [ ]1 2 3, ,=y y y y . The encoder from Figure 2.3 will be used 
henceforth.  

In Figure 2.3 it can be noted that before modulation, each component code output is 
sent through individual puncturers. This results in different IR packets for transmission, i.e., 
vectors of different lengths according to   

Figure 2.3. Parallel concatenated encoder with three component codes. 

Figure 2.4. Parallel concatenated encoder with three component codes – equivalent to the 
version in Figure 2.3. 
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 (2.9) 

for transmission ti.  
 In Figure 2.5 the parallel concatenated decoder for three components, matched to the 
encoder used in Figure 2.3, is depicted. The depuncturers, denoted 1

l
−Θ  in Figure 2.5, will 

place the received bits, ( )it
lC

�
 at the correct places in the component code vectors. The 

number of non-zero elements in the vectors 0( )C x , 1( )C y , 2( )C y  and 3( )C y  will thus 
increase for each transmission. The notation ( )C ⋅  is used to denote that these vectors are 
the received observables obtained from the channel. The reason for using ( )C ⋅  will become 
apparent when the serially concatenated decoder is described. 
 Rather than working with probabilities, the decoders in this thesis work with log-
likelihood ratios (LLRs), which are defined as follows. The LLR of the a priori 
probabilities of y is [34] 

 
( 1)

( ) ln ,
( 1)

P y
L y

P y

= +
= −

�
� �  (2.10) 

where ( 1)P y = +�
 denotes the probability that the discrete random variable y takes on the 

value +1. Note that we now have one value, L(y) instead of two probabilities. Similarly, the 
LLR of y conditioned on the matched filter output r is [34] 

Figure 2.5. Decoder for a parallel concatenated code with three components – matching 
the encoder in Figure 2.3. 
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and thus 

 ( ) ( )| | ( ).L y r L r y L y= +  (2.12) 

For the AWGN channel with r s w y wµ= + = +� , the probability density function (PDF) of 
the continuous random variable r conditioned on y is [33] 

 ( ) ( ) ( )2 2/ 2
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r w
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p y p y e β µ σβ β µ
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− −= − =
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 (2.13) 

where the Gaussian noise has zero mean and variance 2
0 / 2w Nσ = . Using (2.13) in (2.11) 

yields 
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 �
 (2.14) 

where 22 /c wL µ σ= . Before decoding of a new frame starts, ( ) 0L y =  since the binary 
values of y are equally likely. Consequently, the role of the depuncturers, 1

l
−Θ , is to take 

each received bit from ( )it
lC

�
, multiply with Lc and place it in the correct place in the 

component code vectors.  
 The vectors 0 1 2 3( ), ( ), ( ) and ( )C C C Cx y y y  all contain LLR values of the observables 
received from the channel. If there are any positions in the vectors that are empty, because 
the corresponding bit has not been transmitted yet, a zero is simply inserted, implying that 
no prior information about this bit position has been obtained from the channels so far. If a 
vector for a particular component code contains all zeros, i.e., no bits pertaining to this 
particular component code have been received yet – the corresponding decoder need not be 
activated and hence complexity can be reduced. 
 The component decoders, marked 1

lC−  in Figure 2.5, take as inputs all available prior 
information of xl and yl respectively, denoted ( )lA x  and ( )lA y . Note that for the parallel 
decoder 0 0( ) ( )A C=x x  and ( ) ( )l lA C=y y , for 1,2,3l = . Each decoder produces extrinsic 
information of the corresponding vectors, denoted ( )lE x  and ( )lE y . Extrinsic information 
on x represents the indirect information available about x obtained from the other elements 
in x and is usually defined as 

 ( ) ( | ) ( ).E L L−x x r x�  (2.15) 

The extrinsic information on x0 obtained from 1
1C−  is the indirect information available 

about the elements in x0 obtained using the parity bits of C1. This information is of course 
relevant to the other decoders too, since they are also trying to decode x0. Consequently, the 
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extrinsic information obtained from 1
1C−  is used as prior information when 1

2C−  and 1
3C−  

are activated, as shown in Figure 2.5. It follows that properly interleaved versions of 

0( )C x , 1( )E x  and 2( )E x  are used as prior information to 1
3C−  according to 

 ( )( )1
3 2 0 1 1 2( ) ( ) ( ) ( ) .A C E E−= Π + + Πx x x x  (2.16) 

Note that these entities can now be added together since the decoders are working in the 
log-domain. All prior information available on yl is ( )lC y  since the encoders only have the 
systematic bits in common. For the same reason the outputs ( )lE y  are not connected in 
Figure 2.5. This sub-optimal iterative process of updating the extrinsic information and 
sharing it with the other constituent components decoders proceeds until convergence, 
subject to a stopping criterion being fulfilled. Following convergence a decision is made 
based on the APP of the transmitted frame x, consisting of the extrinsic information and the 
a priori information, i.e., the extrinsic information obtained from the other component 
decoders and the intrinsic information obtained directly from the channel, according to 

 ( ) ( ) ( )( ) ( )( )1 1
0 1 1 2 2 3( ) .D C E E E− −= + + Π + Πx x x x x  (2.17) 

In Figure 2.6, an encoder for a serially concatenated code with three component codes, 
C1, C2 and C3, is shown. Each component encoder still has as its input the vector x or an 
interleaved version of it. Also, the output of each encoder is still a parity vector, 

{ }1, 1 C Cl l
n k

l

−∈ + −y
�

. However, the difference is that the output parity bits of an encoder with 
a lower number are used as input to the next encoder. Consequently, parity bits on parity 
bits are obtained and the encoders are concatenated serially. The output is still a systematic 
vector, according to [ ]0 1 2 3, , ,=y x y y y . If C1, C2 and C3 are SPC codes, a single parity bit is 
generated by each encoder for each input block of size lCk . If we want to use the same code 
for each of the component codes, the length k of the input frame x must be a multiple of 

lCk . This is to ensure that subsequent codes have sufficient input bits to form full SPC 
codewords. A concatenated code based on these three components with an input frame of 
size 3( )lCk k= , results in a code rate of 3( /( 1))l lC Ck k + .  

Alternatively, the same serially concatenated code could be constructed as in Figure 
2.7. Here, C1, C2 and C3 are all systematic encoders with outputs { }1, 1 Cl

n

l ∈ + −y
�

. 
Consequently, all Cl, 1,2,3l =  are now rate- /( 1)l lCCk k +  codes. This yields the systematic 
output packet 3=y y , and the code rate is still 3( /( 1))l lC Ck k + . If not explicitly stated, the 
encoder from  Figure 2.6 will be used henceforth. 
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 From Figure 2.6 it can be seen that since the code is systematic, each component code 
output can still be sent through individual puncturers before modulation. This results in 
different IR packets for transmission just as in the parallel case. 
 The depuncturers in the serially concatenated decoder still have the same function as in 
the parallel decoder. A depuncturer will position the received bits, ( )it

lC
�

 at the correct 
places in the component code vectors and thus the number of non-zero elements in the 
vectors 0( )C x , 1( )C y , 2( )C y  and 3( )C y  will increase for each additional transmission. 
The difference lies in the inputs to each component decoder. In Figure 2.8 the components 
of a serially concatenated decoder with three component codes are depicted. However, 
since the number of connections between the different components is large, they are 
omitted in the figure for clarity. In the serial case the outputs ( )lE y  are also exchanged 
between the component decoders and this increases the number of connections. Recall that 
the output of the encoder is a systematic vector, according to [ ]0 1 2 3, , ,=y x y y y . Also note 
that [ ]( )3 0 1 22 , ,= Πx x y y , [ ]( )2 0 11 ,= Πx x y  and 1 0=x x . Consequently, 3( )E x  contains 
information relevant for input to 1( )A x , but only the first part of the vector is needed. Let 

0 1 2
3 3 3 3( ) [ ( ), ( ), ( )]E E E E= x y yx x x x  denote the different parts of the vector of extrinsic 

Figure 2.6. Serially concatenated encoder with three component codes. 

Figure 2.7 Serially concatenated encoder with three component codes – equivalent to the 
version in Figure 2.6. 
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information obtained from 1
3C− . Using the appropriately interleaved version of each vector, 

this yields the following equations or connections: 

 ( ) ( )0 01 1
1 0 1 2 2 3( ) ( ) ( ) ( ) ,A C E E− −= + Π + Πx xx x x x  (2.18) 

 ( ) ( ) ( )( ) ( )( )1 11 1
1 1 1 2 2 3 ,A C E E− −= + Π + Πy yy y x x  (2.19) 

 ( )( ) ( )( )( )0 11 1
2 1 0 1 2 3 1 1 2 3( ) ( ) ( ) ( ) , ( ) ( ) ( ) ,A C E E C E E− −� �= Π + + Π + + Π� �

x yx x x x y y x  (2.20) 

 ( )21
2 2 2 3( ) ( ) ( ) ,A C E−= + Π yy y x  (2.21) 
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1 1
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( ) ( ) ( ) , ( ) ( ) ( ) , ( ) ( ) ,
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C E E C E E C E− −

=
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x
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  (2.22) 

 3 3( ) ( ).A C=y y  (2.23) 

Figure 2.8. Decoder for a serially concatenated code with three components. In the serial 
case the outputs ( )lE y  are also exchanged between the component decoders thereby 

increasing the number of connections. Hence, all connections are omitted for clarity and 
instead given only as equations in the text. 
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Finally, the decision statistics on x is given by 

 ( ) ( ) ( )( ) ( )( )0 01 1
0 1 1 2 2 3( ) .D C E E E− −= + + Π + Πx xx x x x x  (2.24) 

Note that these decoder equations are matched to the encoder used in Figure 2.6. 
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Chapter 3  

Incremental Redundancy Hybrid 
Automatic Repeat Request 

The basic concepts of retransmission protocols are described in this chapter together with a 
detailed literature survey. The objectives behind the simple ARQ scheme and the more 
advanced HARQ scheme are discussed and contrasted. The fundamental mechanisms for 
initiating a retransmission are presented and classified as being either a one-code or a two-
code approach depending on whether a separate error detection code is applied or not. The 
performance of a retransmission scheme can be improved by combining the received 
packets pertaining to the same information frame. One such packet combining method, 
namely code combining using rate compatible codes, is discussed in some detail. Rate 
compatible punctured concatenated codes with iterative decoding are presented and 
considered for use in HARQ schemes. The concepts of throughput, average code rate and 
FER in a retransmission scheme are defined and discussed. Finally, we show how to divide 
a rate compatible code into incremental redundancy packets of optimal lengths. The 
partitioning of the codeword into packets is optimal in the sense that it maximizes the 
average code rate given a specific puncturing pattern.  

3.1 Pure ARQ Schemes 

Whenever a feedback channel is available, an ARQ scheme [12] can be used. This implies 
that when a packet arrives, the receiver may choose not to accept it, but instead request a 
retransmission through the feedback channel. This request can be done either by sending a 
negative acknowledgement or simply by not sending any acknowledgement. To determine 
whether or not a retransmission request should be generated, the receiver checks the quality 
or the reliability of the received packet. Usually this is done by means of an error detecting 
code, e.g., a CRC code [11]. This two-way communication goes on until the receiver 
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obtains a packet that is considered sufficiently reliable. When this occurs the packet is 
accepted and an acknowledgement message is sent. 

There are three basic ARQ strategies or protocols, Stop-and-Wait (SW), Go-Back-N 
(GBN) and Selective Repeat (SR). In an SW protocol the transmitter sends one frame at a 
time and waits for an acknowledgement before sending the next frame. This means that the 
transmitter is idle during the round-trip delay, i.e., the time between sending a frame and 
receiving an acknowledgement for that same frame. GBN and SR both imply that the 
transmitter sends frames continuously and expect to get acknowledgement messages 
continuously, after the round trip delay. The difference between GBN and SR lies in what 
happens if a frame needs to be retransmitted. GBN retransmits all frames starting with the 
erroneous frame that caused the retransmission, whereas SR only selects the erroneous 
frame for retransmission. SR is the most time-efficient protocol, but it requires buffers in 
both the transmitter and the receiver. GBN only requires a buffer in the transmitter, but may 
instead retransmit some unnecessary packets. SW is the least time-efficient protocol since it 
is idle during the entire round-trip delay, but does on the other hand not require any buffers 
and is more useful when traffic is sparse. These three protocols are extensively discussed in 
the literature, see e.g. [11, 32]. In this work SW is used, partly because we may expect 
traffic to be sparse and partly because it is simple and we are interested in the coding 
aspects of the ARQ scheme rather than the network protocol aspects.  

3.2 Hybrid ARQ Schemes 

An HARQ scheme [13] uses an error control code in conjunction with the retransmission 
scheme. Consequently, the received packet is first decoded and a retransmission is 
requested only if the quality of the decoding decision is not acceptable, i.e. if the decoded 
sequence is below a certain reliability threshold. There are different methods of 
determining whether a decoding decision is sufficiently reliable and hence different criteria 
for requesting a retransmission. The choice of method significantly affects the character of 
the retransmission scheme. When an error detection code, e.g. a CRC code as mentioned 
above, is used for requesting a retransmission, the resulting scheme is denoted a two-code 
approach [35], since two different codes are concatenated [23] in serial for HARQ 
purposes. Using a CRC code implies that the information frame is first encoded for error 
detection using the CRC code. Thereafter it is sent to the encoder of the error control code 
that will interpret the information sequence together with the redundancy added for the 
CRC code as one big input frame. Consequently, in the receiver the CRC detector will use 
the output from the error control decoder to determine whether this is a valid CRC 
codeword. If the decoder output is not a valid CRC codeword, the transmitter will receive a 
retransmission request through the feedback channel and a new packet will be transmitted. 
What the new packet will contain and how much redundancy it will include is determined 
by the type of HARQ scheme used. The retransmissions will continue until a reliable frame 
is obtained, which in this case means until the sequence delivered from the error control 
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decoder is a valid CRC codeword. Error detection using a CRC code will fail whenever the 
output from the error control decoder is a valid CRC codeword different to the one that was 
sent. 

The second error detection method, termed one-code approach [35] since only the error 
control code is present, is to identify some sort of reliability measure within the decoding 
process that can be used to determine whether a retransmission is needed or not. In [36, 37] 
the one-code approach is used in conjunction with the Viterbi algorithm [38]. Instead of 
saving only the maximum likelihood sequence as is normally done in the Viterbi algorithm, 
the next best sequence in terms of maximum likelihood probability is also saved and 
compared with the best sequence. If the difference between these two sequences is below a 
certain threshold, a retransmission is requested.  

The one-code approach using a traditional bounded distance decoder for Reed-Solomon 
codes is considered in [39] and [40]. A traditional bounded distance decoder assumes that a 
hard decision, i.e., a two-level quantization, has been made on the received sequence, 
resulting in what is called a received word. The bounded distance decoder will select the 
codeword closest in Hamming distance3 to the received word if and only if that distance is 
less than a certain bounded Hamming distance, [32]. If there is no codeword within the 
bounded Hamming distance a decoder failure is declared and consequently a 
retransmission will be requested. A bounded distance decoder will make an error whenever 
the received word is within the bounded Hamming distance of a codeword different to the 
one that was sent. A comparison between a two-code approach, using a trellis code together 
with a CRC code, and a one-code approach, using bounded distance decoding of Reed-
Solomon codes, is made in [41].  It is concluded that the one-code approach provides better 
performance. In [42] a soft bounded distance decoder is evaluated. The DDC protocol was 
analyzed by the author in [43], using both soft and traditional bounded distance decoding of 
Reed-Solomon codes. 

When concatenated codes are used as the error control code in an HARQ scheme, there 
are other possible retransmission criteria available based on the one-code approach. 
Typically, the iterative decoder needs a stopping criterion indicating when iterations should 
cease, which implicitly can be used also as retransmission criterion. This is discussed 
further in Section 3.3. 

3.2.1 Packet Combining 

There are different ways of handling packets responsible for causing a retransmission. 
These “erroneous”  packets can either be dropped or they can be combined with one or more 
retransmitted packets. This procedure of using the information in previously received 
packets is termed packet combining and was first suggested in [14]. There are two different 
ways of using previously received packets in order to improve performance, i.e. two 

                                                 
3 The Hamming distance between two vectors is defined as the number of positions in which the two 

vectors differ [32].  
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different packet combining techniques, diversity combining, [14, 37, 44] and code 
combining, [15, 45, 46]. 

Diversity combining is typically implemented before the decoder on a symbol-by-
symbol (or bit-by-bit) basis. Individual symbols from multiple identical copies of a packet 
are combined to create a single packet of the same length but with more reliable constituent 
symbols. In [44] each received symbol has a reliability value associated with it, which is 
updated every time a retransmission of the codeword is obtained. In [37] average diversity 
combining is considered, i.e., the received copies are combined into one packet by taking 
the symbol-by-symbol average of the packet symbols. This fairly simple strategy yields 
promising results. The performance of average diversity combining is further considered 
for trellis coded HARQ systems in [35]. Different diversity combining schemes for HARQ 
protocols using concatenated codes are suggested and analyzed in [17, 47]. 

A code combining scheme concatenates several packets pertaining to the same frame 
on a packet-by-packet basis to form a codeword of lower rate. In [45] only the information 
frame together with some bits for error detection is sent in the first transmission. If a 
retransmission is needed only parity bits are sent, that are then combined with the first 
packet to form a lower rate error control codeword. If additional retransmissions are 
needed, the information packet and the parity block are sent interchangeably, resulting in a 
truncated code combining system. In [15] each copy pertaining to the same frame is 
weighted by a reliability value, i.e. the known channel state information. Consequently, this 
method requires knowledge of the current channel conditions but results in maximum 
likelihood (ML) decoding [48], for an arbitrary number of packets. Punctured Reed-
Solomon codes used in code combining HARQ schemes are investigated in [46]. 

There are different types of HARQ schemes which basically are defined by their 
respective packet combining method. HARQ type-I, [13] uses no packet combining and 
hence erroneous packets are simply dropped. HARQ type-II, [15] uses code combining so 
that increasingly longer codewords with lower and lower code rate are formed for each 
retransmission. Finally, HARQ type-III, [49] uses diversity combining implying that 
identical packets are retransmitted and combined to form a new more reliable packet with 
maintained code rate. HARQ type-III is essentially packet repetition and consequently just 
a variant of an HARQ type-II scheme using a repetition code.  

In this work an HARQ scheme of type-II is used, i.e., a code combining scheme using 
IR. IR implies that the HARQ scheme responds to a retransmission request by transmitting 
increasingly more redundancy. This redundancy is then appended to the previously 
received packet, thus lowering the code rate. This is usually accomplished by so-called rate 
compatible punctured codes. IR-HARQ is tractable since no bits are transmitted more than 
once and hence repetition of previously transmitted bits is avoided. IR was first suggested 
in [18]. In [50] the concept of punctured codes was extended to the generation of a family 
of rate compatible punctured convolutional (RCPC) codes. A family of rate compatible 
codes implies that all coded bits that are part of a particular code in the family are also 
included in every other code with a lower rate in the family. The transmitter and receiver 
only share a puncturing table to determine which code symbols are to be transmitted next, 
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and the receiver simply inserts erasures for all code symbols that have not yet been 
received. That way, starting with a high rate code the transmitter only needs to transmit 
complementary code symbols to get to the next lowest rate code, and hence incremental 
redundancy can be accommodated. In [51] an IR-HARQ scheme using variable packet 
lengths is considered for WCDMA systems. An approach to reduce the signaling overhead 
in IR-HARQ schemes by semi-implicit retransmissions are described in [52]. 

3.3 Hybrid ARQ Schemes with Concatenated Codes 

Concatenated codes were introduced in [23] as a way of providing long codes with 
manageable decoding complexity. The recently introduced turbo codes [22] are based on 
two constituent systematic convolutional codes joined together in parallel through an 
interleaver. The interleaver is used as an integrated part of the code to create longer, more 
powerful codes. In addition, the turbo decoder uses a modular decoding strategy and 
information is exchanged between the two decoders in an iterative fashion. The resulting 
decoder is in general sub-optimal with respect to the ML criterion, but in most cases its 
performance in terms of BER will converge to levels close to the ML performance for high 
SNR after some iterations.  

The first time a turbo code was used in an HARQ scheme was in [54]. The turbo code 
is applied in a two-code approach, where an outer error detection CRC code is used both to 
implement the stopping criterion of the iterations and to generate retransmission requests. 
Several papers with similar ideas using turbo codes in HARQ schemes followed, e.g. [55-
57]. In [58] the idea of categorizing the received packets into three classes as presented in 
[59] is extended to an HARQ scheme. A retransmission is requested for the packets 
categorized in a class where no convergence is observed. This paper was the first to use 
turbo codes in a one-code HARQ system. In [60] and [61] a neural network is suggested for 
predicting the cross entropy in the iterative decoder to be used as a retransmission criterion 
in HARQ schemes. In [62] the number of non-matching bits between the inner and the 
outer decoder, i.e. the bits the two decoders disagree on, is used as a retransmission 
criterion. In [24] an HARQ scheme is suggested as an application to the results given on 
convergence behavior and thresholding of the soft reliability information used in the 
iterative decoder. Thresholding the mean values of the soft output information used in the 
iterative decoder is suggested as a retransmission criterion in [63], similar to the approach 
in [24]. Finally, [64, 65] suggest using thresholding of the soft reliability information from 
the iterative decoder to determine the sizes of subsequent retransmissions. The resulting 
scheme will provide instantaneous adaptation the current channel conditions. 

Rate compatible turbo codes, was first considered in [66] for unequal error protection. 
Rate compatible punctured turbo (RCPT) codes similar to the RCPC codes in [50], was 
considered independently by [67, 68], [69] and [19, 25] in an IR-HARQ scheme. These 
codes provide very good throughput and reliability. Many papers on RCPT codes used in 
IR-HARQ schemes followed. In [70] a serial concatenation of an inner RCPT code and an 
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outer Reed-Solomon code was considered. The outer Reed-Solomon code does, however, 
use hard decision algebraic decoding, [11]. An RCPT code is applied in an HARQ scheme 
in [71], with smaller packet sizes, accomplished by a so-called parity spreading interleaver. 
The first time a concatenated block code with iterative detection is considered in an HARQ 
scheme is in [72], where multiple product codes based on Hamming codes are used. In [73] 
the observation that a systematic parallel concatenated code can be interpreted as an 
equivalent punctured serial concatenated code is used in a code combining type-II HARQ 
scheme, with  promising results. In [74] rate compatible punctured serially concatenated 
convolutional codes are used over AWGN and fading channels. Finally turbo trellis coded 
modulation is considered in [75, 76] obtaining noteworthy performance both in power and 
bandwidth efficiency. 

Different puncturing patterns for the RCPT codes are considered in [77]. In [78] 
puncturing patterns are chosen to maximize the code weights of input words of weight two 
and three, which are known to dominate performance for turbo codes. The patterns are 
found through simulations. An RCPT code in an HARQ scheme using new puncturing 
patterns, e.g., the systematic part may also be punctured, is considered in [19]. The 
considerations presented in [79], when finding good component encoders for turbo codes, is 
extended in [80] to find good rate compatible puncturing patterns. In [69] the role of 
random puncturing in HARQ schemes is considered. Union bounds for random puncturing 
in each component code are derived in [81, 82] which is comparable to finding puncturing 
ratios using EXIT charts as described in Chapter 6. 

3.4 Throughput, BER and Average Code Rate 

The performance of ARQ schemes is often reported in terms of throughput and reliability 
e.g., BER. There are, however, many different definitions of throughput. There are also 
different methods of presenting the BER. Typically, the BER in a non-ARQ system is 
reported as a function of the bit-energy-to-noise ratio, 0/bE N . For ARQ systems the BER 
or the FER is usually reported as a function of the symbol-energy-to-noise ratio, 0/sE N  or 
the average 0/sE N . This section serves the purpose of defining the methods used to 
present the performance of the truncated IR-HARQ schemes used in this work. 

In a non-ARQ error control scheme, when decoding a packet we either succeed and 
correctly decode the packet with a certain probability, cP , or the received packet is 
interpreted as another valid codeword, resulting in a certain probability of frame error, eP . 
These probabilities are related as 1c eP P+ = . In an ARQ scheme, we choose not to accept 
the packet if the reliability of the decoding decision is below a certain threshold, but instead 
request a retransmission. This results in a certain probability of retransmission, here 
denoted ARQP . The relationship between these probabilities in an ARQ scheme is depicted 
in Figure 3.1. If ARQP  is increased consequently eP  and cP  is reduced, since 

1i i i
e ARQ cP P P+ + = , where i represent the i:th transmission. Even though we want the 

probability of error eP  to be minimized, a large ARQP  will result in numerous 
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retransmissions, yielding a very low throughput. Consequently, there are two different 
performance measures used in the evaluation of ARQ protocols, namely throughput and 
reliability. 

Recall that a frame is a set of k information bits. The throughput, η , in a channel 
coding system is defined as the average number of accepted frames in the time it takes to 
transmit one frame. This implies that the maximal throughput that can be achieved is 1η = , 
which is the case for non-ARQ systems. However, in some cases the throughput is defined 
on a bit-level. Hence, the bit-level throughput, bη , is defined as the average number of 
accepted information bits in the time it takes to transmit one frame, [32]. This implies that 
the maximal throughput, which is achieved for non-ARQ systems, is /b Ck n rη = = . As can 
be seen the bit-level throughput is tightly connected to the code rate. 

Sometimes, the throughput is instead defined as the average number of accepted error-
free frames in the time it takes to transmit one frame, implying that we now use one 
performance measure within the other. Similarly, on a bit-level the throughput is then 
defined as the average number of accepted error-free information bits in the time it takes to 
transmit one frame. In this thesis bη  is the chosen definition of throughput and we will 
instead look at the accepted FER as a separate performance measure.  

For an SW-HARQ scheme of type-I or type-III, let rT  be the average number of times 
a frame has to be retransmitted. The throughput of the system is then 

 ( ) ,b
r

k

T n
η =

+ Γ
 (3.1) 

where Γ  is the round-trip delay expressed in terms of the number of bits that could have 
been transmitted during this idle time [32]. For an SW-HARQ scheme of type-II the length 
of the retransmitted packet is not necessarily n bits long. 

A truncated HARQ scheme is considered in this thesis, implying a limited number of 
retransmissions, which is controlled by the QoS parameters set by the real-time constraints. 

Figure 3.1. The different probabilities involved in a retransmission scheme. 
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Consequently, we assume that TDL together with knowledge of the bit transmission rate of 
the system will determine the maximum number of retransmissions allowed in order to get 
the required redundancy across in time. This means that while dP  determines the necessary 
amount of redundancy, the bit transmission rate and TDL determines how many blocks the 
redundancy can be partitioned into, and hence also the maximum number of round-trip 
delays that can be afforded. Therefore, the code rate of the system is more interesting in this 
context than the throughput. 

The code rate of a non-ARQ system is /Cr k n= , but for an ARQ-system we can only 
get an average code rate since the retransmissions yields a variable code rate based on the 
current channel conditions. Assume that we have an IR-HARQ system that is limited to two 
packets, 2M = , i.e., a packet of 1 1n k c= +  is transmitted first and thereafter a block of 2c  
parity bits is transmitted only when necessary, resulting in a packet of length 

2 1 2n k c c= + + . Consequently, when using this scheme, some of the frames have been 
transmitted using a code rate of only ( )1/k k c+ , whereas others needed a code rate of 

( )1 2/k k c c+ + .  The average code rate of the IR-HARQ system is the mean of these two 
code rates. Since a code rate in some sense is a velocity, the harmonic mean must be used 
according to 
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 �
 (3.2) 

where a and b are the percentage of frames of the respective rate. In a Monte-Carlo 
simulation, the average code rate used can be determined by counting the number of 
retransmissions made during the simulation. We can also express the average code rate as a 
function of the probability of a retransmission,  

 ( )
2

1 2 1

.M
C

ARQ

k
r

k c c P n
= =

+ +
 (3.3) 

Note that the probability of a retransmission depends on the packet length 1n  in an IR-
HARQ system. Generally, the more redundancy that is included in 1n  the smaller ( )1ARQP n  
will be. On the other hand including more redundancy in the first transmission implies that 
the maximal average code rate is reduced. The expression in (3.3) can be generalize to M 
number of transmissions as 
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 (3.4) 

If the retransmission criterion determines that the reliability of the decoding decision is 
not acceptable a retransmission will occur. Hence, errors will only be found among the 
accepted frames. The FER in an ARQ scheme, Pe is defined as the percentage of frames 
accepted by the receiver that contain one or more bit errors [32]. In a non-ARQ system the 
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probability of a frame error is 1e cP P= − . In an ARQ systems frames are accepted after 
each transmission making the total FER dependent on i

eP , for 1,2,...,i M= . For a pure 
ARQ system i

eP  and i
ARQP  are the same for all transmissions, since the same frame is 

always retransmitted and no packet combining is used. Hence, the FER for a truncated 
ARQ system with at most M transmissions is given by 
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Note that following transmission M all remaining frames are accepted unconditionally and 
hence i

truncP  denotes the fraction of frames in error in the portion that would have been 
retransmitted if the ARQ system was not truncated. 

 In an IR-HARQ scheme the blocks transmitted over the channel do not have the 
same contents and do not even need to be of the same length. Consequently, 1i i

e eP P +≠  and 
depends on the length of the received packet. We therefore drop the i and instead denote the 
probability of frame error in accepted frames after decoding a packet of length ni as ( )e iP n . 
The FER for a truncated IR-HARQ system with at most M transmissions is then given by 

 ( ) ( ) ( ) ( )1 2 ... .e e e e M trunc MP P n P n P n P n= + + + +  (3.6) 

Analogously, the BER for a truncated IR-HARQ system is  

 ( ) ( ) ( ) ( )1 2 ... .
bb b b b M trunc MP P n P n P n P n= + + + +  (3.7) 

For simplicity, a noise-free feedback channel is assumed throughout this work, 
meaning that we assume that no acknowledgement messages are ever lost or corrupted. The 
BER is generally independent of the quality of the feedback channel, unless unnecessary 
retransmissions, caused by lost acknowledgement messages, are used by the decoder, in 
which case the BER may possibly be reduced. However, the throughput and the code rate 
are affected [32]. Assuming a noise-free feedback channel results in a higher throughput 
and a higher code rate than any physical system would have.  

3.4.1 Maximizing Average Code Rate 

From (3.3) it is clear that the more redundancy that is included in the first transmission, the 
smaller the probability of retransmission. On the other hand, a long initial packet may result 
in a reduced average code rate. Given that the QoS parameters TDL and dP  dictate the 
maximum number of allowed transmissions and the maximum amount of redundancy 
needed, respectively – we would like to maximize the average code rate. 

We assume that the criterion for declaring a retransmission is such that a frame that is 
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accepted based on a packet of length in  would also be accepted based on a packet of length 

1in +  and thus ( ) ( )1ARQ ARQi iP n P n+ ≤  when 1i in n +< . Further, we assume that we have a 
given puncturing pattern, i.e., a given order in which the n k−  parity bits are to be 
transmitted. This implies that ( )ARQ iP n  only depends on the length of the received packet 

in . The block lengths ic , for 1,2,...,i M=  can now be optimized so that the average code 
rate is maximized. For M transmissions this is an M dimensional discrete maximization 
problem according to [83] 
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where M
Cr is given by (3.4). However, since dP  has been used to determine the amount of 

redundancy needed, it is necessary to transmit all available parity bits in order to ensure the 
required QoS level. Consequently, the last transmission should always include the 
remaining parity bits that have not yet been transmitted so that 
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The discrete maximization problem then becomes 1M −  dimensional according to 
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Recall that dP  denotes the probability of correct delivery prior to reaching the deadline and 
that correct delivery implies that a certain target error rate, tP , is met. Although the 
required amount of redundancy is determined by dP , this is usually done for a particular 
low SNR. If the current channel conditions are improving, all the specified redundant bits 
may no longer be necessary. Hence, we may instead let the final transmission include only 
the amount of redundancy necessary to accommodate for the required tP . Thus, 
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1

1
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M P i i
i

c n k c c n k
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=
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where tPn  denote the packet length necessary to accommodate for the required level of tP .  
This implies that we will maintain the specific target error rate over a range of SNRs and 
the amount of parity bits included in the last transmission is made SNR dependent [84]. 

Having obtained the optimal number of parity bits to be included in each of the M IR 
transmissions in order to maximize the average code rate for a given M, we can obtain the 
maximum average code rate as a function of the number of transmissions, i.e., for 

1,2,..., 1M n k= − + . Hence, we can determine the optimal value of M, i.e., the value of M 
that maximizes the average code rate. 

 The average code rate in an IR-HARQ scheme depends on the probability of a 
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retransmission occurring. Ideally, we would like to have perfect error detection so that only 
packets containing bit errors would cause retransmissions and as soon as error free 
information is achieved transmissions would stop. If we assume a genie-aided 
retransmission criterion this results in PED. Any retransmission criterion other than PED 
always implies a risk of undetected errors as well as unnecessary retransmissions regardless 
of whether a one-code or a two-code approach is used. Consequently, using PED yields a 
lower bound on Pe of what is possible to achieve with a good retransmission criterion. This 
lower bound is fairly tight in most cases, since the probability of undetected errors is much 
smaller than the probability of detected errors and retransmission [32]. Assuming PED, the 
average code rate instead depends on the FER as  
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The FER defined as the percentage of accepted frames containing one or more bit errors for 
a truncated IR-HARQ system with at most M transmissions is now given by 

 ( ) ,e trunc MP P n=  (3.13) 

since all frames accepted prior to the M–th transmission are error-free due to the genie-
assisted PED, ( ) 0e iP n i M= ∀ ≤ . 

In order to get numerical results for the maximization of the average code rate in an IR-
HARQ scheme by choosing optimal block lengths for each transmission, we need to select 
a code. Once this code is chosen, a particular puncturing pattern should be determined, i.e., 
an order in which to transmit the available code bits. Finally, using PED we need to know 
the FER as a function of the codeword length, for the chosen puncturing pattern. Hence the 
following design procedure is adopted: 

1. Select a mother code to provide the required target FER.  
2. Select a rate compatible coding family with corresponding puncturing patterns. 
3. Select a maximum number of transmissions to provide the required target deadline. 
4. Obtain the FER as a function of the codeword lengths. 
5. Find optimal packet lengths that maximize the average code rate. 

The remaining chapters will deal with each of the steps in this design procedure.
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Chapter 4  

Multiple Concatenated Single Parity 
Check Codes 

This chapter discusses the component codes of the concatenated codes used in this thesis, 
namely SPC codes. These codes are relatively simple to decode and, based on low 
complexity, therefore ideal for use as component codes in a concatenated code. This way 
the concatenated code itself can instead be made more complex in the sense that we can 
concatenate more than two component codes. This is termed multiple concatenated codes. 
The performance of these codes is remarkably good given the low decoding complexity. 
Iterative decoding algorithms for SPC codes concatenated in parallel and serial are 
reviewed. Monte-Carlo simulation results of the performance of these codes are presented 
and discussed. The influence of the size and structure of the interleaver on the performance 
is exemplified. Finally, the different aspects of puncturing are discussed and exemplified. 

The invention of turbo codes in 1993, [22] has shown that performance close to the 
channel capacity is possible, as predicted by Shannon, at reasonably complexity costs. 
However, the APP decoding algorithm used for each of the component codes in the turbo 
code is still relatively complex. Low-density parity check (LDPC) codes have also 
demonstrated performance that approaches the channel capacity [85], but also here 
decoding and encoding complexity can be high. In this thesis, the use of multidimensional 
concatenated SPC codes as a low complexity alternative for powerful IR-CHARQ schemes 
is suggested. SPC codes have a very simple structure and are thus ideal to use in a low-
complexity concatenated structure.  
 In [26, 86] multidimensional SPC product codes are suggested. The product code 
structure with identical component codes implies that the information frame size grows 
exponentially for each dimension and thus the block length is relatively inflexible. Random 
interleaving of the multidimensional SPC product codes is further suggested. Based on this 
interpretation, the randomly interleaved product codes can alternatively be seen as multiple 
serially concatenated codes, since checks on checks are included. The concepts of product 
codes with random interleaving will be explained in more detail below. In [87] parallel 
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concatenated SPC codes are considered, providing more flexible block lengths. In [88-90] 
multiple serial and parallel SPC codes are considered where the code rates of the 
component codes are altered while the overall code rate is maintained. This allows for more 
flexibility, yielding performance versus complexity tradeoffs. The schemes are also 
combined with bit-interleaved coded modulation. In [91] an SPC product code is 
concatenated in serial with a turbo code and in [92], the results are extended to 
multidimensional SPC product codes. 
 The advantage of low-complexity decoding provided by concatenated SPC codes when 
compared to turbo codes is shown in [86, 93, 94]. In [95] a theorem proving the existence 
and uniqueness of a solution to iterative decoding of parallel concatenated SPC codes, 
using a product code interleaver is presented. 
 In this thesis, we consider multidimensional SPC product codes [26] with iterative 
decoding. Random interleaving as suggested in [86] for the SPC product code structure, 
leads to equivalent systematic concatenated SPC codes. These can be concatenated in serial 
or parallel, depending on whether checks on checks are included or not. This interpretation 
allows for extensions to the product code approach developed in [26, 86].  

4.1 Encoding 

The SPC codes employed in this work are constructed as follows. The information frame is 
arranged in a hypercube with U dimensions, where U is the number of component codes in 
the concatenated code. The set of component frame lengths from all dimension is then 
defined as 

 { }1 2
1

, ,..., , where .
U l

U

C C C C
l

k k k k k
=

= ∏  (4.1) 

Each dimension l is then encoded with a systematic SPC( , )l lC Cn k  code, where 1l lC Cn k= + . 
In the parallel case encoding is done according to Figure 4.1, i.e., either using row-column 
interleavers, here denoted product code interleavers, as depicted to the left or if random 
interleaving is employed, encoding may alternatively be depicted as in the rightmost figure. 
The term product code interleaver reflects that the hypercube arrangement and the row-
column interleaver originate from product codes, introduced in [96]. However, when using 
random interleaves, the resulting codes have a stronger resemblance to concatenated block 
codes than to product codes, and hence the notation. Regardless of interleaver used, the 
code rate of the resulting parallel concatenated SPC code is 
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If the same component code is used in each dimension the code rate can be simplified to 
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The minimum distance does, however, depend on the particular interleaver used. For a 
product code interleaver the minimum distance is 

 min 1 ,d U= +�  (4.4) 

whereas if random interleavers are used, the minimum distance may be as small as 2 and 
independent of U for some unfortunate combinations of interleaver selections. Performance 
bounds based on an average over all possible interleavers are investigated in Chapter 5. 
 In the serial case encoding is done according to Figure 4.2, where again product code 
interleavers are used to the left and random interleavers to the right. The code rate of the 
resulting serial concatenated SPC code is 
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The minimum distance for a serial concatenated SPC code also depends on the interleaver 
used. For a product code interleaver the minimum distance is 

 min 2 ,Ud⊥ =  (4.6) 

Figure 4.1. Parallel concatenated SPC code with three dimensions. 
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whereas if random interleavers are used the minimum distance can be as small as 2 and 
independent of U. 

When identical codes are used for each component code in a parallel concatenated SPC 
code, it is sufficient that the information frame size k is an even multiple of k′ . However, 
when using identical codes in the serial case it is required that even multiples, a and b, are 
used so that 1 ,  where ,l lC Can bk a b+= ∈� . The hypercube arrangement takes care of this.  

The SPC(8,7) code is used as the component code throughout this work, both in 
parallel and serial SPC concatenations. Henceforth a parallel concatenated SPC (PCSPC) 
code with U=2, will be referred to as a two-dimensional (2D) PCSPC, whereas a serially 
concatenated SPC (SCSPC) code with U=2 will be termed a 2D SCSPC code. 

4.2 Decoding  

When performing optimal APP decoding the bit error probability is minimized by 
maximizing the APP of each individually bit in the sequence: 

 ( )( ) | , 0,1,... 1.P q q k= −x r  (4.7) 

Recall from Chapter 2 that r s w y wµ= + = +�  and decoding is done using LLRs. The LLR 
of y conditioned on the matched filter output r is [34] 

Figure 4.2. Serially concatenated SPC code with three dimensions. 
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where 22 /c wL µ σ= . The codebook for the code C is then partitioned into two parts of equal 
size, one part having +1 in position q and one part having –1 in position q, according to 
[34] 
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where the three last terms are referred to as the intrinsic information, the a priori 
information and the extrinsic information respectively. This partition is made for each 

0,1,..., 1q k= − . 
However, using iterative decoding we do not perform optimal APP decoding of the 

entire ( , )n k  code, but rather in each individual component SPC code separately. 
Thereafter, extrinsic information is exchanged between the constituent decoders in an 
iterative fashion. Consequently, each component decoder outputs extrinsic information and 
not APP. Hence we instead make the partition over the codewords in Cl according to 
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for each 0,1,... 1
lCq k= − , where 1,2,..., .l U=  For SPC component codes, decoding should 

be done on the dual code [11]. This will result in a reduced complexity since the dual code 
of an SPC code only has two code words in the codebook. This implies that the sums in 
(4.10) only have one element each and can therefore be simplified to [34] 
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where [34] 
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 When SCSPC codes are considered, we use the extension of [34] provided in [26] so 
that extrinsic information can be obtained on all bits in the component codeword for 

0,1,..., 1lCq k= −  
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and 1l lC Cq k n= = −  
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Note that this extension allows not only information bits, but parity bits as well to have 
both extrinsic and prior information. Hence extrinsic information can be calculated and 
exchanged also on the parity bits that are used as input bits by subsequent decoders, as is 
the case for a serial concatenation. 

4.3 Interleaver Design 

From Section 4.1, it is apparent that random interleaving may reduce the minimum 
distance. However, it may also reduce the multiplicity of codewords located at the 
minimum distance and other adjacent distances. It is mainly this feature that results in the 
good performance for turbo codes at low SNRs. For high SNRs, the reduced minimum 
distance is the cause of an elevated error floor [27]. The reason for this is that at low SNRs 
where the noise is high, the number of codewords close to the minimum distance is more 
important than their actual distances. However, when the noise is reduced for high SNRs, 
the actual distance is more important. 

In [26] SCSPC codes using random and product code interleavers are compared. The 
SPC(8,7) component code is used and codes from 2D to 5D are considered. It is concluded 
that for a 2D SCSPC code, performance using a random interleaver is worse than when 
using a product code interleaver. For a 3D code, however, performance using a random 
interleaver is slightly better, whereas a 4D code yields performance that is considerably 
better when a random interleaver is used as opposed to a product code interleaver. Finally, 
for a 5D SCSPC code, a random interleaver provides slightly better performance than using 
a product code interleaver. However, in [26] the considered codes all have interleaver sizes 
that are related to the number of dimensions. Consequently, the 2D code has one interleaver 
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of size 7 8 56⋅ = , the 3D code has one interleaver of size 27 8 392⋅ =  and one of 
27 8 448⋅ = , the 4D has three interleavers of sizes 2744, 3136 and 3584, and finally a 5D 

has four interleaver sizes: 19208, 21952, 25088 and 28672. It is reasonably to assume that 
the size and not just the structure of the interleaver may influence the performance.  

If instead the frame length is defined as 
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k k kΠ
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= ∏  (4.15) 

where kΠ  denotes the interleaver size factor, i.e., the number of times the minimal block is 
repeated, a larger range of interleaver sizes can be catered for. Consequently, data is 
arranged in a (U+1) dimensional hypercube even if only encoded in U dimensions. Each of 
the l dimensions is still encoded with a systematic SPC(8,7) and consequently the code rate 
remains unchanged. Since the interleaver sizes are no longer constrained by the product 
code dimensions, much larger interleavers are possible. In turn, these larger interleaver 
sizes lead to better performance at the same code rate as compared to the SPC codes with 
random interleavers used in [26]. In Figure 4.3, 2D, 3D and 4D SCSPC codes are compared 
for different interleaver structures and sizes, using 7kΠ = . The size of the smallest 
interleaver used in the system is presented in the legend together with the interleaver type 
used, i.e., a random or a product code interleaver. It can be concluded that for small 
interleavers the structure is of considerable importance. For a 2D SCSPC code using a 
small random interleaver, the performance is worse than using a product code interleaver, 
as was also concluded in [26]. However, if the interleaver size is increased slightly, here 
from size 56 to 392, a random interleaver is better, although an error floor can be seen. If 
the size of a product code interleaver is increased by a factor seven, no improvement 
occurs. This is due to the fact that the product code interleaver in some sense has a memory 
restricted to the size of the product code and hence it will simply form independent blocks 
that are transmitted in serial over the channel. For a small sized 2D code the product code 
interleaver is good since no bits joined together in a code block by one component code are 
joined together by the next component code. However, when the size of the interleaver is 
increased, better options become available.  



 50 

It can be concluded from the simulations that increasing the size of a product code 
interleaver implies no interleaver gain, but only generate independent sub-blocks to be 
transmitted in serial over the channel. It therefore seems to be the case that when designing 
interleavers for block codes it is important to strive for dependence between component 
code blocks. This implies that bits that have pertained to the same code block in one 
component code should not be joined together again. For a 2D PCSPC code with 1kΠ =  the 
product code interleaver is best, as long as the interleaver size is not increased beyond the 
size of the product code by setting 7kΠ = . For 1kΠ = , no bits joined together in the first 
component code are joined together in the next. However, for 7kΠ =  seven independent 
sub-blocks are formed. For a 3D PCSPC code with 1kΠ = , independent sub-blocks are 
created by the first interleaver and they are not made dependent until after the second 
interleaver. It is reasonable to assume that the goal should be to increase the dependencies 
between all bits inside the entire code block so that no small independent sub-blocks are 
formed. This is quite different to a good interleaver for convolutional codes, which strives 
to move previously adjacent bits further apart [97]. We will use random interleavers for all 
example codes used in this thesis. 
 In order to compare the performance of a serial system to a parallel, it is interesting to 
look at systems with fairly large interleavers to see the asymptotic behavior for long codes.  
In Figure 4.4 the performance of PCSPC codes using large interleavers, size 57 16807= , is 

Figure 4.3. Comparison of different interleaver structures and sizes for SCSPC codes. 
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shown for systems with 2D-5D. In Figure 4.5 the corresponding SCPSC codes are shown. 
However, since a serial system implies that parity bits are applied to the parity bits 
generated by previous component codes, the code rate of a SCSPC code is lower than its 
PCSPC counterpart. Also the size of the interleavers increases with each component code 
and hence the outermost, smallest interleaver has size 47 8 19208⋅ = . We can see that the 
parallel codes do not have any real waterfall region and the performance improves as the 
number of dimensions increases. The serial codes experience waterfall regions for codes 
with more than two components. Also, it seems as if adding more dimensions yields 
diminishing returns as soon as 4D has been reached. This is different from the result in 
[26], but the codes in Figure 4.5 are compared when all codes use same interleaver sizes, 
whereas in [26] the product code structure is allowed to limit the interleaver sizes so that 
the 4D and the 5D codes are compared using different interleaver sizes. 

In the reminder of this work we will mainly focus on 3D codes, since they provide 
good and fairly simple examples codes. With their three component codes, they enable 
sufficient flexibility to make interesting examples, while retaining relatively low 
complexity for medium sized interleavers. 

Figure 4.4. PCSPC(8,7) codes with 2-5D using large interleavers.  
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4.4 Rate Compatible Puncturing 

Multidimensional concatenated codes are especially advantageous in conjunction with 
retransmission schemes, creating highly flexible and adaptive CHARQ systems. The 
concatenated structure with U component encoders lends itself nicely to IR-HARQ 
schemes, [19]. It is possible to adaptively obtain increasingly stronger codes, with 
increasingly lower code rate through rate compatible puncturing. Rate compatible codes are 
not only relevant for IR-HARQ. They are also applicable to systems using unequal error 
protection or adaptive systems offering a series of code rates, while using identical 
decoders in all receivers. With rate compatible codes, the same decoder can be used to 
decode all code rates. For applications requiring low decoding complexity, SPC codes are 
well-suited as component codes. 

Consider a 3D PCSPC(8,7) code, resulting in an information frame of size 
37 343k = = . The two interleavers are then also of size 343 and each encoder adds 72 parity 

bits summing up to a total codeword of length 3 27 3 7 490n = + ⋅ = . Suppose we only 
transmit the information frame in the first transmission and thereafter half of the parity bits 
pertaining to C1 in a second transmission, followed by the remaining half of the parity bits 
from C1 in a third transmission, and so on. Hence, the puncturing pattern is such that parity 

Figure 4.5. SCSPC(8,7) codes with 2-5D using large interleavers. 
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bits are chosen consecutively from each dimension, i.e., first parity check bits are selected 
consecutively among the 1D parity bits, thereafter follows consecutive selection among the 
2D parity bits, and the 3D parity bits, respectively. We term this dimension-wise 
puncturing. The performance in terms of BER for the 3D PCSPC(8,7) code using this 
puncturing pattern is shown in Figure 4.6. BPSK shows the uncoded performance, which 
consequently coincides with the first transmission, when only the information frame is 
transmitted and hence no parity bits are included. In the second transmission, half of the 
parity bits in the first dimension are sent, i.e., 24 bits in this case. As can be seen from 
Figure 4.6 this does not offer any significant improvement, since it basically implies that 
half of the information bits are sent uncoded whereas the other half have been coded with 
one parity bits per sub-block using SPC(8,7). After transmission three, marked 49 in Figure 
4.6 corresponding to the number of parity bits used in the decoding process, the minimum 
distance is increased from one to two, since all information bits now have a parity bit and 
thus the code rate is now 7/8. A full dimension is indicated by a solid curve in Figure 4.6, 
whereas if only part of the parity bits pertaining to a particular dimension is yet included, 
this is indicated by a dashed curve. It can be observed in Figure 4.6 that although the 
dashed curves contain half of the parity bits of the following dimension, they are not 
located half way between their respective solid curves. Whenever a full dimension is 
obtained this implies that every information bit is now protected by one additional parity 
bit. If we puncture one parity bit from a “new” dimension, we have consequently created a 
sub-codeword with a lower number of redundant bits. However, if we keep on puncturing 
in the same dimension, we are only increasing the multiplicity of such lower protected sub-
codewords. For low SNR it may be advantageous with lower multiplicities whereas for 
high SNR the minimum number of parity bits per information bit is more important. 
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 The performance of a comparable 3D SCSPC(8,7) code with 37 343k = =  and 
interleaver sizes 27 8 392⋅ =  and 27 8 448⋅ =  in shown in Figure 4.7. Here the first encoder 
adds 72 parity bits, the second 7 8⋅  and the third 82 summing up to a total codeword of 
length 37 49 56 64 512n = + + + = . Dimension-wise puncturing is applied, but here the 
maximum number of parity bits is 169 instead of the PCSPC code with its 147 parity bits, 
resulting in a lower code rate. For the first dimension the two systems are identical. The 
difference lies when the second and the third decoders are involved. We can see that better 
performance can be achieved when a serial code is used even for a fairly few additional 
parity bits. 

Figure 4.6. Performance of the 3D PCSPC(8,7) code for a different number of parity bits 
transmitted. 
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The decoding complexity of applying SPC codes in an IR-HARQ scheme can be 
reduced by a conveniently chosen puncturing pattern such as dimension-wise puncturing. 
By systematically selecting parity bits for inclusion in IR packets, exhausting all parity bits 
from each SPC encoder successively, we only need to activate the constituent decoders for 
which the parity bits are associated with, since the number of necessary constituent 
decoders is determined by the number of encoders contributing parity bits to the 
accumulated received packets. The decoding complexity thus increases with the strength of 
the code, as parity bits belonging to additional dimensions arrive. In addition, the use of 
iterative decoding allows for “ running-start”  decoding, following the reception of additional 
IR packets. As shown in [99], given a sufficient number of activations, the activation order 
for multiple concatenated decoders is irrelevant for reaching the convergence fix point, as 
long as each constituent decoder works on all information relevant for its particular code 
constraints. Thus, when parity bits from a new encoder arrive we do not have to restart the 
decoding process, but may just include the newly arrived parity bits in the ongoing iterative 
decoding process.  

Figure 4.7. Performance of the 3D SCSPC(8,7) for a different number of parity bits 
transmitted. 
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Even though dimension-wise puncturing is a low-complexity puncturing pattern, it does 
not necessarily provide the best performance. Dimension-wise puncturing is compared to 
random puncturing using a Monte-Carlo simulation of a 3D PCSPC code in Figure 4.8. 
Random puncturing is represented with solid lines and dimension-wise with dotted lines. 
Note that for zero and 147 parity bits the performance of the two puncturing patterns are the 
same since there is only one way of selecting no or all parity bits respectively. It can be 
seen that dimension-wise puncturing outperforms random puncturing. However, it should 
be noted that as soon as a Monte-Carlo simulation is used to determine the performance of 
a particular puncturing pattern, it may be the case that a particular interleaver favors a 
particular puncturing pattern. Even if the Monte-Carlo simulation is performed with a new 
random interleaver for every transmission, as in Figure 4.8, it is still not possible to 
determine the influence of the particular random interleaver selected on the performance of 
the particular puncturing pattern chosen. In some sense the random interleaver adds an 
extra dimension to the search for good puncturing patterns since one puncturing pattern 
may work excellent together with one particular interleaver but have very bad performance 
together with another. The following chapters will discuss aspects to consider when 
choosing a good puncturing pattern as well as how to select a pattern that is good for most 
interleavers. The 3D PCSCP(8,7) code in Figure 4.6 and the 3D SCSPC(8,7) code in Figure 

Figure 4.8. Comparison of two puncturing patterns; random (solid lines) and dimension-
wise (dash-dotted lines) selection. 
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4.7 will be used as example codes. Further, in Appendix A, a 3D PCZZ(8,7) code is 
analyzed and suggested as an alternative component code. 
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Chapter 5  

Performance Analysis Using Union 
Bounds 

Analytical expressions for upper bounds on error probabilities are presented in this chapter, 
based on the concept of a uniform interleaver. The error performance of the numerical 
examples in Chapter 4 is compared to the corresponding upper bounds derived here. The 
bounds are presented for both punctured and full-rate multiple parallel and serial SPC 
codes. Bounds for multiple parallel SPC codes with punctured information bits are also 
given. The bounds are found to be tight for a relatively low SNR for both BER and FER.  
 The FER for all possible rate-compatible codes using the chosen puncturing pattern can 
be obtained and used directly in the optimization procedure of Chapter 3 where the FER as 
a function of the block length is required. In addition, the union bounds can be used to 
select good puncturing patterns, which are chosen to give low FER for low SNRs.  

. 

5.1 Union Bounds on Concatenated Block Codes 

The procedure for calculating the union bound on the bit and frame error probability for 
basic linear block codes is described below, under the assumption that ML detection of 
BPSK symbols over an AWGN channel is used, [33]. This procedure is then extended to 
provide an average upper bound for concatenated codes. The average is taken over all 
possible interleavers of a given length, as derived in [27] and [28] for parallel and serial 
concatenation, respectively. Finally, some modifications are made so that the bounds apply 
to multiple parallel and serially concatenated SPC codes as well as punctured versions of 
the same. 

Assume that the binary linear block code C with parameters ( , )n k  is used to transmit 
information over an AWGN channel. Each codeword in C has k information bits and n k−  
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redundant bits, resulting in n code bits. The code bits in the codeword are transmitted over 
the channel using BPSK modulation. The BPSK modulation will map: 

 0 sE→ +  (5.1) 

 1 sE→ −  (5.2) 

for transmission over the channel, where Es is the symbol energy, i.e., the energy required 
to transmit one single code bit in the codeword. Let totE  denote the total transmitted signal 
energy per codeword. Since there are n code bits in each codeword, 

 tot sE nE=  (5.3) 

and since each codeword is based on k information bits, 

 ,tot s
b s

C

E n E
E E

k k r
= = =  (5.4) 

where /Cr k n=  is the code rate of code C and Eb is the total energy required to transmit a 
single information bit. Since the AWGN vector channel adds a random noise vector w to 
every signal vector s, each bit in a received frame is described as = +r s w , where r is a 
random variable with the following distribution:  

 ( )2( ) , ; 0,1,..., 1wj j nµ σ∈ ± = −r �  (5.5) 

or, with 2
0 / 2w Nσ = , sEµ = , and normalized with respect to the expectation value:  
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In order to provide an upper bound on the probability of error when ML decoding is 
performed, we start by defining the pair-wise codeword error probability [33], 2[ ],i lP s s� � , as 
the probability of the event that the received vector r is closer to ls�  than to is� when is�  is the 
signal vector transmitted and i l≠ . For any set of G equally likely signals { }is� , where 

0,1,..., 1i G= −  and in the binary case 2kG = , an upper bound on the probability of frame 
error, eP  can be obtained using the union bound as [33] 
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Here ( | )e iP ε x�  is the probability of codeword error (frame error) conditioned on the fact 
that ix�  was transmitted. This bound relies on the fact that the probability of a finite union 
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of events is bounded above by the sum of the probabilities of the constituent events, i.e. the 
union bound. The union bound is especially useful when the signal set { }is�  is completely 
symmetric since then the unconditional error probability equals the error probability 
conditioned on any particular signal in the set { }is�  and hence we may chose 0i=s�  as the 
reference signal.  It follows that [33] 

 
1

2
1

[ , ], 0.
G

e i l
l

P P i
−

=

≤ =� s s� �  (5.8) 

Any linear block code mapped onto BPSK has a completely symmetric signal set, i.e. the 
performance is independent of the particular codeword transmitted since the code structure 
is regular. For the AWGN channel 2[ , ]i lP s s� �  simplifies to  
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Since we are using BPSK we have 
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where ,i lh  is the number of positions in which the two vectors is� and ls�  differs. If the all-
zero codeword is used as a reference, hl is just the Hamming weight4 [32] of the signal 
vector ls� . The upper bound then follows from (5.8) and becomes 
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Grouping together codeword vectors with the same Hamming weight d we can rewrite 
(5.12) as 
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4 The Hamming weight of a codeword is defined as the number of non-zero positions in the codeword 

vector. 
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Note that we no longer sum over all G existing codewords in C, but rather over all the 
possible weights a codeword belonging to C can have. Recall that n is the number of bits in 
the codeword, and consequently also the maximal weight. Ad, called the weight distribution 
of the code, is the number of codewords of weight d in the code C. It follows that 0iA =  
when 1,2,..., 1,mini d= −  where dmin is the minimum distance of the code C. The weight 
distribution is often written as a polynomial according to 

 2
0 1 2

0

( ) ... ,
n

C n d
n d

d

A D A AD A D A D A D
=

= + + + + =�  (5.14) 

where D is a dummy variable. This representation of Ad is often called the weight 
enumerator [11] or the weight enumerating function (WEF) [27]. Since we are using Ad the 
expression in equation (5.13) gives us an upper bound on the probability of a frame error, 
Pe. If we want an upper bound on the probability of information bit error, Pb, we need to 
find the relation between the weight distribution of the codewords and the weight 
distribution of the information frames. The input-output weight distribution, Bw,d, denotes 
the number of codewords in C with Hamming weight d generated by information frames of 
Hamming weight w. The input-output weight enumerating function (IOWEF) [28], of a 
linear block code C is then given by 
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This yields  
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For a systematic code having ,d w h= +  where h is the weight of the parity bits, the 
input-redundancy weight distribution, Bw,h, may be defined as the number of codewords 
generated by information frames of Hamming weight w, whose parity bits have Hamming 
weight h, so that the overall Hamming weight is d w h= + . Thus, the input-redundancy 
weight enumeration function (IRWEF) of a systematic ( , )n k  block code C is defined as 
[27] 
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Note that 
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The IRWEF can be used to obtain an upper bound on the bit error probability for ML 
decoding of a systematic linear block code C transmitted using BPSK over an AWGN 
channel as 
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Note that the IOWEF exists for a linear block code regardless whether or not it is in 
systematic form, whereas the IRWEF only exists for a systematic code.  

Consequently, calculating the union bounds on Pe and Pb require knowledge of the 
WEF and the IOWEF or the IRWEF respectively. For some codes there are closed form 
expressions available, but since concatenated codes have weight spectra that are dependent 
of the interleaver, no closed form expression is available. Unfortunately, they also have 
large codebooks, making the task of generating all possible codewords and counting their 
weights tedious and potentially infeasible. In order to overcome this difficulty, an abstract 
interleaver called a uniform interleaver was introduced in [27]: 

 
Definition: A uniform interleaver of length k is a probabilistic device, mapping a given 

input word of weight w into all distinct ( )k
w

 permutations of it with equal probability ( ) 1
k
w

−

. 

 
Using the uniform interleaver, the IRWEF or the IOWEF for a concatenated code can be 
obtained based on knowledge of the IRWEF or the IOWEF for its constituent codes. This is 
tractable since the constituent codes have weight spectra that are independent of the 
interleaver and are based on significantly smaller codebooks. 

5.1.1 Multiple Parallel Concatenated Block Codes  

A systematic 2D PCSPC, based on two constituent systematic SPC codes, C1 with 
parameters 1 1

( , )C Cn k , and C2 with parameters 2 2
( , )C Cn k , linked together in parallel through 

an interleaver, 1Π , will be denoted 2DC�  and have parameters ( , )n k . Note that when 
identical SPC codes are used 1 2 1 21 1C C C Ck kn n= = + = + . Since the component codes are 
linear, the resultant PCSPC code will also be linear since the interleaver performs a linear 
operation on the input bits. Let the Hamming weight of the information frame be w, and h1 
and h2 the weights of the parity bits added by the two constituent codes respectively, then 
the weight of the resultant 2DC�  codeword will be 1 2w h h+ + . 

Consider now the conditional IRWEF, ( , )CB w H  conditioned on w. This function 
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enumerates the parity bits generated by the code C corresponding to the respective input 
frames of weight w. It is related to the IRWEF as [27] 

 ( ), ( , ).C w C

w

B W H W B w H��  (5.21) 

It is apparent from the above definition, that the conditional IRWEF of the second code, 
2 ( , )CB w H , becomes independent from that of the first code, 1 ( , )CB w H  due to the uniform 

randomization produced by the interleaver. Hence [27] 

 ( ) ( ) ( )

( )
1 2

2D
, ,

, .
C C

C B w H B w H
B w H

k
w

⋅
=

�

 (5.22) 

The conditional IRWEF in (5.22) can then be used to obtain the IRWEF for 2DC�  from  
(5.21) and finally (5.20) can be used to attain the union bound. 

The upper bound obtained using the IRWEF for the 2DC� , 2D ( , )CB W H
�

, based on the 
uniform interleaver, gives the average of all the upper bonds obtained with all possible 
random interleavers of a given length. Consequently, for each value of Eb/N0, the 
performance obtained with the uniform interleaver can be achieved by at least one random 
interleaver. In (5.22) we have assumed that the interleaver size is equal to 1 2C Ck kk = = . 
The result can easily be extended to a more general case where the interleaver is iClk , with 

1,2i =  and l ∈� . This corresponds to an information frame of size 1 2C Ck lk lk= =  where 
each component encoder is used l times for every frame. The IRWEF for this longer 
component code, Ci,l, with ( , )i iC Cln lk  can be obtained by convolving the original IRWEF l 
times, [27] 

 ( ) ( ), , , .i l i
lC CB W H B W H� �= � �  (5.23) 

The conditional IRWEF of the resulting code is then [27] 

 ( ) ( ) ( )

( )
1 2

2D

1 2

, ,
, , where .

l lC C
C
l C C

B w H B w H
B w H k lk lk

k
w

� � � �⋅� � � �= = =
�

 (5.24) 

The result in (5.24) can also be extended to the case when 1 2C Ck k≠  by choosing a and b so 
that 1 2C Ca bk lk lk= = , where ,a b∈� . 

When multiple component codes are concatenated in parallel the extension of (5.24) is 
straightforward. For example, the component codes C1, C2 and C3 concatenated in parallel 
and separated by two interleavers yield 
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 ( ) ( ) ( ) ( )

( ) ( )
31 2

3D
, , ,

, , where ,
i

ll l CC C
C
l C

B w H B w H B w H
B w H k lk

k k
w w

� �� � � �⋅ ⋅� � � � � �= =
⋅

�

 (5.25) 

for 1,2,3i = . This can be generalized to U component codes concatenated in parallel and 
separated by 1U −  interleavers as 

 ( )
( )

( )
D 1

1

,

, , where .

j

U

j

U lC

jC
l CU

B w H

B w H k lk
k
w

=
−

� �� �
= =

∏
�

 (5.26) 

This has also been concluded independently in [90, 100]. 

5.1.2 Multiple Serially Concatenated Block Codes  

A SCSPC code based on two constituent codes, C1 with parameters 1 1( , )C Cn k  and C2 with 
parameters 2 2

( , )C Cn k , linked together in serial through an interleaver, will be denoted 2DC⊥  
and have parameters (n,k) where 1Ck k=  and 2Cn n=  if we assume that 1 2C Cn k=  and the 
system model in Figure 2.7 is used. If 1w w=  is the Hamming weight of the actual 
information frame, i.e. the information that is fed into the outer code C1, then d1 will be the 
weight of the codeword generated by C1. Since the codes are serially concatenated with 

1 2C Cn k= , it follows that 1 2d w=  and finally 2d d=  is the weight of the actual codeword, 
i.e. the codeword delivered at the output of C2 and also at the output of 2DC⊥ . 

Even though the SCSPC codes considered in this thesis are systematic, the bounds are 
still computed using the IOWEF, rather than the IRWEF, since the actual information 
frame is no longer the common denominator between the component codes, but rather the 
output of one component code is the input to the next. However, in order to obtain the 
IOWEF for the SCBC, denoted 2D ( , )CB W D

⊥
, it is no longer possible to condition on w for 

each component code, since that is not the common denominator. If we assume that 

1 2C Cn k v= =  so that 1 2d w m= =  and then condition on m, we have for the outer code [28] 

 ( )1 1

1

1

,,C w
w m

w

B W m B W��  (5.27) 

and consequently 1 ( , )CB W m  enumerates the weight distribution of the information frame 
that generates the respective codewords of a given weight m. For the inner code we have 
[28] 

 2 2

2

2

,( , )C d
m d

d

B m D B D��  (5.28) 

where 2 ( , )CB m D  enumerates the weights of the codewords generated by the code C2 
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corresponding to the respective input words of weight m. The IOWEF of 2DC⊥  is then given 
by [28] 

 
( ) ( )

( )
1 2

2D

1

, ,
( , )

C Cv
C

m

B W m B m D
B W D

v
m

⊥

=

� �
⋅� 	

= � 	
� 	

 �

�  (5.29) 

where 1 2C Cn k v= =  is the interleaver size. Note that 2D ( , )CB W D
⊥

 in (5.29) is the 
unconditional IOWEF and it can thus be used directly in (5.17) to obtain the union bound. 
If, however, 1 2C Cn k≠ , d1 will differ from w2 and the interleaver size now has to be a 
multiple of codewords according to, e.g., 1 2C Cn kv = ⋅ . The IOWEF of the resulting code is 
given by [28] 

 
( ) ( )

( )
2 11 2

2D

1

, ,
( , ) ,

C Ck nC Cv
C

m

B W m B m D
B W D

v
m

⊥

=

� �
� � � �⋅� 	� � � �= � 	

� 	

 �

�  (5.30) 

where v is still the size of the interleaver, but now 1 2C Cn kv = ⋅ , since 1 2C Cn k≠ . 
The result can be extended to the more general case where the interleaver size is lv, 

where l ∈�  and the IOWEF for the resulting code is given by [28] 

 
( ) ( )

( )
2 11 2

2D

1

, ,
( , ) .

C Clk lnC Clv
C
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m

B W m B m D
B W D
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⊥

=
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 �

�  (5.31) 

 When multiple component codes are concatenated in serial an extension to (5.31) is 
required. For example, the 3DC⊥  code with the component codes C1, C2 and C3 concatenated 
in serial and separated by two interleavers yield an IOWEF that can be calculated in two 
steps according to 

 
( ) ( )

( )
2 3 1 31 21

2D

11

, ,
( , ) ,

C C C Clk k ln kC Clv
C
l

m

B W m B m D
B W D
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m

⊥

=

� �
� � � �⋅� 	� � � �= � 	
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 �

�  (5.32) 

with 1 2 31 C C Cv n k k= ⋅ ⋅  and 

 
( ) ( )

( )
1 22D 32

3D

21

, ,
( , ) ,

C Cln nC Clv
C
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m

B W m B m D
B W D

lv
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⊥

⊥
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� �
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 �

�  (5.33) 
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with 1 2 32 C C Cv n kn= ⋅ ⋅ . Note that 1 2lv lv≠ . A similar derivation of the IOWEF for a 3D 
SCSPC code has also been done independently in [90]. 

5.1.3 Punctured Multiple Concatenated SPC Codes 

This section does not attach any importance to the performance of a particular puncturing 
pattern, but rather concentrates on how to generate the joint distance spectra required when 
calculating bounds for different puncturing strategies. The following section will focus on 
how to choose a good puncturing pattern based on the bounds obtained here.  

Starting with parallel concatenated codes, the IRWEF for a SPC(8,7) code is 

 SPC(8,7) 2 3 4 5 6 7( , ) 1 7 21 35 35 21 7 ,B W H WH W W H W W H W W H= + + + + + + +  (5.34) 

and can be obtained by simply generating all the 72 128=  codewords and counting their 
respective weights. If three of these SPC(8,7) codes are to be used in a 3D PCSPC code, 

3DC� , with parameters ( ), ,n k  for 37 343k = =  that implies SPC(8,7) ,Clkk =  with 49l = . Hence, 
the IRWEF for these longer component codes, Ci,l , for 1,2,3i =  can be obtained by 
convolving the IRWEF in (5.34) 49l =  times, 

 ( ) ( )SPC(8,7), 49
49

, , .i l
lCCB W H B W H=
=

� �= � �  (5.35) 

Thereafter it can be used to obtain the joint distance spectrum as 

 ( ) ( ) ( ) ( )

( )
1,49 2,49 3,49

3D
49 2

, , ,
, .

343

C C C
C
l

B w H B w H B w H
B w H

w

=

⋅ ⋅
=

�

 (5.36) 

Assume now that we want the joint distance spectrum for the 3DC�  with 25 parity bits 
punctured in the third dimension. The IRWEF for an uncoded SPC(8,7) is then required, or 
rather the weights of an information frame of size seven, since puncturing a single parity bit 
from an SPC code implies that the information frame is now uncoded. The IRWEF for an 
SPC(8,7) with the parity bit punctured is given by 

    

 SPC(8,7) 2 3 4 5 6 7
1 ( , ) 1 7 21 35 35 21 7 ,ppB W H W W W W W W W= = + + + + + + +  (5.37) 

where 1pp =  denotes that one parity bit is punctured. Note that the information weights, 
W, do not change, since that would imply puncturing before encoding. The IRWEF for the 
component code, C3,l , for 49l =  when 25 bits are punctured is given by 

 ( ) ( ) ( )SPC(8,7) SPC(8,7)3, 49
25 24

25 1, , , .l C CC
pp ppB W H B W H B W H=

= =
� � � �= ⋅� � � �  (5.38) 
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Consequently, for each parity bit we wish to puncture we will use the SPC(8,7)
1 ( ),ppB W H=  and 

for each parity bit we wish to keep the SPC(8,7) ( ),B W H  is used. This procedure can then be 
employed for each dimension we wish to puncture. Note that even though we may puncture 
several parity bits from one dimension, no more than one parity bit from each component 
codeword can be punctured, since we are dealing with SPC codes. If more advanced codes 
are used, each component codeword may contain more than one parity bit and that must be 
treated specifically since the different puncturing patterns may result in different weight 
spectra. For example, puncturing two parity bits pertaining to the same component 
codeword is likely to be different to puncturing two parity bits in the same dimension but 
from different component codewords. A similar scenario occurs when puncturing 
systematic bits in SPC codes, since each component codeword has more than one 
information bit. Hence, this is discussed further in the following subsection. 

In Figure 5.1 the performance in terms of FER of the 3D PCSPC(8,7) example code 
from Chapter 4 is plotted, obtained using both the Monte-Carlo simulation and the average 
union bounds derived above. Recall that this example code uses dimension-wise puncturing 
and has an interleaver of size 37 343k = = . The notation in the legend states the number of 
parity bits used in the decoding process and thus ‘24’  denotes that 24 parity bits are sent, or 
equivalently, that 147 24 123− =  parity bits have been punctured. In Chapter 4 the 
performance was given in terms of BER, whereas here FER is illustrated since that is 
required in the optimization process of Chapter 3. Consequently, once the 3

49( , )DC
lB w H=

�

 has 
been obtained for different number of puncturing ratios, equation (5.19) and finally (5.13) 
are used to obtain the FER.  

The bounds are fairly tight, although a bit pessimistic for low SNRs. Recall that the 
bounds assume optimal ML decoding, an infinite number of trials and yields an average 
based on the uniform interleaver. The simulations use sub-optimal iterative decoding, here 
with 60 component code activations, corresponding to at least 20 iterations, around 500000 
trials and random interleavers, that may or may not be favorable compared to the average 
uniform interleaver. Further, the union bound relies on the fact that the probability of a 
union of events is bounded above by the sum of the probabilities of the constituent events. 
These constituent events are increasingly overlapping for lower SNR and hence the sum of 
these events may result in a probability that is larger than one. This, in turn results in a 
bound that is pessimistic for low SNRs. Since the FER can never be larger than one, the 
bound may simply be set to one for all values larger than one.  

5.1.3.1 Puncturing of Information Bits 
So far, when looking at bounds for parallel concatenated codes the IRWEF has been used 
since each component code simply adds redundancy to one common information frame. 
However, when information bits are to be punctured the IOWEF is needed. This is partly 
due to the fact that d can no longer be obtained from w h+  and partly since puncturing 
more information bits from a component codeword than the number of parity bits added, 
would lead to the weight of the redundancy, H, being lower than zero. Obviously, 
puncturing more bits than what has been added in terms of redundancy makes little sense in 
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a stand alone component code since the invertibility of the code has to be guaranteed. When 
using the component code in a concatenated code this may still be relevant. 
 Recall that a PCSPC code can be constructed either using a separate systematic part as 
in Figure 2.3 or, alternatively, as a having the systematic part embedded in one of the 
component codes as in Figure 2.4. For the encoder in Figure 2.3, we would use three 
IRWEFs when obtaining the joint IRWEF of the 3D PCSPC code, whereas for the encoder 
in Figure 2.4, one IOWEF and two IRWEFs can be used to obtain the joint IOWEF of the 
equivalent 3D PCSPC code as 

 ( ) ( ) ( ) ( )

( )
1,49 2,49 3,49

3D
49 2

, , ,
, .

343

C C C
C
l

B w D B w H B w H
B w D

w

= =
�

 (5.39) 

Note that using the IOWEF of code C1 results in the IOWEF, 3D
49( , )C

lB w D=

�

, rather than the 
IRWEF of 3DC�  since the weight of the systematic part has already been added. All 
puncturing of information bits is now made in the component code contributing with its 
IOWEF, in this example C1, whereas the puncturing of parity bits is made in the IRWEF or 
IOWEF of the corresponding code. The information bits are common to all component 

Figure 5.1. FER performance for a 3D PCSPC(8,7) code with a different number of parity 
bits punctured – obtained using simulations (solid and dashed) and bounds (dotted). 
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codes and this implies that if information bits are punctured it affects all component codes 
and hence it is only necessary to puncture in one of the weight spectra. Calculating the joint 
distance spectrum using the IOWEF of one of the component codes as in (5.39) is only 
recommended if puncturing of information bits are needed. If no systematic bits are to be 
punctured, it is recommended to use only IRWEFs since that makes the computation of the 
bound less complex. 

The IOWEF of a SPC(8,7) is 

 
SPC(8,7)

2 2 2 3 4 4 4 5 6 6 6 7 8

( , )

1 7 21 35 35 21 7 .

B W D

WD W D W D W D W D W D W D

=
+ + + + + + +

 (5.40) 

Note that only even multiples of D exists since even parity is used in the SPC code. If one 
information bit, or rather one systematic code bit is punctured the resulting IOWEF 
becomes 

 
SPC(8,7) 2 2 2 2 3 3 3 4

1

4 3 4 4 5 5 5 6 6 5 6 6 7 7

( , ) 1 6 6 15 15 20

20 15 15 6 6 ,

ipB W D WD WD W D W D W D W D

W D W D W D W D W D W D W D

= = + + + + + +

+ + + + + + +
 (5.41) 

where 1ip =  denotes that one information bit is punctured. Note that the information 
weight, W, remains unchanged, since we do not puncture the actual information frame, but 
rather a systematic code bit at the output of the encoder is punctured. Consequently, the 
puncturing will result in odd multiples of D.  

In an SPC code two or more information bits belonging to the same component 
codeword can be punctured, but only one parity bit, due to the single parity structure. 
Whether or not two systematic bits are actually paired up in the same component codeword 
depends on the particular interleavers used. The uniform interleavers used when calculating 
the joint distance spectrum, take into account that the information bits may be paired up in 
the same component codeword once more in another dimension. Consequently, we only 
need to consider the possibility of it happening in the very first component code, before the 
first interleaver. Since an SPC code contains more than one information bit, the weight 
spectra of all the different puncturing scenarios that may occur are required. Hence 
component code distance spectra with one or more information bits punctured – both when 
the corresponding single parity bit is punctured and unpunctured are required. 

If several information bits from different component codewords in the first dimension, 
are punctured, (5.41) is just convolved the corresponding number of times. For example, if 
we want to puncture 25 information bits from different component codewords the resulting 
IOWEF is 

 ( ) ( ) ( )SPC(8,7) SPC(8,7)1, 49
25 24

25 1, , , .l C CC
ip ipB W D B W D B W D=

= =
� � � �= ⋅� � � �  (5.42) 

Figure 5.2 depicts the performance in terms of FER for a 3D PCSPC(8,7) code with 25 
punctured information bits. Note that this code has the same code rate and the same number 
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of punctured bits as the code with the curve marked ‘122’  in Figure 5.1. However, the code 
in Figure 5.1 has 25 parity bits punctured whereas the code in Figure 5.2 has 25 information 
bits punctured. If we want to puncture 25 information bits and two parity bits from code C1 
the resulting IOWEF is 

 ( ) ( ) ( ) ( )SPC(8,7) SPC(8,7) SPC(8,7)1, 49
25 2 22

25, 2 1 1, , , , ,l C C CC
ip pp ip ppB W D B W D B W D B W D=

= = = =
� � � � � �= ⋅ ⋅� � � � � �  (5.43) 

if the punctured parity bits do not belong to the same component codewords as any of the 
punctured information bits. If, on the other hand, the parity bits are punctured from the 
component codewords that already have an information bit punctured the IOWEF becomes 

 ( ) ( ) ( ) ( )SPC(8,7) SPC(8,7) SPC(8,7)1, 49
23 2 24

25, 2 1 1, 1, , , , .l C C CC
ip pp ip ip ppB W D B W D B W D B W D=

= = = = =
� � � � � �= ⋅ ⋅� � � � � �  (5.44) 

If instead two information bits from the same component codeword are to be punctured, the 
IOWEF for an SPC(8,7) code with two punctured information bits is needed according to 
either SPC(8,7)

2 ( , )C
ipB W D=  or SPC(8,7)

, 12 ( , )C
ppipB W D==  depending on whether the corresponding parity bit 

is punctured or not. Note that when more than one bit is punctured from an SPC component 
codeword, the local invertibility for that component codeword is lost. However, overall 

Figure 5.2. FER performance using simulation (solid line) and bound (dotted line) for a 3D 
PCSPC code with 25 systematic bits punctured. 
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invertibility may still be obtained due to the addition of new parity bits in other dimensions. 

5.1.3.2 Puncturing of Serially Concatenated Codes 
For simplicity we will consider the 2D SCSPC code, 2DC⊥ , with parameters ,( ),n k  for 

37 343k = = , based on two SPC(7,8) codes, C1 and C2. This implies that 21
,CClkk k=  with 

7l =  and 1 2 56C Cv n k= ⋅ = . C2 being closest to the channel will be referred to as the inner 
code whereas C1 is denoted the outer code. The IOWEF for these longer component codes, 
Ci,lv , for 1,2i =  can be obtained by convolving the IOWEF in (5.40) according to 

 ( ) ( ) 2SPC(8,7)1,49
49

, , ,
ClkCCB W D B W D

=
� �= � �  (5.45) 

and 

 ( ) 1(8,7)2,56
56

( , ) , .
C

SPC
lnCCB W D B W D

=
� �= � �  (5.46) 

Thereafter they can be used to obtain the joint distance spectrum as 
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If 25 parity bits from the inner code are punctured the resulting 2,56
25( , )

C
ppB W D=  can be 

obtained by  

 2,56
25 31SPC(8,7) SPC(8,7)

125( , ) ( , ) ( , ) .
C
pp ppB W D B W D B W D= =� � � �= ⋅� �� �  (5.48) 

However, when information bits or parity bits from the outer code are to be punctured the 
scenario is quite different. If we try to puncture by altering the weight spectrum of the outer 
code, constructing 1,49

1( , )
C
ppB W D=  or 1,49

1 ( , )
C
ipB W D=  and using that in (5.47), the resulting joint 

distance spectrum is not correct. This is due to the fact that the output of C1 is used as input 
to C2, and hence altering the weight spectrum of C1 before it is used in (5.47) yields the 
same result as if the bits were punctured at the output of C1 before they were encoded by 
C2. If instead the input bits of C2 are punctured by constructing 2,56

1 ( , )
C
piB W D= , this results in 

an average of two possible weight spectra, namely that in which an information bit is 
punctured and that in which a parity bit from C1 is punctured. This is due to the fact that C2 
is actually constructed assuming that all input weights are possible, whereas in effect this is 
not the case since it is connected to the output of another encoder that uses even parity. 
However, using (5.47) these “ forbidden” input weights naturally disappears. Unfortunately, 
the result does not extend to the punctured case. This means that even though it is possible 
in practice to puncture a parity bit from C1 given knowledge of the particular random 
interleaver used, it is not possible to calculate the exact bound for it using the above 
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equations, but merely an average – as if the puncturing was made without knowledge of the 
deinterleavers. For a multiple concatenated code, e.g., a 3D SCSPC, the average is over 
three scenarios, an information bit being punctured, a parity bit from the first dimension or 
a parity bit from the second dimension. 

However, if we use dimension-wise puncturing, starting from the innermost code the 
exact bound is possible to calculate, using (5.48) and (5.47) since then we only puncture 
parity bits from the code that is currently the innermost one. Therefore, in Figure 5.3 the 
performance in terms of FER of the 3D SCSPC(8,7) example code from Chapter 4 is 
plotted, obtained using both the Monte-Carlo simulation and the average union bounds as 
derived above. Recall that this example code uses dimension-wise puncturing, starting from 
the innermost code and has interleavers of size 27 8 392k = ⋅ =  and 27 8 448k = ⋅ =  
respectively. The notation in the legend states the number of parity bits used in the 
decoding process. Also in this case the bounds are found to be quite tight and hence useful 
in the optimization process in Chapter 3. 

5.2 Selection of Good Puncturing Patterns 

Given a family of rate compatible codes obtained from puncturing of a mother code, e.g., 
the 3D PCSPC(8,7) code, we would like to select a puncturing pattern that is good in the 
sense that it tries to maximize the throughput or the average code rate of the corresponding 
IR-HARQ system. By this is meant that we want to obtain as low FER as possible as fast as 
possible, i.e., a frame should be accepted after transmission of a rate compatible code of as 
high code rate as possible. Selecting a puncturing pattern by means of simulations is time 
consuming and far from flawless since the particular interleaver used may favor one pattern 
over another, whereas the roles may be reversed given another interleaver. Looking at the 
average union bound derived in the previous section, the distance spectrum averaged over 
all possible interleavers may be used to select a good puncturing pattern. 
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Several methods to select the better candidate given two alternative puncturing patterns 
and their respective distance spectrum have been suggested. Previous work has for example 
proposed to fit a regression line to the first 30 components of this joint weight spectrum and 
then selected the puncturing pattern which has a regression line with a minimum slop, [19]. 
Another suggestion is to pick the puncturing pattern that results in the maximal minimum 
distance, and if there is a tie, pick the one with the lowest multiplicity at this distance, [19, 
80]. Since the latter suggestion first maximizes dmin and secondly minimizes the 
multiplicities, it is likely to choose a pattern that performs well at high SNRs where the 
minimum distance is the dominating factor. At low SNRs, higher weights than the 
minimum distance yield a non-negligible contribution and hence the multiplicities at the 
closest distances are more dominating in this area. The regression line suggestion provides 
a measure of the rate of growth of the weight multiplicities and it is thus likely to find 
patterns that perform better at low SNRs. Since an IR-HARQ system generates 
retransmissions when the SNR is low, we are interested in patterns that perform well in this 
area. Once the joint distance spectrum has been calculated, obtaining the bound is fast and 
simple. Further, the bound on FER for multiple concatenated SPC codes is found to be 
fairly tight in the relevant SNR region. Consequently, in this work the candidate puncturing 
pattern that results in the lowest bound on the FER in the SNR region of interest for the 

Figure 5.3. FER performance for a 3D SCSPC(8,7) code with a different number of parity 
bits punctured – obtained using simulations (solid and dashed) and bounds (dotted). 
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chosen IR-HARQ scheme is preferred. 
In order to obtain different candidate puncturing patters to compare, we use the 

following procedure, which is similar to the procedure used in [19]: 

1. Define an all ones vector, p, of the same length as the number of bits that is possible 
to puncture. The vector p is typically of length .n k−  Set the code rate to the lowest 
allowed value / ,i Mk n =  where i Mn =  is the length of the mother code and the resulting 
block length after all of the M allowed transmissions have been made. 

2. Select the next highest rate in the rate compatible code family by setting 1i i= −  so 
that transmission, ti, is considered. 

3. Form a set of all possible candidate puncturing patterns of this rate. This is done by 
selecting the appropriate number of bits among the elements in p that are set to one, 
and temporarily resetting them, which symbolizes that the corresponding bits are 
punctured.  

4. Calculate the union bound on the FER for each of the puncturing patterns obtained 
in Step 3.  

5. Select the candidate pattern with a bound that yields the lowest FER in the relevant 
SNR region. If there is a tie, increase the SNR region. 

6. Assign the winning puncturing pattern to the corresponding rate, ( )itp  and 
permanently reset the corresponding positions in p.   

7. If 1i > , continue to Step 2, otherwise the search is finished. 

Assume that we want to maximize the number of members in the rate compatible code 
family, by allowing bit-by-bit puncturing. This results in a rate compatible code family with 
all possible code rates available, from the rate of the mother code up to rate one. These rates 
imply that only one position at a time is reset in Step 3. 

Consider a 3D PCSPC code with all possible code rates available, when only parity bits 
are allowed to be punctured. The above search procedure can then conclude that the best 
puncturing pattern is dimension-wise puncturing, i.e., if we have started puncturing bits 
pertaining to one encoder, we should continue doing so until all these bits are punctured. 
Hence parity bits from a “new” encoder should only be punctured once all the bits from the 
“old”  encoder have been removed. Therefore, the 3D PCSPC example code in Chapter 4 
does in fact already use the best possible puncturing pattern. In some sense this result is 
intuitive, since each time we start puncturing a new dimension, the maximum number of 
parity bits protecting an information bit is reduced. However, if we continue to puncture in 
the same dimension, we no longer affect this maximum number, but are only increasing the 
multiplicities of these lower protected information bits – something that has less influence 
at low SNRs.  

Due to the very simple structure of SPC codes it is irrelevant which parity bit from a 
particular dimension that is punctured. Further, for PCSPC codes it is irrelevant which 
dimension is chosen first when, e.g., a dimension-wise puncturing pattern is to be used. 
This drastically reduces the number of possible candidate puncturing patterns in Step 3. In 
fact, the only two candidates that needed to be compared are “continue to puncture in the 
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same dimension”  versus “start puncturing a new dimension” . If we instead want a different 
set of rate compatible codes, more than one bit may be punctured concurrently in Step 3. A 
search for the best puncturing pattern when say 30 parity bits are punctured simultaneously 
may not result in the same pattern since this implies a different rate compatible code family. 
The search also inherently leads to more options and hence more time consuming searches 
if all code families should be considered. Therefore the resulting dimension-wise 
puncturing pattern is only guaranteed to be the best for the rate compatible code family 
including all possible rates. However, due to the regular structure of the PCSPC codes, it is 
likely that the result will be the same regardless of code families. As an example, compare 
three different candidate patterns that all puncture 30 parity bits. One punctures 10 parity 
bits from each of the three dimensions, the second 15 parity bits from two dimensions, 
whereas the last punctures all 30 parity bits in the same dimension. The resulting bounds on 
the FER are shown in Figure 5.4. As can be expected dimension-wise puncturing is the best 
candidate. 

Puncturing information bits yields more candidate puncturing patterns in Step 3, since 
each component codeword has more than one information bit. For an unpunctured 
component codeword it does not matter which information bit is chosen, only how many 
bits in total, information or parity, that are punctured. Figure 5.5 shows the performance 
when two code bits are punctured, for all different puncturing patterns that result in a 

Figure 5.4. Comparison of three different puncturing patterns for a 3D PCSPC(8,7) code. 
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unique joint distance spectrum. The first thing that can be noticed is that the performance is 
different for different SNR regions. In the search including only parity bits, the winning 
candidate always performed better for all SNRs. Here, it seems as it is best to puncture 
information bits for low SNRs and parity bits for high SNRs. Also, we can conclude that it 
is always better to choose the two bits from different component codewords. When 
puncturing a parity bit in a particular dimension, the minimum distance for the 
corresponding component code is reduced. When puncturing an information bit, the 
minimum distance of all component codes is reduced, since the systematic information bit 
is part of all component codes. Consequently, at high SNR, where the minimum distance is 
the dominating factor it is best to puncture two parity bits in the same dimension since that 
only reduces the minimum distance in one dimension. Thereafter it is best to puncture two 
parity bits from different dimensions, thus reducing the minimum distance in two 
dimensions. The third best option is one information bit and one parity bit from different 
codewords since that reduces the minimum distance in all three dimensions. At lower SNRs 
the multiplicities are more important and hence it seems preferable to puncture information 
bits. 

It is interesting to notice that puncturing one information bit and one parity bit from the 
same component codeword yields worst performance over almost the entire range of SNRs. 
This is due to the fact that the local invertibility of that particular component codeword is 

Figure 5.5. Comparison of different puncturing patterns for a 3D PCSPC(8,7) code. 
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lost since we have punctured two code bits from a codeword that only has had one parity 
bit added. Depending on the particular interleavers chosen, the remaining dimensions may 
restore the invertibility if the corresponding code bits are not punctured. This means, 
however, that we cannot be certain that the overall invertibility is guaranteed, due to the use 
of uniform interleavers. Obviously, the same scenario may occur when two information bits 
from the same component codeword are punctured – or from different component 
codewords for that matter. In fact, the only time we can ensure that the invertibility is 
guaranteed is when only parity bits are punctured or in the special case when only one 
information bit together with parity bits from only one dimension and from different 
component codewords are punctured. In all other cases there exist interleavers that may 
violate the invertibility. Since the bound and the average weight spectrum considers all 
possible interleavers it also considers these ones. Whenever the invertibility is lost it is 
implied that a particular information bit or bits can never be recreated even if the channel is 
noiseless. Hence, it is not possible to tell whether the BER is good due to good performance 
of the puncturing pattern or due to such an unequal error protection that one or a few 
information bits have a probability of error equal to 0.5. Consequently, the joint distance 
spectrum based on uniform interleavers is not convenient for selecting a good puncturing 
pattern when puncturing of information bits is allowed. 

In [19], where the joint distance spectrum is used to determine good puncturing 
patterns, puncturing of information bits is considered. However, the puncturing of 
information bits is not included in the subsequent search for puncturing patterns. Instead it 
is determined by means of simulations that it is good to puncture information bits for low 
SNRs. Thereafter, a few information bits are always punctured in the first transmission in 
order to give room for more parity bits from at least two dimensions so that iterative 
decoding can take place as early as possible. The second transmission always includes the 
remaining information bits that were punctured in the first transmission. Finally, the search 
for good puncturing patterns takes place after these initial transmissions. 

In [101] the performance of partially systematic turbo codes is investigated. Partially 
systematic implies that information bits are punctured. Turbo codes are, however, based on 
recursive convolutional codes, which are more complex than SPC codes. This in turn 
makes them more robust against puncturing, the recursive structure allows more flexible 
puncturing and the component codewords are of the same size as the interleaver. Hence, it 
may not be possible to make any conclusions about punctured concatenated SPC codes 
with component codewords of size seven based on the analysis of punctured turbo codes. 
Some of the result may, however, still be relevant. The performance evaluation of the 
selected puncturing patterns in [101] is made mainly using simulations. Analytical results 
based on the joint distance spectrum using uniform interleavers are obtained and compared 
to the simulations and as in Figure 5.2 the analytical result matches the simulation. It is 
concluded that puncturing a few systematic bits leads to improved waterfall regions, 
whereas extensive puncturing deteriorates the waterfall region with respect to the 
unpunctured case. It may be the case that the probability of loosing the invertibility is fairly 
small when puncturing only a few information bits for interleavers of sufficient size, 
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whereas eventually loosing the invertibility will become inevitable, when the puncturing 
ratio is increased.  

Note that with a simulation, the interleaver, although random, is known and hence the 
invertibility can be guaranteed by appropriate ad hoc puncturing of information bits. The 
simulation in Figure 5.2 is however, not optimized this way. The information bits are 
chosen from different component codewords in the first dimension, but thereafter randomly 
selected interleavers are used. This was made in order to mimic the assumptions for the 
bound calculations.  

In [102] different aspects of punctured serially concatenated turbo codes are 
considered. In particular, interleavers for punctured codes are discussed. It is concluded that 
the unequal error protection introduced by puncturing may be reduced to more uniform 
error protection by a properly designed interleaver. 

In [103] good puncturing patterns for serially concatenated convolutional codes are 
obtained using simulations. In order to guarantee the local invertibility, only parity bits 
from the inner or the outer code are punctured. However, when using simulations to obtain 
good puncturing patterns it is difficult to determine the interleaver influence on the 
particular puncturing pattern chosen. 

If we attempt to use bounds to search for good puncturing pattern for SCSPC codes, the 
same problem occurs. Recall that it is only possible to calculate the average bound when 
information bits or parity bits from outer component codes are punctured. Hence, the local 
invertibility can not be guaranteed by only puncturing parity bits or by ad hoc puncturing of 
information bits and thereby the joint distance spectrum is not appropriate to use for this 
case. Instead, EXIT charts can be used for performance prediction of punctured SCSPC 
codes, following the approach detailed in Chapter 6. 
 
 



 80 

 
 
 



 81 

Chapter 6  

Performance Analysis Using EXIT 
Charts 

An EXIT chart is a powerful semi-analytical tool used to monitor and analyze the 
convergence behavior of an iterative decoder as a function of the number of iterations, [29]. 
EXIT charts can also be used to obtain an estimate of the BER performance and 
convergence thresholds for punctured multiple concatenated codes, [29, 30]. The procedure 
is described in this chapter together with the necessary tools required to construct EXIT 
charts. Hence, a description of entropy and mutual information is first given. This is then 
followed by a description of Shannon’s channel capacity and the implications that follows 
from this. Thereafter, EXIT charts are constructed for both multiple parallel and serially 
concatenated SPC codes. The EXIT chart is two-dimensional when two component codes 
are concatenated, but multidimensional when more than two codes are used. Hence, 
projections onto two dimensions are necessary in these cases, [30]. 

Although EXIT charts assume infinite interleavers and model the inputs and outputs to 
the respective decoders as Gaussian random variables, they still manage to estimate the 
BER quite accurately in the majority of cases considered. Unfortunately, there is a 
numerical problem for very low values of the BER, but in most cases the BER estimation is 
quite good for low SNR values. Assuming that the bit errors are randomly distributed in all 
frames, a scenario that can be obtained in a wireless channel using a channel interleaver in 
addition to the interleavers used within the concatenated code, we can get an approximate 
value of the FER to be used in the optimization process of Chapter 3. Thus, in cases where 
it is not possible to obtain a bound, this approach provides a valid alternative.  

EXIT charts can also be made for punctured codes. However, in this case we do not 
know exactly which bits are punctured, since EXIT charts assume infinitely interleavers 
and random puncturing. Hence, we only get a puncturing ratio for each encoder that tells us 
what percentage of bits to puncture. Luckily, for SPC codes it does not matter which bit 
from a particular encoder is punctured as long as random interleavers are used, and hence 
for SPC codes the puncturing ratios also gives the puncturing pattern. Consequently, we 
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can search for good puncturing ratios for specific code rates that yield good performance in 
terms of convergence at a low SNR. We can also search for good rate compatible codes 
using EXIT charts in a similar way. 

6.1 Entropy and Mutual Information 

In the following two sections, describing the general concepts of entropy, mutual 
information and channel capacity, x and y are redefined to be random variables with no 
connection to the system model. Thereafter, the systems used in this work are analyzed 
using EXIT charts and hence x and y are once more defined according to the system model.   

The entropy for a discrete set of probabilities P(x1), …, P(xl) has been defined as [10]: 

 ( ) ( ) ( )[ ]
1

( ) log E log ,
l

i i
i

H X P x P x P X
=

− = −��  (6.1) 

where [ ]E ⋅  denotes the expected value of the random variable. The entropy H(X) denotes 
the uncertainty of the discrete random variable X. For a given l, H(X) is maximum and 
equal to log l when all the P(xi) are equal. ( ) 0H X =  if and only if all but one of the P(xi) 
are zero while the remaining probability has unit value. Hence, only if we know the 
outcome ( ) 0H X = , otherwise the entropy of a discrete random variable is always positive. 

The conditional entropy is defined as [10]: 
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( )|H X Y  denotes the entropy of the discrete random variable X after the discrete random 
variable Y is known. Hence, if ( )H X  is the entropy of X, then ( )( ) |H X H X Y−  denotes 
the amount of uncertainty that has been removed when Y is revealed. Thus, 

( ) ( )( ) |I X Y H X H X Y−�;  is the amount of information provided by Y about X. ( )I X Y;  
is called the average mutual information (MI) between the two discrete random variables X 
and Y and is given by [48]: 
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Analogously, the average mutual information between two continuous random 
variables X and Y with a joint PDF ( ), ,x yp α β  and marginal PDFs ( )xp α  and ( )yp β  
respectively, has been defined as: 
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The entropy of a continuous random variable is infinite since it requires an infinite number 
of binary digits to represent it exactly. Instead, a quantity known as the differential entropy 
of the continuous random variable X has been defined as [48]: 

 ( ) ( ) log ( ) .x xH X p p dα α α
+∞

−∞
−��  (6.5) 

The conditional entropy of continuous random variable X given continuous random 
variable Y is then defined as: 

 ( ) ( ) ( ), || , log | .x y x yH X Y p p d dα β α β α β
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Consequently, the mutual information between two continuous random variables may be 
expressed as ( ) ( ) ( )| .I X Y H X H X Y−�;  

If discrete information symbols are transmitted over a noisy channel we are dealing 
with one continuous random variable, the channel, and one discrete, the source. Denote the 
entropy of the output of the channel, i.e. the received signal, H(Y) and the entropy of the 
input to the channel, the source, H(X). If the channel had been noiseless ( ) ( )H X H Y= . 
The mutual information provided about X upon reception of Y is: 

 ( ) ( ) ( )
( ) ( )1

,
, log .

n
y i

y i
i i y

p x
I X Y p x d

P x p

β
β β

β
+∞

−∞
=

=��;  (6.7) 

Since ( ) ( ) ( ), |y yi i ip x p x P xβ β=  equation (6.7) can also be written 
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Note that when X and Y are statistically independent, ( ) ( )|y i yp x pβ β=  and hence 
( ) 0I X Y =; . 

6.2 Channel Capacity 

Consider a memoryless AWGN channel, W, with random input X so that 

 .Y X W= +  (6.9) 

W is a zero-mean Gaussian random variable with variance 2
wσ . The channel capacity is the 

maximum average mutual information (MI) between the received signal, ,Y X W= +  and 
the transmitted symbol, X, [10]: 



 84 

 ( ){ }
( )

max .
xp

C I X Y
α

� ;  (6.10) 

The capacity is given in bits per channel use when the logarithmic base is two, so that the 
unit of the entropy is bits. Note that regardless of encoding or decoding method used, the 
channel capacity can never be exceeded, i.e., communication with an arbitrary low BER 
can never be obtained using a transmission rate higher than the capacity.  

For the AWGN channel the transmitted signal and the noise are independent of each 
other and the received signal is the sum of these independent random variables. Then [10] 
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since ( ) ( | ) ( ) ( | )H X H X Y H Y H Y X− = − . As ( )H W  is independent of ( )xp α , the rate is 
maximized by maximizing  ( )H Y . When the transmitted signals are limited to a certain 
average power, the maximum of ( )H Y  over the input ( )xp α  is obtained when X is a zero-
mean Gaussian random variable [10], so that  
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Finally 
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Analogously 
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The channel capacity is then [10] 
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with 
2

0 / 2w Nσ =  and 
2
x sEσ = . 

6.2.1 Capacity for the Binary Input AWGN Channel 

Consider an AWGN channel, W, with binary inputs { },X µ µ∈ + − . The average MI 
between the received signal ,Y X W= +  and the transmitted signal X is maximized when 
the input probabilities are equally likely, i.e.,  ( ) ( ) 1

,2P X P Xµ µ= + = = − =  [48], yielding 
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where 
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Using (6.19) and (6.20) in (6.18) yields 
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and further  
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By using symmetry 
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Substituting 22 / wα βµ σ=  we get 
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and finally by defining 2 / wσ µ σ= , we can express C* as: 
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In a BPSK system sEµ =  and 2
0 / 2w Nσ = , which yields 08 /sE Nσ = . There is no 

closed form solution for C* and hence it has to be evaluated numerically. 
C and C* are plotted in Figure 6.1 as a function of 0/sE N . Note that according to [10] 

reliable communication can be achieved with arbitrary low error rate as long as the code 
rate is kept below C. We can also see that constraining the channel input to discrete binary 
values yields a C* that has a ceiling at one bit per symbol. Hence, if we want to transmit k 
information bits using BPSK, we need to use a codeword of at least k bits so that the code 
rate does not exceed one. 

6.3 Extrinsic Information Transfer Characteristics 

When making an EXIT chart analysis, we want to predict the behavior of the iterative 
decoder by looking solely at the input/output relations of its component decoders. Hence, 
we want to isolate each component decoder and look at its input and output relations 
separately, as illustrated in Figure 6.2. Since the component decoders are no longer 
connected to the channel we instead need to model the channel output. Observations in [29] 
suggest that the a priori inputs to a component decoder, A(x) and A(yl), can be modeled by 
adding an independent Gaussian random variable to the known transmitted sequences, x 
and yl. Having done this, the MI between the known transmitted sequence, x, and the a 
priori input, A(x), can be evaluated for each component decoder. Further, the MI between 
the known transmitted information and the extrinsic outputs may be obtained by activating 
the component decoder with the modeled inputs on A(x) and A(yl). This procedure is 
explained in detail in this section. 
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Figure 6.1. Capacity for the AWGN channel, C, together with the maximal rate for BPSK 
signaling on the AWGN channel, C*. 

Figure 6.2. Each component decoder is extracted from the iterative decoder. Instead A( ⋅ ) 
are modeled by adding an independent  Gaussian random variable to the known 

transmitted information. 
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Let y again be defined as a uniformly distributed binary random variable that is to be 
transmitted over the AWGN channel according to the system model, so that 
r s w y wµ= + = +� . Recall that the LLR of y conditioned on the matched filer output r is 

 ( )
( )

( )
( )
( )

2 2

2 2

/ 2

/ 2

1
| ln ln ( ),

1

w

w

r

cr

P ye
L y r L r L y

P ye

µ σ

µ σ

− −

− +

� � = +� �= + = +� 	 � 	= −
 � 
 �

�

�  (6.26) 

where 22 /c wL µ σ= . Since ( ) 0L y =  before decoding starts, Lcr is what is fed into a decoder 
working in the LLR domain. Lcr can also be formulated as 
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2 2 2

2 2 2
( )c

w w w
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σ σ σ
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 (6.27) 

where 22 / wn wµ σ= . Note that 
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µσ σ σ
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so that 
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 (6.29) 

where ( )20,n σ∈� . Also note that the σ  defined here is the same as was used for *( )C σ  
in equation (6.25). 

We now modeled the prior information on x, A(x), by applying ( )20,A An σ∈�  similar 
to (6.29) so that 
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Then  
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 (6.31) 

The mutual information between the transmitted symbols x and the prior information of x at 
the receiver, A(x), can then be expressed as 

 ( ) ( ) ( )
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I I x A x p x d

p x p x

αα α
α α

+∞

=± −∞

� �= � 	+ −
 �
� �� ;  (6.32) 
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Using (6.31) in (6.32) we have 
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which can be further simplified to 
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To maintain a notation similar to [29] we define 

 ( ) ( ),A AJ Iσ σ σ=�  (6.35) 

with 

 
0

lim ( ) 0, lim ( ) 1and 0.J J
σ σ

σ σ σ
→ →∞

= = >  (6.36) 

Note that the function ( )J σ  is identical to (6.25). ( )J σ  cannot be expressed in closed 
form, but from numerical integration it is found that ( )J σ  is monotonically increasing and 
hence reversible [29] 

 ( )1 .AJ Iσ −=  (6.37) 

( )J σ  and its inverse can be closely approximated by [30]: 

 ( ) 32 2
1( ) ,1 2

H H
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 (6.39) 

 
where numerical optimization, minimizing the total squared difference between (6.34) and 
(6.38), yields the parameter values H1=0.3073, H2=0.8935 and H3=1.1064 [30]. In Figure 
6.3 ( )J σ  and its approximation are plotted. 

6.3.1 Extrinsic Information Transfer Functions 

Recall that we isolate each component decoder and look at its input and output relations 
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separ 
separately. Since the component decoders are no longer connected to the channel we 
instead model the channel output using a Gaussian random variable that is added to the 
known transmitted information. Since { 1, 1} k∈ + −x

�
 and { }1, 1 C Cl l

n k

l

−∈ + −y
�

, where Cl 
denotes the specific component code, then 

 ( )
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0 0

4 4
( ) , ( ) 0, ,
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s C b x
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N N

σ σ= + = + = + ∈ ∀x x n x n x n n
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�  (6.40) 

and 
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Having done this, the MI between the transmitted information, x(i), and the a priori input, 
A(x(i)), denoted ( ( ) ( ( )))I i A ix x; , can be evaluated by means of the ( )J σ  function since 

Figure 6.3. ( )I J σ=  and its approximation. 
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A(x(i)) is Gaussian. The average MI is defined as 

 ( ) ( )( )
1

1
( ) ( ) ( ) .

k
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I x A x I i A i
k =
� x x�; ;  (6.42) 

Then the average MI is given as [29]: 
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and similar for yl 
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The extrinsic outputs on x and yl, denoted E(x) and E(yl) can also be quantified using 
average MI [29] 
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However, this assumes that ( )|Ep xξ  and ( )| lEp yξ  are known. These conditional PDFs 
depend on the code and can usually not be found analytically. Monte Carlo simulations are 
therefore applied to determine these probabilities [29]. To do this we first recognize that 

( )E xI  and ( )lE yI  are functions of the inputs ( )A xI  and ( )lA yI  according to 

 ( )( ) ( ) ( ), ,
lE x x A x A yI f I I=  (6.46) 

 ( )( ) ( ) ( ), .
l l lE y y A x A yI f I I=  (6.47) 

Then, the independent Gaussian random variables are applied to the inputs to generate all 
values of ( )A xI  and ( )lA yI . Next, the decoder is activated using the inputs A(x) and A(yl) so 
that E(x) and E(yl) are obtained. Finally, histogram approximations are made on E(x) and 
E(yl) so that ( )|Ep xξ ±  and ( )| lEp yξ ±  can be found [29]. In [30] a detailed algorithm 
describing how to generate ( )|Ep xξ ±  and ( )| lEp yξ ±  by Monte Carlo simulations can be 
found. These PDFs are then inserted in (6.45) to give the MI on the extrinsic outputs. 

Having obtained the average MI on the extrinsic outputs, we can plot ( )E xI and ( )lyEI as 
functions of ( )A xI  and ( )lA yI  [30]. In Figure 6.4, these so-called EXIT functions are plotted 
for an SPC(8,7) code when seen as a rate-7 code, i.e., we input seven information bits and 
get one parity bit out, so that { }1, 1 C Cl l

n k
l

−∈ + −y
�

. The EXIT functions for the SPC(8,7) code 
when seen as a rate-7/8 code, i.e., seven information bits in give eight coded bits out, 

{ }1, 1 Cl
n

l ∈ + −y
�

, are depicted in Figure 6.5. Recall that a 2D parallel concatenated code is 
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constructed either using one rate-1 systematic part and two rate-7 SPC(8,7) codes or using 
one rate-7 code and one rate-7/8 code. A 2D serial concatenated code can be constructed in 
the same two ways, but also using two rate-7/8 codes. 

Note that the parallel concatenated code uses only E(x) and never E(yl), since the input 
bits, x, are connecting the two component decoders. The serial concatenated code uses both 

Figure 6.4. EXIT functions for a SPC(8,7) code viewed as a rate-7 code. 

Figure 6.5. EXIT functions for a SPC(8,7) code viewed as a rate-7/8 code. 
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E(x) and E(yl), since the output of one component code, yl, is used as input to the next 
component code. In Figure 6.4 and Figure 6.5 it can be seen in that ( ) ( )0,0 0,0 0

lyxf f= =  
and ( ) ( )1,1 1,1 1lyxf f= = . This implies that with no prior information, the average MI on 
the extrinsic outputs is zero, whereas with full prior information, the average MI on the 
extrinsics is one. In [30] EXIT functions for feed-forward and feed-backward convolutional 
codes are plotted. From these plots, it can be seen that recursive codes have 

( )( ) ( )1, 1.
lyE x x AI f I= =  As can be seen in Figure 6.4 and Figure 6.5, this is not the case for 

the SPC(8,7) code, and hence it does not have a recursive structure. 
In Appendix A, the EXIT functions for a ZZ code are given and it is found to have the 

recursive structure lacking from the SPC codes.  

6.3.2 Extrinsic Information Transfer Charts 

For a 2D parallel concatenated system, extrinsic information on the information bits, x, are 
exchanged between the two component decoders. Consequently, we are interested in 
looking at how 1( )E xI  and 2( )E xI  evolve when the component decoders are activated. Recall 
from the system model of a parallel concatenated decoder in Figure 2.5 that ( ) ( )l lA C=y y . 
Hence, (6.44) yields 

 2D

( ) ( )
0

8
,

l l

bC
A y C y

r E
I I J

N

� �
� 	= = � 	

 �

�

 (6.48) 

as the average MI on the prior information on yl that is received from the channel for each 
decoder, 1,2l = . As prior information on x for 1

1C−  we have both the information on x that 
is received from the channel, 0 0( ) ( )A C=x x  and the extrinsic information on x received 
from the other component decoder, 2( )E x . Thus 

 ( )( ) ( )( )( )1 0 2

221 1
( ) ,A x A x E xI J J I J I− −= +  (6.49) 

since the addition is made in the variance domain [29]. Because ( ) ( )0 0A x xCI I=  comes 
directly from the channel it is equal to ( )

2D 08 /bCr E NJ �  Consequently, 
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 (6.50) 
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 (6.51) 

Finally, 
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The above EXIT functions depends both on each other and on 0/bE N . However, for a 
fixed 0/bE N  we can plot them as functions of each other [29]. In Figure 6.6 this is done for 
a two-dimensional parallel concatenated SPC(8,7) code at 0/ 3 dBbE N = . Note that the 
dashed curve indicating 1( )E xI  is plotted against the abscissa; whereas the solid curve 
indicating 2( )E xI  has its axes swapped and is thus plotted against the ordinate. Also, note 
that the two curves in Figure 6.6 are symmetric. This is due to the fact that we have 
identical component codes and that the EXIT chart is using identical EXIT functions, i.e., 
two rate-7 SPC(8,7) codes. 

Several insights can be gained from the EXIT chart. The exchange of extrinsic 
information between the component decoders can be visualized as a decoding trajectory in 
the EXIT chart. Decoding starts with no prior information at the origin in the EXIT chart. If 
decoder 1

1C−  is activated we move vertically up to ( )1
0.36E xI = . This extrinsic information 

is then used as a priori information to the second decoder. Hence, if 1
2C−  is activated next, 

we move horizontally to ( )2
0.46E xI = . When activating 1

1C−  a second time we move 
vertically again and so on. If a staircase shaped trajectory bounded by the decoder transfer 
characteristic is drawn into the EXIT chart, the number of activations can be visualized 
[29].  

The two curves in Figure 6.6 intersect at 21( ) ( ) 0.58E x E xI I= = . Consequently, the 
iterative decoder gets stuck here and further activations do not result in further 
improvements. Ideally, we would like a tunnel between the two decoder transfer 
characteristics so that the decoding trajectory can “sneak through” all the way up to the 
upper right corner [29]. This will result in a low BER. In [29] three different scenarios are 
discussed. The first one, depicted in Figure 6.6, is referred to as the pinch-off region since 
there is no tunnel and the decoder transfer characteristics intersect at a low average MI 
resulting in a high BER. This corresponds to the region above the waterfall region in turbo 
decoding. The second scenario is when a small tunnel is just opening up so that 
convergence to a low BER is slow but possible. This corresponds to the waterfall region. 
Finally in the third case, the BER floor region corresponds to a big tunnel yielding fast 
convergence to a low BER. We will see examples of the two later scenarios below, but 
since PCSPC codes do not have any real waterfall as confirmed by the simulations, the two 
remaining scenarios cannot be exemplified with this system. 

After a number of activations the iterative decoder converges with the extrinsic MI 
obtained where the two decoder transfer characteristics first intersect. Based on this, the 
EXIT chart can be used to obtain the approximate BER after the convergence point has 
been reached [29]. The BER can also be approximated after each iteration, but since we are 
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interested 
interested in the convergence behavior, the approximation is made after convergence is 
reached. Recall that D(x), the decision statistics for x, for a 2D PCSPC code can be 
expressed as 

 ( )1
0 1 1 2( ) ( ) ( ) ( ) ,D C E E−= + + Πx x x x  (6.54) 

representing the intrinsic, the extrinsic and the a priori information on x respectively. Note 
that x2 is simply an interleaved version of x0 and that 0 1=x x . Denote the average MI on the 
decision statistics for x as ( )D xI  so that 

 ( ) ( ) ( )( )
0 1 2

2 2 21 1 1
( ) ( ) ( ) ( ) .D x A x E x E xI J J I J I J I− − −= + +  (6.55) 

Hence, the values of 
1( )E xI  and 2( )E xI  after the convergence point has been reached, i.e., 

where the two curves intersect, here 21( ) ( ) 0.58E x E xI I= = , are used in (6.55) to obtain the 
average MI on D(x). When using EXIT charts we assume that A(x0), E(x1) and E(x2) are 
Gaussian distributed. Hence, D(x) is also Gaussian distributed with variance 2

( )D xσ  and 

Figure 6.6. EXIT chart for a 2D parallel concatenated SPC(8,7) code at 3 dB. 
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mean 2
( ) ( ) / 2D x D xµ σ= . Further, we assume independence so that 

 
20 1

2 2 2 2
( ) ( ) ( )( ) .A x E x E xD xσ σ σ σ= + +  (6.56) 

For information transmitted over the AWGN channel using BPSK we have [48] 
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 (6.57) 

Then [29] 
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 (6.58) 

since σ  can be found through equation (6.37). 
In Figure 6.7 we have plotted the EXIT chart for the same two-dimensional parallel 

concatenated SPC(8,7) code, but for a range of 0/bE N  values. From these curves we can 
get ( )1xEI  and ( )2xEI  where the decoder transfer characteristics intersect for the first time and 
hence find the BER for different values of 0/bE N . The BER obtained this way is based on 
the assumptions made for EXIT charts, namely that the extrinsic information has a 
Gaussian distribution and that the interleavers used are infinitely large. Since there is no 
real tunnel opening up in Figure 6.7, this code does not have any real waterfall region, but 
instead a rather slow drop in BER as 0/bE N  increases. This is confirmed both by 
simulations of the code and by the BER that can be obtained using the EXIT chart. In 
Figure 6.8 we have plotted the BER curve obtained from the EXIT chart of a 2D parallel 
concatenated SPC(8,7) code and compared it to simulations of the same code using two 
different sizes of the interleaver. As can be seen in Figure 6.8 the BER from EXIT charts 
are quite accurate in this example, especially when the interleaver is sufficiently large. 
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For a 2D serially concatenated system, extrinsic information on both the information 
bits, x, and the parity bits y1 are exchanged between the two component decoders. Recall 
that 0 1 2[ , , ]=y x y y , and we are interested in looking at 0 1[ , ]x y  from decoder 1

1C−  and 

2 0 1[ , ]=x x y  from decoder 1
2C− . For simplicity, we will assume that we have the encoder 

depicted in Figure 2.7 in the system model when deriving the expressions for an EXIT chart 
for a 2D SCSPC code. This implies that we instead have 2=y y  and we are interested in 
looking. at 1y  from decoder 1

1C−  and 2x  from decoder 1
2C−  and how 1( )yEI  and 2( )E xI  

evolve when the component decoders are activated. The notation in the following paragraph 
follows that of the system model in Figure 2.7. Since 1

2C−  is connected to the channel, 

( ) ( )2 yy CAI I=  we have 

 2D

2( )
0

8 bC
A y

r E
I J

N

⊥� �
� 	= � 	

 �

 (6.59) 

as the average MI on the prior information on y2 that is received from the channel. 

Figure 6.7. EXIT chart for a 2D  parallel concatenated SPC(8,7) code. 
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However, 1
1C−  is no longer connected to the channel, but only to the output of 1

2C−  and thus 

 
1 2( ) ( ).A y E xI I=  (6.60) 

Further  

 
2 1( ) ( ) ,A x E yI I=  (6.61) 

and 

 
1( ) 0,A xI =  (6.62) 

since that input is not connected. Finally we get 

 ( )
1 1 2( ) ( )0, ,E y y E xI f I=  (6.63) 
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Figure 6.8. BER for a 2D PCSPC(8,7) code obtained from simulations and EXIT charts. 
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Here the EXIT functions in (6.63) and (6.64) are the ones showed in Figure 6.5 since the 
model of Figure 2.7 is used. Note that 2( )E xI  depends both on 1( )yEI  and on 0/bE N , 
whereas 1( )yEI  is independent of 0/bE N . The EXIT chart for the 2D serially concatenated 
SPC(8,7) code is plotted in Figure 6.9 for a range of 0/bE N  values. Since 1( )yEI  is 
independent of 0/bE N , it has only one curve in Figure 6.9.  

Returning to the system model and the notation of Figure 2.6 for a 2D SCSPC code, the 
decision statistics for D(x) is  

 ( )01
0 1 1 2( ) ( ) ( ) ( ) ,D C E E−= + + Π xx x x x  (6.65) 

and hence the BER can be calculated as 

Figure 6.9. EXIT chart for a 2D serially concatenated SPC(8,7) code. 
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 (6.66) 

Note that 0
22 ( )( ) EEI I=x xx  since 2( )EI x  denotes the average MI on the vector x2 and hence all 

parts of the vector will have the same average. In the serial case the average MI of the 
extrinsics needed to calculate the BER are not the ones that are plotted in the EXIT chart in 
Figure 6.9. 

In Figure 6.10 we have plotted the BER curve obtained from the EXIT chart of a 2D 
serially concatenated SPC(8,7) code and compared it to simulations of the same code using 
two different sizes of the interleaver. As can be seen in Figure 6.10 the BER from EXIT 
charts are quite accurate also in this example, especially when the interleaver is sufficiently 
large.  

Even for a relatively high BER the average MI on the decision statistics is close to one. 
Hence, it can be numerically challenging to get accurate estimates of very low BERs. This 

Figure 6.10. BER for 2D SCSPC(8,7) code obtained from simulations and EXIT charts. 
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can be observed in Figure 6.11 where we have plotted the corresponding decisions statistics 
for the BER curves obtained in Figure 6.8 and Figure 6.10.  

6.3.2.1 EXIT charts for multidimensional concatenated codes 

For multidimensional concatenated codes of arbitrary dimensions, i.e., codes constructed by 
a concatenation of two or more codes, the above equations can be generalized. In the 
parallel case, the average MI on the prior information on yl that is received from the 
channel is still 
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for each decoder, where U is the number of dimensions. However, as prior information on x 
we have both the information received from the channel plus the extrinsic information 
received from all the other component decoders. Thus 

Figure 6.11. Average MI for the decision statistics D(x) after convergence as a function of 
Eb/N0 for a 2D PCSPC and a 2D SCSPC code. 
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which in turn yields 
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for 1,2,...,l U= . For 2D codes it was possible to plot the decoder transfer characteristics in 
a two-dimensional EXIT chart to visualize the decoding trajectory, but for 
multidimensional codes this visualization is more difficult. Therefore a technique presented 
in [99, 104] that projects the multidimensional EXIT chart onto a 2D EXIT chart will be 
described here. 

First we assume that all EXIT functions are monotonically non-decreasing – an 
assumption which seems reasonable for any useful code and that also can be confirmed by 
visual inspection of the example codes used in this thesis. This assumption implies that the 
extrinsic MI for each component code will converge regardless of which order the 
component decoders are activated, as long as sufficient activations are allowed [99, 104].   

Next, we need to decide onto which two dimensions we want to make the projection. 
Since the parallel concatenated SPC(8,7) is symmetric in all dimensions, we simply select 
the first two dimensions. The projection can now be done by first setting the extrinsic MI 
for all component codes equal to zero. Then for each value ( )10 1E xI≤ ≤  we activate all the 
other decoders 2,3,...,l U=  using (6.69) until the decision statistics has converged. Then 
we again reset all the extrinsic MI and do the same thing for each value ( )20 1E xI≤ ≤  where 
all the other decoders 1,3,...,l U=  are activated until the decision statistics has converged. 
A detailed algorithm for EXIT chart projections can be found in [30]. 

In Figure 6.12 the EXIT chart for a 3D parallel concatenated SPC(8,7) code is shown. 
A staircase shaped trajectory bounded by the decoder transfer characteristic can still be 
drawn into the projected EXIT chart, but the number of activations can no longer be 
visualized this way. This is due to the fact that a vertical step now represents an arbitrary 
number of activations of decoders 1

1C−  and 1
3C− , until the decision statistics has converged. 

Similarly, a horizontal step represents an arbitrary number of activations of decoders 1
2C−  

and 1
3C− , until the decision statistics has converged. 

In Figure 6.13 and Figure 6.14 we have plotted the EXIT chart for the 4D and 5D 
parallel concatenated SPC(8,7) codes, for a range of 0/bE N  values. As can be seen there 
are no tunnels opening up and hence the only way to converge to a low BER, i.e., to reach 
the upper right corner, is to increase the SNR. 
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Figure 6.12. EXIT chart for a 3D parallel concatenated SPC(8,7) code. 

Figure 6.13. EXIT chart for a 4D parallel concatenated SPC(8,7) code. 
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The BER can still be found using the projected EXIT chart, but now 
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In Figure 6.15 the BER for parallel concatenated SPC(8,7) codes with 2-5D are shown, as 
attained both from simulations using large interleavers as described in Chapter 4, and from 
EXIT charts. As can be seen the EXIT chart is very accurate in this case when the 
interleavers are sufficiently large and there are no waterfalls. 

Figure 6.14. EXIT chart for 5D parallel concatenated SPC(8,7) code. 
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When constructing the EXIT charts for multidimensional serial concatenated codes we 
again return to the notation of the encoder depicted in Figure 2.7 in the system model. We 
choose the two outermost codes with 1( )yEI  and 2( )E xI  as the two dimensions onto which we 
want to make the projection. The expressions below are derived for a 3D serial 
concatenated code assuming that 1

3C−  are closest to the channel. It is, however, 
straightforward, to extend to 3U > . Consequently,  
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and 

 
3 2( ) ( )A x E yI I=  (6.72) 

are the average MIs for the priors of 1
3C− . For 1

2C−  we have  

Figure 6.15. BER obtained from simulations (solid lines) and EXIT chart (dash-dotted 
lines) for 2D, 3D, 4D and 5D PCSPC(8,7) codes. 
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2 3( ) ( ) ,A y E xI I=  (6.73) 

 
2 1( ) ( ) ,A x E yI I=  (6.74) 

and finally for 1
1C−  we have 

 
1 2( ) ( ) ,A y E xI I=  (6.75)  

 
1( ) 0.A xI =  (6.76) 

This yields the average MI on the extrinsic outputs as 

 ( )
1 1 2( ) ( )0, ,E y y E xI f I=  (6.77) 

 ( )2 2 1 3( ) ( ) ( ), ,E x x E y E xI f I I=  (6.78) 
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 ( )2 2 1 3( ) ( ) ( ), .E y y E y E xI f I I=  (6.80) 

Finally 1( )yEI  and 2( )E xI  are plotted in the EXIT chart after convergence have been 
reached.  

In Figure 6.16 the EXIT chart is plotted for a 3D serially concatenated SPC(8,7) code. 
We can see that for 2 dB there is a tunnel opening almost all the way up to the upper right 
corner. In Figure 6.17 the EXIT chart for a 4D serially concatenated SPC(8,7) code are 
given. For 1.5 dB there is already a quite big tunnel. Finally in Figure 6.18 the EXIT chart 
for the 5D serially concatenated SPC(8,7) code is depicted. The 1 dB curve in Figure 6.18 
can exemplify the pinch-off region since there is no tunnel and the decoder transfer 
characteristics intersect at a low average MI resulting in a high BER. The second scenario 
represented by the 1.2 dB curve in Figure 6.18, is when a small tunnel is just opening up so 
that convergence to a low BER is slow but possible. Finally the third case exemplified by 
the curve marked 1.5 dB is where a big tunnel is open, yielding fast convergence to a low 
BER.  
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Figure 6.16. EXIT chart for 3D serially concatenated SPC(8,7) code. 

Figure 6.17. EXIT chart for 4D serially concatenated SPC(8,7) code. 
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We can also see that the BER curves confirm this. The BER for a 3D serially 

concatenated code can be expressed as 
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In Figure 6.19 the BER for serially concatenated SPC(8,7) codes with 2-5D are shown, as 
attained both from simulations using large interleavers as described in Chapter 4, and from 
EXIT charts. As can be seen the EXIT chart is less accurate in this case when we have 
waterfall regions for the case of 3D-5D. We can however confirm that for 1 dB the 5D 
curve is above the waterfall region and at 1.2 dB we are in the waterfall region. The BER 
floor region for serially concatenated codes is generally more difficult to reach by 
simulations, since it is often fairly low. 

Figure 6.18. EXIT chart for 5D serially concatenated SPC(8,7) code. 
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6.3.3 Puncturing 

Thus far we have assumed unpunctured codes. However, most of the codes used in this 
thesis will be punctured to allow for incremental redundancy through rate compatible 
codes. For punctured concatenated codes, some generalizations to the above equations are 
needed. Starting with parallel concatenated codes the average MI of the prior information 
on yl that is received from the channel for each decoder is now 
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where 0 1lδ≤ ≤  is the fraction of bits from yl that are transmitted. Note that when no coded 
bits are punctured 1lδ = , which has been the case in previous sections. Also note that the 
rate of the code changes when it is punctured, hence the prime introduced on DUCr ′� . As prior 
information on x we still have both the information that is received from the channel and 
the extrinsic information received from all the other component decoders. Thus 

Figure 6.19. BER obtained from simulations (solid lines) and EXIT chart (dash-dotted 
lines) for 2D, 3D, 4D and 5D SCSPC(8,7) codes. 
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since puncturing is only made on the prior information received from the channel. Note that 
since we have puncturing, we can no longer use the variance on 0 0( ) ( )C x A xσ σ=  directly so we 
need to keep the J-functions according to (6.83). Finally, we get [30] 
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Since the rate of the code changes when the code is punctured, it is convenient to express 
the code rate, DUCr ′� , as a function of lδ  and the rates of the component codes as 
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where lCr  is the code rate of the individual component codes used. Note that 
0Cr  denotes the 

rate of the systematic bits x0 and is thus always equal to one. Similarly, 0δ  denotes the 
fraction of the systematic bits that are unpunctured. The BER is now given by 
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With the above expressions we can construct EXIT charts for punctured multi-dimensional 
parallel concatenated codes. Further, for a given code rate, we can make a search to find the 
optimal values of [ ]0 1, , , Uδ δ δ∆ = �  that yields the best possible decoder transfer 
characteristics so that fast convergence to a low BER takes place at the lowest possible 
value of 0/bE N  [30]. To do this we first need to determine what we mean by low BER, 
i.e., we need to establish a target BER. Having done this we can determine at what 0/bE N  
the search should start. In order to maintain a notation similar to [30] we define 
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We know that for an AWGN channel we have ( )/bP Q µ σ=  and for uncoded BPSK we 
have ( ) ( )2 2s bbP Q Qγ γ= = . Since a coded system is better than uncoded BPSK for 
most values of bγ , we can use this as a reference. Hence, we start the search at 
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Q P
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=  (6.89) 

where *
bP  is the selected target bit error rate5. The algorithm searching for optimal 

puncturing ratios then goes through each value of [ ]0 1, , , Uδ δ δ∆ = �  that yields the required 
code rate according to (6.85). Starting with the first valid ∆ , we update the extrinsic MI for 
all the component decoders until the decision statistics has converged. If the converged 
decision statistics yields a BER that is lower or equal to *

bP , the corresponding ∆  vector 
and the current value of bγ  are saved. In addition, we lower bγ  by a small number, 0,γε >  
and check to see if the chosen ∆  vector still results in a decision statistics corresponding to 

*
b bP P≤ . If so, bγ  is lowered again. If, on the other hand, the resulting BER is not lower 

than *
bP , the next valid ∆  vector is tried. In short, we first pick a valid ∆  vector and find 

the lowest value of bγ  resulting in a *
b bP P≤ . Then, we try the next valid ∆  vector to see if 

this will result in an even lower value on bγ . Hence [30] 
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A detailed algorithm for this procedure can be found in [30].  
For a 2D PCSPC(8,7) code, the bγ  needed for convergence to *

bP , when the optimal 
values of ∆  are used, is plotted as a function of the code rate in Figure 6.20. Curves 
corresponding to four different values of *

bP  are plotted together with the C* that can be 
used as a reference. Note that it is possible to achieve rates above capacity if the target BER 
is sufficiently high, since C* assumes an arbitrary low BER.  

Since the lowest possible code rate for a 2D PCSPC(8,7) is 7/9, the curves stop here. 
There is a knee on all the curves with a low target BER, which is due to a dimension 
crossing at code rate 7/8. These curves also show similar behaviors within each dimension, 
i.e., the curves have similar shape both below and above the knee. Also, it can be noted that 
the bγ  required for convergence is actually decreasing when going from a code rate of 0.98 
to one for curves with a low target BER. The reason for this is the same as in the 
simulations, i.e., not much is gained from transmitting only a few parity bits in a new 

                                                 
5 Note the target error rate selected when obtaining puncturing ratios, *

bP , is not the same as Pt. which is 
the target error rate for the IR-HARQ system. 
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dimension and in fact we may loose more in bit energy than we gain by the reduced code 
rate. 

The optimal values of ∆  for different code rates are plotted in Figure 6.21 for 
* 510bP −= . As can be seen, it is preferable to puncture some systematic bits for low code 

rates. However, for a code rate higher that 0.83 dimension-wise puncturing of parity bits is 
best. We can also see from Figure 6.21 that, apart from the puncturing of information bits 
for low code rates, the optimal puncturing ratios are rate compatible, since the curves are all 
decreasing. 

 

Figure 6.20. The bγ -values required for convergence to *
bP  as a function of the code rate, 

rC, for a 2D PCSPC(8,7)code that uses optimal values of ∆ . As a reference C* is also 
plotted.  
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In Figure 6.22 the bγ  is again plotted as a function of the code rate, but for both a 2D 

and a 3D parallel concatenated SPC(8,7) code. The curves for the 3D codes go all the way 
down to rate 7/10, whereas the 2D codes stop at 7/9. The performance for a 3D code is 
much better than, and at worst equally good as a 2D code. Only when we have code rates 
close to one, is the performance of the 2D and 3D codes equal. It is also at these code rates 
that no systematic bits are punctured. Hence, whenever the code rate allows sufficient 
parity bits to be included, so that systematic bits can be punctured, this improves 
performance. 

 

Figure 6.21. Optimal puncturing ratios for the 2D PCSCP(8,7) code when the target BER 
is 10-5. 
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In Figure 6.23 the optimal values of ∆  for different code rates are plotted for 
* 210bP −= . Clearly, it is preferable to puncture systematic bits for low code rates. As soon 

as all the systematic bits are restored for higher code rates, dimension-wise puncturing of 
parity bits is best. The optimal puncturing ratios are not rate compatible, since the curves 
are increasing when going from a lower to a higher code rate. This can be seen even more 
clearly in Figure 6.24 where the optimal values of ∆  for different code rate are plotted, but 
now for * 510bP −= . In this case, even more systematic bits are punctured. Note that when 

* 510bP −=  we are generally operating at a higher bγ . 
Recall that for SPC codes, when two bits pertaining to the same component codeword 

are punctured, this leads to the local invertibility being lost. Depending on the interleavers, 
the invertibility may or may not be restored by the component codes in the remaining 
dimensions. Since EXIT charts assume infinite interleavers, the probability of pairing up 
punctured bits in the same component code is relatively small, since the frame length of the 
component codes is small compared to the interleaver size. At a low code rate, most of the 
parity bits are included, resulting in sufficient parity bits so that each component frame of 
length seven has three parity bits with a high probability. This allows for puncturing as 
many as three bits from a component codeword without loosing the invertibility. Together  

Figure 6.22. The bγ -values required for convergence to *
bP  as a function of the code rate 

rC for a 2D (solid lines) and a 3D (dotted lines) PCSPC(8,7) code that uses optimal values 
of ∆ . C*  is plotted as a reference. 
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with the assumption of infinite interleaves, this explains why EXIT chart analysis suggests 
puncturing of systematic bits for low code rates. 

Consequently, with knowledge of the particular random interleavers used, the 
puncturing pattern can be adapted so that the local invertibility is guaranteed. In this case, 
systematic bits should be punctured to increase the performance. However, if we want to 
guarantee the local invertibility regardless of which interleavers are used, puncturing of 
systematic bits should be avoided. Hence, we consider three different scenarios when 
searching for optimal puncturing ratios: 

1. Optimal search with no constraints on ∆ . This is what is done in (6.90) and reported 
in Figure 6.22. 

2. Optimal search with the constraint that 0 1δ = , i.e., no systematic bits are punctured. 
3. Optimal search for rate compatible puncturing ratios, i.e., when going from a low 

code rate to a higher code rate, the values in ∆  are not allowed to increase. 

Finally, we would like to see how dimension-wise puncturing compares to the optimal 
puncturing ratios. 

Figure 6.23. Optimal puncturing ratios for the 3D PCSCP(8,7) code when the target BER 
is 10-2. 
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In Figure 6.25 the optimal search of scenario 1 and 2 are reported. We can see that 

when systematic bits are not allowed to be punctured, as in scenario 2, the performance of a 
3D PCSPC(8,7) code is compatible to that of the 2D PCSPC(8,7), except for low code 
rates, where the 2D code, using scenario 1, punctures some systematic bits. The optimal 
values on ∆  when scenario 2 is considered are basically the same as dimension-wise 
puncturing. When plotting the performance of dimension-wise puncturing in Figure 6.25 it 
is indistinguishable from scenario 2. The reason for getting -valuesδ  closely, but not 
exactly corresponding to dimension-wise puncturing, when considering scenario 2, is most 
likely due to the fact that several puncturing patterns may result in similar performance. 
However, since the performance of dimension-wise puncturing is the same as that of 
scenario 2, we can conclude that dimension-wise puncturing is optimal under the constraint 
that 0 1δ = . 

When searching for rate compatible puncturing ratios, we start from the lowest possible 
code rate and start puncturing, i.e., start decreasing the -valuesδ , making sure that none of 
them are allowed to be increased once decreased. This rate compatible search results in 
puncturing ratios with a performance that follows the optimal curves from scenario one and 
hence punctures more and more information bits as the code rate increases. However, when 

Figure 6.24. Optimal puncturing ratios for the 3D PCSCP(8,7) code when the target BER 
is 10-5. 
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reaching a high enough code rate it is no longer possible to find a ∆  for which *
b bP P≤ . 

This typically occurs when the code rate is at levels where the optimal scenario changes 
from e.g., 0 0.66δ =  to 0 1δ =  for * 510bP −=  as can be seen in Figure 6.24 at a code rate of 
around 0.96.  

It may be argued that for an IR-HARQ scheme, we would prefer to optimize the 
performance at high code rates since that may increase the average code rate of the IR-ARQ 
scheme. Hence, the search could alternatively start at the highest possible code rate. 
However, the best puncturing pattern for a 3D PCSCP(8,7) code of rate one is to only 
transmit the systematic bits, i.e, [1,0,0,0]∆ = . Consequently, this search results in 
dimension-wise puncturing. The only way to get a different puncturing pattern is if the 
search starts at a code rate lower than one, implying that a longer packet is sent in the initial 
transmission. That does, however, require knowledge about the IR packet lengths. 
Consequently, we may conclude that dimension-wise puncturing is a good rate compatible 
puncturing pattern for the 3D PCSPC(8,7) code. Recall that, due to the very simple 
structure of SPC codes, it is irrelevant which particular parity bit from a certain dimension 
that is punctured. Hence, the obtained puncturing ratios translated directly to puncturing 
patterns for SPC codes. 

Figure 6.25. The bγ -values required for convergence to *
bP  as a function of the code rate 

rC for a 2D (solid lines) and a 3D PCSPC(8,7) code that uses optimal values of ∆  (dotted 
lines) and optimal values of ∆ with the constraint that 0 1δ =  (dash-dotted lines). 
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When considering punctured serially concatenated codes we keep the encoder depicted 
in Figure 2.6 in the system model, since that enables individual puncturing of each of the 
outputs x and yl for 1,2,...,l U= . When constructing EXIT charts it was easier to look at 
the equivalent system model in Figure 2.7, but here we are interested in the behavior after 
convergence when individual puncturing is applied. The expressions below are derived for 
a 3D serial concatenated code assuming that 1

3C−  is closest to the channel. However, 
extending to 3U >  is straightforward. For notation simplicity, we make the following 
definition 

 ( ) ( ) ( )( ) ( )( )( )1 2 1 2

2 21 1 .E x E x E x E xI I J J I J I− −⊕ +�  (6.92) 

Recall from (2.18) that 1( )A x  receives input from the channel and from the two other 
component codes. Further, 0δ  is the fraction of elements in 1( )A x  that has information 
from 0( )C x , 2( )E x  and 3( )E x . Thus, 0(1 )δ−  is the fraction on elements in 1( )A x  that has 
information only from 2( )E x  and 3( )E x . Consequently, using (6.42) to calculate the 
average MI yields 

 ( ) ( ) ( )1 0 2 3 2 3( ) 0 ( ) ( ) ( ) 0 ( ) ( )1 ,A x C x E x E x E x E xI I I I I Iδ δ⊕ ⊕ ⊕= + −  (6.93) 

and similarly from (2.19) 

 ( ) ( ) ( )1 1 2 3 2 3( ) 1 ( ) ( ) ( ) 1 ( ) ( )1 .A y C y E x E x E x E xI I I I I Iδ δ⊕ ⊕ ⊕= + −  (6.94) 

Recall that ( )12 0 1[ , ]= Πx x y  which means that 7/8 of the elements in 2( )A x  comes from 
the systematic bits, x0, and 1/8 of the elements come from parity bits, yl, since the SPC(8,7) 
component code is used. Further,  0δ  of the elements coming from the systematic bits has 
information from 0( )C x , 1( )E x  and 3( )E x , whereas 0(1 )δ−  of the elements has 
information only from 1( )E x  and 3( )E x . The same reasoning can be made for the 1/8 of 
the elements coming from parity bits, but here with 1δ  instead. Using (2.20) we have 

 
( ) ( ) ( )

( ) ( ) ( )

2 0 1 3 1 3

1 1 3 1 3

( ) 0 ( ) ( ) ( ) 0 ( ) ( )

1 ( ) ( ) ( ) 1 ( ) ( )

7 7
1

8 8
1 1

1 ,
8 8

A x C x E x E x E x E x

C y E y E x E y E x

I I I I I I

I I I I I

δ δ

δ δ

⊕ ⊕ ⊕

⊕ ⊕ ⊕

= ⋅ + − +

+ + −
 (6.95) 

and similarly from (2.21) 

 ( ) ( )
2 2 3 3( ) 2 ( ) ( ) 2 ( )1 .A y C y E x E xI I I Iδ δ⊕= + −  (6.96) 

The reason for adding the MIs this way is that we have multiplexers in the serial case and 
hence we are trying to merge two vectors, or rather the MIs of two vectors. Finally, for 1

3C−  
we have ( )3 2 0 1 2[ , , ]= Πx x y y  and using (2.22) together with the above reasoning yields  
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( ) ( ) ( )

( ) ( ) ( )

( ) ( )

3 0 1 2 1 2

1 1 2 1 2

2 2 2

( ) 0 ( ) ( ) ( ) 0 ( ) ( )

1 ( ) ( ) ( ) 1 ( ) ( )

2 ( ) ( ) 2 ( )

7 7 7 7
1

8 8 8 8
7 1 7 1

1
8 8 8 8
1 1

1 .
8 8

A x C x E x E x E x E x

C y E y E x E y E x

C y E y E x

I I I I I I

I I I I I

I I I

δ δ

δ δ

δ δ

⊕ ⊕ ⊕

⊕ ⊕ ⊕

⊕

= ⋅ + − ⋅ +

+ ⋅ + − ⋅ +

+ + −

 (6.97) 

and similarly from (2.23) 

 
3 3( ) 3 ( ).A y C yI Iδ=  (6.98) 

Note that 

 3D

0 1 2 3( ) ( ) ( ) ( )
0

8
.

bC
C x C y C y C y

r E
I I I I J

N

⊥� �′
� 	= = = = � 	

 �

 (6.99) 

It can be shown that DUCr ⊥′  can be calculated using (6.85) with 
0

1Cr =  and 
( / )l i i i

l
C C C Cr n k n=  when the same component code Ci with parameters ( ),i iC Ck n  is used in 

all dimensions 1,2,...,l U= .  
For a 2D SCSPC(8,7) code, the bγ  needed for convergence to *

bP , when the optimal 
values of ∆  are used, is plotted as a function of the code rate in Figure 6.26. Since the 
lowest possible code rate for a 2D SCSPC(8,7) is (7/8)2, the curves stop here. Also in the 
serial case we observe a knee on all the curves with a low target BER, which is due to a 
dimension crossing at rate 7/8. The knee for the serial case is however, a bit softer than in 
the parallel case.  
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The optimal values of ∆  for different code rate are plotted in Figure 6.27 for 
* 510bP −= . As can be seen, it is preferable to puncture some systematic bits for medium 

code rates. Also note that the different dimensions in a serially concatenated system are not 
identical, since each dimension adds more redundancy than the previous. The systematic 
part is represented by 0δ , the outermost code, C1 is represented by 1δ  and finally the 
innermost code C2 is represented by 2δ . Hence, we can determine from Figure 6.27 that 
puncturing should start with the parity bits in the first dimension, corresponding to the 
outermost code. 

 

Figure 6.26. The bγ -values required for convergence to *
bP  as a function of the code rate, 

rC for a 2D SCSPC(8,7) code that uses optimal values of ∆ . As a reference C* is also 
plotted. 

2 3 4 5 6 7 8 9 10
0.75

0.8

0.85

0.9

0.95

1

γ
b

co
de

 r
at

e,
 r

C

C*
P

b
*=10−2

P
b
*=10−3

P
b
*=10−4

P
b
*=10−5



 121 

 
In Figure 6.28 the bγ  is again plotted as a function of the code rate, but for both a 2D 

and a 3D serially concatenated SPC(8,7) code. The curves for the 3D codes go all the way 
down to rate (7/8)3, whereas the 2D codes stop at (7/8)2. The performance for a 3D code is 
again much better than, and at worst equally good as a 2D code. Only when we have code 
rates close to one, is the performance of the 2D and 3D codes equal. Also note that 
puncturing decreases the bγ  required for convergence for low code rates. Punctured serially 
concatenated SPC codes generally perform better than punctured parallel concatenated SPC 
codes when optimal values of ∆  are used.  

 

Figure 6.27. Optimal puncturing ratios for the 2D SCSCP(8,7) code when the target BER 
is 10-5. 
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In Figure 6.29 the optimal values of ∆  for different code rates are plotted for 
* 210bP −= . It is still preferable to puncture systematic bits for low to medium code rates, but 

more importantly, the innermost code should be punctured last. As soon as all the 
systematic bits are restored for higher code rates, dimension-wise puncturing of parity bits 
starting with the outermost code is best.  

Figure 6.28. The bγ -values required for convergence to *
bP   as a function of the code rate 

rC for a 2D (solid lines) and a 3D (dashed lines) SCSPC(8,7) code that uses optimal values 
of ∆ . C*  is plotted as a reference. 
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In Figure 6.30 the optimal values of ∆  for different code rates are plotted, but now for 
* 510bP −= . In this case, even more systematic bits are punctured. Recall that puncturing of 

systematic bits should be avoided if we want to guarantee the local invertibility regardless 
of which interleavers are used. Hence, we consider the scenario when searching for optimal 
puncturing ratios while not allowing systematic bits to be punctured. The result is reported 
in Figure 6.31. As can be seen the optimal puncturing ratio with no constraints performs 
much better than the puncturing ratio not allowing systematic bits to be punctured. The 
performance of a 2D SCSPC code using optimal puncturing ratios is also plotted as a 
reference. For medium code rates, when the 2D code punctures systematic bits, it is 
superior to the corresponding 3D code. For high and low code rates, however, the 3D 
scheme is superior. The optimal puncturing ratios, under the constraint that 0 1δ = , are 
found to be dimension-wise puncturing starting from the outermost code.  

Figure 6.29 Optimal puncturing ratios for the 3D SCSCP(8,7) code when the target BER is 
10-2. 
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Rate compatible puncturing implies that going from a low code rate to a higher code 
rate, the -values∆  are not allowed to increase. Dimension-wise puncturing starting from the 
outermost code, which we term backwards dimension-wise puncturing, implies that the 

-values∆  are as reported in Figure 6.32. This, in turn implies that a scheme using this 
pattern starts transmitting parity bits from the innermost code until all its parity bits have 
been sent.  Thereafter, transmission continues with the intermediate code, closest to the 
innermost code. 
 Backwards dimension-wise puncturing was found to be optimal for serially 
concatenated SPC codes under the constraint that 0 1δ = . This seems reasonable since the 
inner codes contain enough information to activate the outermost decoder regardless of if 
its parity bits are punctured or not. This implies, however, that the decoding complexity is 
not reduced for this puncturing pattern since all decoders have to be activated as soon as 
parity bits pertaining to the innermost decoder arrive. For parallel concatenated SPC codes, 
dimension-wise puncturing reduces the decoding complexity since only the component 
decoders that it has received parity bits for so far needs to activated. Hence, even if the 
mother code is based on three component codes concatenated in parallel, only one or two 
component decoders may need to be activated for the first few transmissions. 

A puncturing pattern that does reduce complexity for serial codes is dimension-wise 

Figure 6.30. Optimal puncturing ratios for the 3D SCSCP(8,7) code when the target BER 
is 10-5. 
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puncturing starting with the innermost code, as depicted in Figure 6.33. Therefore, it is 
interesting to compare the performance between the two alternative rate compatible 
puncturing strategies for serially concatenated SPC codes. In Figure 6.34, bγ  is plotted as a 
function of the code rate, for a 3D SCSPC(8,7) code using both dimension-wise puncturing 
and backwards dimension-wise puncturing. Dimension-wise puncturing for a 3D 
PCSPC(8,7) code is also plotted as a reference. For high code rates the serial and the 
parallel code using dimension-wise puncturing are the same since the outermost code is 
identical. For lower code rates the serial code is superior. Best performance does, however, 
the serial system using backwards dimension-wise puncturing provide. However, this is 
performance in terms of bγ  required for convergence to a target BER. Performance in terms 
of decoding complexity is quite poor for backwards dimension-wise puncturing since all 
component decoders has to be activated as soon as the first transmission arrives. 
Consequently, the puncturing pattern should be chosen according to the specific application 
requirements. 
 

 

Figure 6.31. The bγ -values required for convergence to *
bP  as a function of the code rate 

rC for a 2D (solid line) and a 3D SCSPC(8,7) code that uses optimal values of ∆  (dashed 
line) and optimal values of ∆ with the constraint that 0 1δ =  (dash-dotted line). 
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Figure 6.32. Backwards dimension-wise puncturing. 

Figure 6.33. Dimension-wise puncturing. 
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The same problem that occurred when searching for good rate compatible puncturing 

patterns using bounds also occurs when searching for good rate compatible puncturing 
ratios using EXIT charts. The chosen values of the code rates, i.e. the particular rate 
compatible code family chosen, are very important. If we choose a different set of code 
rates in the EXIT chart search that may result in different rate compatible puncturing ratios. 
For example if 1Cr =  is not included in the search, and we instead want to optimize the rate 
compatible puncturing ratios when the first packet contains 49 parity bits, this correspond 
to  0.875Cr = . According to e.g., Figure 6.30 the -values∆  for 0.67 0.875Cr≤ ≤  are rate 
compatible since they are all decreasing. Hence, rate compatible puncturing ratios including 
punctured systematic bits would now instead be obtained. Therefore dimension-wise 
puncturing is only guaranteed to be the best for the rate compatible code family including 
all possible rates. 

However, when optimal packet lengths are obtained for a particular rate compatible 
code family, given a specific puncturing pattern, the EXIT chart search may be used to 
examine if there is a better rate compatible puncturing pattern for this particular set of code 
rates.

Figure 6.34. The bγ -values required for convergence to * 510bP −=  as a function of the code 
rate rC for 3D serial codes that uses dimension-wise and backwards dimension-wise 

puncturing. The corresponding 3D parallel code using dimension-wise puncturing is also 
plotted as a reference. 
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Chapter 7  

Performance Results  

The bounds on FER, using dimension-wise puncturing patterns obtained in Chapter 5, are 
used to optimize the packet lengths in an IR-HARQ scheme to maximize the average code 
rate. Performance results are presented for both parallel and serially concatenated SPC 
codes. It is concluded that the more retransmissions allowed, the higher average code rate 
can be obtained. Hence, transmitting one code bit at a time yields an achievable upper 
bound on the average code rate. This way each information frame is accepted following the 
transmission of a minimum number of parity bits. The analytical results are also compared 
to Monte-Carlo simulations using the optimal packet lengths and low complexity 
puncturing patterns. The average code rate obtained in the simulations corresponds well 
with the average code rate obtained analytically.  

The dimension-wise puncturing is chosen for these examples and for serially 
concatenated codes the puncturing starts with the innermost code. These puncturing 
patterns have been shown in previous chapters to be good rate compatible puncturing 
patterns, but mainly they have the benefit of reducing the decoder complexity since only 
those constituent decoders for which parity bits have been received needs to be activated. 

7.1 Parallel Concatenated Scheme 

We first consider the 3D PCSPC (8,7) example code with 37k =  as the mother code. 
Assume that this mother will provide the required FER at an acceptable SNR. The lowest 
possible code rate a scheme based on this mother code can have is then 3D / 0.7Cr k n= =�  
and 49 49 49 147n k− = + + = . For simplicity, and in order to get a lower bound on the 
achievable performance, we assume PED. Hence, ( )ARQ iP n  is equal to the FER after 
transmission i. Since we have PED, the FER in accepted frames is zero and the number of 
rejected frames following the last allowed transmission determines the total FER of the IR-
HARQ scheme. Dimension-wise puncturing is applied and bounds on FER from Chapter 5 
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are obtained for every possible code rate from 0.7 up to one as shown in Figure 7.1. 
Essentially, all the curves in Figure 7.1 are grouped in three groups. In the upper group, 

ending with the curve marked ‘48 parity bits’ , all curves have 1mind =  since they still 
contain some “uncoded” component codewords. As soon as all the parity bits from the first 
dimension are included, 2mind =  and we see that as the second group beginning with the 
grey curve marked ‘49 parity bits’ . Up to 7 dB the grey curve marked ’49 parity bits’  has 
the worst performance in the second group (i.e., among the curves that include bits from the 
second dimension), but at e.g., 12 dB some of the curves in the second group are worse. 
This is because dmin is the dominating factor for high SNR and since all the curves in the 
second group have 2mind =  the ‘49 parity bits’ -curve is no longer the worst since it uses the 
least amount of redundancy. The redundancy introduced by the other curves in the second 
group is not used to increase dmin, but it does reduce the multiplicity of codewords at dmin 
and consequently they are better at low SNR. 

Based on these bounds we can plot the FER as a function of the packet length for a 
fixed 0/bE N  according to Figure 7.2. Note that these results only apply to the specific 
puncturing pattern chosen. A different puncturing scheme would result in a different set of 
bounds in Figure 7.1. However, given this particular puncturing pattern, Figure 7.2 shows 
the FER as a function of the number of parity bits for different 0/bE N . Note that since we 

Figure 7.1. FER versus Eb/N0 obtained using bounds for different packet lengths of a 3D 
PCSPC(8,7) mother code. Dimension-wise puncturing is used. 
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use PED ( )ARQ iP n  corresponds to the FER.  
Variations in code strength are observed as the number of parity bits increases in each 

dimension. At the boundaries between dimensions we observe significant differences in the 
rate of improvement. This corresponds to the three groups in Figure 7.1. Depending on 
which parity bits are transmitted, the FER is affected in different ways. For example, the 
first few bits from a new dimension in our concatenated SPC code have less impact than the 
last few from the same dimension. This is true for every dimension. The values 49 and 98 
marked with dotted lines in Figure 7.2 represent all the bits from the first and second 
dimension respectively. Looking at the FER versus packet lengths at e.g., 7dB and 11 dB, 
they do not have the same characteristics. At 7 dB it is always better to include more 
redundancy, whereas at 11 dB, that may not be the case. Looking closely at the curve for 11 
dB, we can see that the FER is actually increasing when more parity bits are included in the 
beginning of the new dimension, before it starts to reduce again towards the end of the 
dimension. This is in accordance with the bounds in Figure 7.1. 

Now we want to solve the maximization problem in (3.10), with constraints on ci and 
cM given in (3.9). For 2M =  this is a one-dimensional optimization problem. An 
exhaustive search yields the optimal value for c1, which at 0/ 5bE N =  dB is 94 parity bits 
resulting in 2 0.7731M

Cr
= = . This implies that c1 should contain all of the 49 parity bits from  

Figure 7.2. FER for 3D PCSPC(8,7) for different Eb/N0 as a function of the number of 
parity bits used in the decoding process. 
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the first dimension and any 45 parity bits of the 49 available in the second dimension. In 
Figure 7.3 the optimal values of c1 are shown for 0/ 5bE N = , 6, 7 and 11 dB. 

For 3M =  the optimization problem is two-dimensional, since the average code rate is 
a function of c1 and c2 as shown in Figure 7.4 for 0/ 5bE N = dB. Note that the function is 
only defined in the area where 1 2 147c c+ ≤ , i.e., smaller or equal to the maximum number 
of parity bits, n k− . Also it is interesting to see that the first portion of the function is flat, 
which is likely to be due to the fact that the FER is equal to 1 for many packet lengths at 5 
dB. 

Figure 7.3 Average code rate versus the number of parity bits in c1 for M = 2 at 

0/bE N = 5, 6, 7 and 11 dB. 
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For 1,2,3,4M =  the optimization may be accomplished by an exhaustive search. 
However, when 4M >  an exhaustive search is too complex and hence the Nelder-Mead 
simplex search method, [105] is used for solving the optimization problem. 

Figure 7.5 shows the maximum average code rate as a function of 0/bE N  for IR-
HARQ schemes with 1,2,3,4,5,6,7,148M = . The maximum average code rate is obtained 
by solving the maximization problem in (3.10), with constraints on ci and cM given in (3.9) 
for case 1. Case 1 represent that we always send all the available parity bits in the end if 
necessary, and hence the last transmission will always contain the remaining party bits of 
the mother code. 148M =  is obtained by setting 1 0c =  and 1ic =  for 2,3,..., 1i n k= − + . 

A non-ARQ system using the full-rate mother code is also shown as a reference in 
Figure 7.5. Note that the non-ARQ scheme has the same performance as an IR-HARQ 
scheme with 1M =  when case 1 is considered. We see that the maximum average code rate 
increases with M. If 1 148M n k= − + = , we get 148 0.7992M

Cr
= =  for 0/ 5bE N =  dB. We 

conclude that allowing a large number of IR transmissions leads to a finer resolution of 
code rates, facilitating the task of only transmitting the required amount of redundancy. 
Hence the optimal choice of M is to set it to the maximum value allowed. The 
corresponding average code rate is an achievable upper bound for 1 1M n k≤ ≤ − + . 

Figure 7.4. Average code rate versus c1 and c2 for M = 3 at 0/bE N = 5 dB. 
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To accommodate an error rate performance of 2FER 10−=  for a wide range of SNR, 

case 2 is used, i.e., letting cM contain only the remaining parity bits needed to provide the 
target FER. We now get the maximum average code rate as a function of 0/bE N  according 
to Figure 7.6. The curves plotted represent IR-HARQ schemes with 1,2,3,4,5,6,7,148M =  
obtained by solving the maximization problem in (3.10), with the constraints in (3.11). 
Note that the performance of the non-ARQ system remains the same but the performance 
when 1M =  is now improved since less redundancy is needed when 0/bE N  increases. It 
can be seen that the gain for 1M =  and 2M =  is considerable as compared to Figure 7.5. 
As M increases, the gain diminishes and for 148M = , it is the same average code rate as 
for case 1. 

Figure 7.5. Maximum average code rate as a function of Eb/N0 for different M, based on the 
3D PCSPC(8,7) mother code. Here cM always contains the remaining parity bits of the 

mother code, a.k.a., case 1. 
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When considering case 2, but this time with a target FER of 10-3, Figure 7.7 is 

obtained. Note that the QoS level of 310tP −=  cannot be guaranteed until around 6 dB with 
this mother code. The horizontal dotted lines denote that the code rate is crossing a code 
dimension, which may explain the irregular behaviour of the code rate curve at these 
values. 

Figure 7.6. Maximum average code rate as a function of Eb/N0 for different M, based on 
the 3D PCSPC(8,7) mother code. Here cM only contains enough parity bits to obtain a 

FER of 10-2, corresponding to case 2. 
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We consider two different example scenarios and simulate the performance obtained 
when optimal packet lengths are used in the IR-HARQ scheme. The first scenario considers 
case 1 with 7M =  and the packet lengths as reported in Table 7.1. Consequently, the 
simulation uses different packet lengths for different 0/bE N  and should result in the 
corresponding calculated average code rate. In Figure 7.8 the performance in terms of FER 
obtained through simulation for a scenario with 7M =  using case 1 is depicted. The 
different curves in Figure 7.8 represent the FER performance if the IR-HARQ system were 
to be truncated after transmission it , where 1,2,...,i M= . The FER of the IR-HARQ 
system with 7M = , marked ‘After 7Mt = ”  in Figure 7.8, should follow the performance of 
the mother code since case 1 is considered. Therefore, the FER of the mother code is 
plotted as a reference in Figure 7.8. However, it can be seen that the IR-HARQ scheme has 
better performance than the mother code in terms of FER after allowing M transmissions. 
 
 

Figure 7.7. Maximum average code rate as a function of Eb/N0 for different M, based on 
the 3D PCSPC(8,7) mother code. Here cM only contains enough parity bits to obtain a 

FER of 10-3. 
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Table 7.1. Optimal packet lengths for QoS case 1 with M=7 using the 3D PCSPC(8,7) 
mother code and dimension-wise puncturing. 

Eb/N 0 rC n1 n2 n3 n4 n5 n6 n7 

4 dB 0.7320 457 460 464 469 475 482 490 

5 dB 0.7942 422 427 433 441 457 473 490 

6 dB 0.8653 387 392 405 416 427 441 490 

7 dB 0.9305 343 364 379 392 426 441 490 

8 dB 0.9902 343 369 381 392 467 478 490 

9 dB 0.9985 343 374 384 392 424 441 490 

10 dB 0.9998 343 378 386 392 469 479 490 

11 dB 1.0000 343 380 383 387 390 392 490 

Figure 7.8. Simulated performance of a QoS case 1 with M=7 for the mother code 3D 
PCSPC(8,7). 
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This is due to the fact that the corresponding average code rate of the IR-HARQ scheme is 
indeed higher than the code rate of the mother code used in a non-ARQ system. All M 
transmissions are not always required. Since the abscissa denotes 0/bE N  rather than 

0/sE N , the IR-HARQ scheme is better. 
The second scenario considers case 2 with 2M =  and FER of 10-3. The corresponding 

optimal packet lengths are reported in Table 7.2. In Figure 7.9 the simulated performance in 
terms of FER is given. The FER performance of the simulated IR-HARQ scheme should 
follow the mother code until the FER reaches 10-3. Thereafter the performance should settle 
at a FER of 10-3 until 0/bE N  is sufficiently high so that the uncoded case provides a FER 
of 10-3. Thereafter the performance should instead follow the uncoded case. According to 
Table 7.2, the full mother code is used in the last transmission until 6 dB. We can see from 
Figure 7.9 that the performance of the IR-HARQ scheme is better than the mother code for 
4 and 5 dB, since all transmissions are not always required. For 6 dB, when the final 
transmission no longer contains the full mother code, the performance of the IR-HARQ 
schemes increases further as compared to the mother code. For 7-10 dB the performance 
remains relatively stable at a level somewhat lower than 10-3. Since 2M = , there are only 
two available transmissions. For a higher M we would expect to achieve a more stable level 

Figure 7.9. Simulated performance of a QoS case 2 with M=2 and FER 10-3 for the mother 
code 3D PCSPC(8,7). 
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Table 7.2. Optimal packet lengths for QoS case 2 with FER=10-3 and M=2 using the 3D 
PCSPC(8,7) mother code and dimension-wise puncturing. 

Eb/N 0 rC n1 n2 

4 dB 0.7210 466 490 

5 dB 0.7731 437 490 

6 dB 0.8310 392 488 

7 dB 0.8773 383 441 

8 dB 0.9817 343 420 

9 dB 0.9983 343 391 

10 dB 0.9999 343 379 

11 dB 1.0000 343 343 

 
 
 
 
once the target FER has been reached. Also, we generally get a lower FER than requested, 
which may be caused by the bounds being a bit pessimistic. 

In Figure 7.10 the simulated average code rates for the two scenarios are compared to 
the calculated maximum average code rate. We can see that the average code rate obtained 
using simulations corresponds well with the average code rate obtained analytically. In 
most cases the actual average code rate is slightly higher than the one obtained analytically.  
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7.2 Serially Concatenated Scheme 

In the serial case we consider the 3D SCSPC (8,7) example code with 37k =  as the mother 
code. The lowest possible code rate a scheme based on this mother code can have is 

3D / 0.67Cr k n⊥ = = . Dimension-wise puncturing, starting with the innermost code is applied. 
Recall that this puncturing pattern was not the optimal one as determined by the EXIT chart 
analysis, but it was the one minimizing the decoder complexity since the innermost 
decoders need not be activated until their parity bits have been received. The bounds on 
FER from Chapter 5 are obtained for every possible code rate from 0.67 up to one as shown 
in Figure 7.11. All the curves in Figure 7.11 are grouped in three groups. The upper group, 
together with the curve marked ‘49 parity bits’ , are identical to the PCSPC(8,7) code. 
Thereafter, they differ from the second dimension where the serial code adds 56 parity bits 
as opposed to the 49 parity bits added by the parallel code. For the serial mother code we 
have 49 56 64 169n k− = + + = . Thus, Figure 7.11 contains 170 curves in total, whereas 
Figure 7.1 only contains 148. 

Figure 7.10. Maximum average code rate as a function of SNR for M=7 case 1 and M=2 
case 2, respectively. Simulations are compared to calculations. 
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Based on these bounds we can plot the FER as a function of the packet length for a 
fixed 0/bE N  according to Figure 7.12. Again note that these results only apply to the 
specific puncturing pattern chosen. At the boundaries between dimensions we observe 
significant differences in the rate of improvement, similar to the parallel case. 

 
 
 

Figure 7.11. FER versus Eb/N0 obtained using bounds for different packet lengths of a 
3D SCSPC(8,7) mother code. Dimension-wise puncturing starting with the innermost 

code is used. 
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By solving the maximization problem in (3.10) using the Nelder-Mead simplex search 
method, with the constraints in (3.9), i.e., case 1, the optimal packet lengths and their 
corresponding code rates are found. In Figure 7.13 we have plotted the maximum average 
code rate as a function of 0/bE N  for IR-HARQ schemes with 1,2,3,4,5,6,7,170M = . We 
observe two regions where the slope of the maximum average code rate curve decreases for 
increasing 0/bE N . These regions correspond to the regions in Figure 7.12 of slow decrease 
of the FER for decreasing code rate. We also observe typically diminishing returns for an 
increasing maximum number of transmissions. For 4M =  the maximal average code rate 
is around 0.25 dB away from the upper bound on the maximal average code rate 
represented by allowing 170M =  transmissions. 

Figure 7.12. FER for the 3D SCSPC(8,7) code for different Eb/N0 as a function of the 
number of parity bits used in the decoding process. 
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To accommodate an error rate performance of 2FER 10−=  for a wide range of SNR, 

case 2 is used and thus we let cM contain only the remaining parity bits needed to provide a 
target FER of 10-2. We now get the maximum average code rate as a function of 0/bE N  
according to Figure 7.14. The curves plotted represent IR-HARQ schemes with 

1,2,3,4,5,6,7,170M =  obtained by solving the maximization problem in (3.10), with the 
constraints in (3.11). It can be seen that the gain for 1M =  and 2M =  is considerable as 
compared to Figure 7.13 and also compared to the parallel case in Figure 7.6. As M 
increases, the gain diminishes and for 170M = , it is the same average code rate as for case 
1. 

Figure 7.13. Maximum average code rate as a function of Eb/N0 for different M , based on 
the 3D SCSPC(8,7) mother code. Case 1: cM always contains the remaining parity bits of 

the mother code. 
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Finally in Figure 7.15 the maximal average code rate for case 2, with a target FER of 

10-3 is plotted. There we have also plotted the corresponding rates of the dimension borders. 
An example scenario is selected and its performance is simulated when optimal packet 

lengths are used in the IR-HARQ scheme. The example scenario considers case 2 with 
5M =  and a target FER of 10-2. The packet lengths are reported in Table 7.3. The FER 

performance of the simulation should follow the mother code until the FER reaches 10-2. 
Thereafter the performance should settle at a FER of 10-2 until 0/bE N  is sufficiently high 
so that the uncoded case provides the required target FER. Thereafter the performance 
should instead follow the uncoded case. We can see from Table 7.3 that the full mother 
code of 512 is never used since the selected target FER is quite high. 

Figure 7.14. Maximum average code rate as a function of Eb/N0 for different M, based on 
the 3D SCSPC(8,7) mother code. Here cM only contains enough parity bits to obtain a FER 

of 10-2, a.k.a. case 2. 
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Table 7.3. Optimal packet lengths for QoS case 2 with FER=10-2 and M=5 using the 3D 
SCSPC(8,7) mother code and dimension-wise puncturing, starting from the innermost code. 

Eb/N 0 rC n1 n2 n3 n4 n5 

4.0 dB 0.7439 450 457 466 480 505 

5.0 dB 0.7930 423 429 437 448 482 

6.0 dB 0.8648 387 392 408 424 443 

7.0 dB 0.9314 343 362 377 392 420 

8.0 dB 0.9911 343 362 372 380 390 

9.0 dB 0.9991 343 359 362 366 370 

10.0 dB 1.0000 343 343 343 343 343 

11.0 dB 1.0000 343 343 343 343 343 

Figure 7.15. Maximum average code rate as a function of Eb/N0 for different M, based on 
the 3D SCSPC(8,7) mother code. Here cM only contains enough parity bits to obtain a FER 

of 10-3, corresponding to case 2 
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We can see from Figure 7.16 that the IR-HARQ scheme performs better than the 

mother code for 4 dB, both since all transmissions are not always required and since the 
entire mother code is not required to obtain the requested target FER. For 5-9 dB the 
performance remains quite stable at a level somewhat lower than 10-2. Since 5M = , we 
have a more flexible scheme allowing frames to be accepted with less excess redundancy. 

Finally in Figure 7.17, the simulated code rate is compared to the calculated. Since 
upper bounds on the FER are used in the optimization process, the may result in a lower 
bound on the code rate. This may explain why the simulated performance is superior to the 
calculated.   

 
 

Figure 7.16. Simulated performance of a QoS case 2 with M=5 and FER 10-2 for the 
mother code 3D SCSPC(8,7). 
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Figure 7.17. Maximum average code rate as a function of SNR for M=5, case 2. The 
simulated value is compared to calculated. 
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Chapter 8  

Conclusions 

In this chapter, the objectives of the thesis are reconsidered and contrasted against the 
contributions made in terms of enabling tools and techniques. It is concluded that the 
primary objective of developing a QoS-based adaptive coding scheme as a core component 
in a wireless real-time communications protocol has been successful. The contributions of 
the thesis work are summarized, insights are discussed and concluding remarks made. The 
impact of the obtained results and the relations to results in the literature are considered.  
The influence of the obtained results in wider perspectives is also argued and directions for 
future work are proposed.  Future directions are partly inspired by obvious extensions of 
the reported work, but also by future applications and potential trends in the design of 
wireless communications systems. 

8.1 Objectives Achieved 

As stated in Chapter 1, the primary objective of this thesis is to propose good channel 
coding and decoding methods to be used in a wireless real-time communication system. To 
that end, the study has been focused on developing a foundation for efficient and reliable 
real-time communications protocols for critical deadline dependent communication over 
wireless channels. The proposed solution is based on the concept of DDC, which has 
proven to be a promising design approach for achieving this objective. The main idea 
behind the concept of DDC is to make the communication protocol deadline dependent, 
tailoring the channel code to the real-time constraints. 

The specific aim is to provide a high level of flexibility by adopting adaptive principles 
in the underlying communications protocols in terms adaptive coding strategies. A novel 
QoS-based adaptive coding scheme is proposed that integrates physical layer error control 
coding, data link layer retransmission schemes, and parts of network layer QoS 
responsibilities. Such an approach, based on a concatenated system design, moves beyond 
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current network-layer protocol paradigms, resulting in a novel approach for guaranteeing 
QoS by exploiting the strong interplay between communication theory and networking 
techniques. 

In a typical wireless communication system, signals transmitted over the channel are 
perturbed by many time-varying factors. As a consequence, each received data frame can 
experience different channel characteristics. In such a dynamic environment, retransmission 
schemes in terms ARQ strategies are highly tractable coding strategies due to their adaptive 
and flexible nature. A retransmission protocol implies maximizing the probability of correct 
delivery in a dynamically changing environment, using a minimum of resources. 
 Concatenated coding within ARQ protocols provides a new array of possibilities for 
adaptability in terms of decoding complexity and communication time versus reliability. 
Hence, critical reliability and timing constraints can be readily evaluated as a function of 
available system resources and complexity. This in turn enables quantifiable QoS and thus 
negotiable QoS. Service requests can therefore be accepted, rejected or re-negotiated 
depending on available resources. 
 Consequently, a central contribution of this work is the IR-CHARQ-DDC protocol and 
the attempt to bring together the areas of coding theory and real-time communication. The 
primary objective is achieved by developing an analytical design framework for the 
optimization of IR-CHARQ protocols, based on: 

• Analytical methods for incorporating strict QoS constraints into the IR-CHARQ 
protocol design, in terms of mapping parameters such as deadline and reliability 
directly within the protocol design. 

• Analytical tools for performance evaluation of IR-CHARQ protocols, in terms of 
bounding and convergence analysis techniques for rate-compatible code families. 

These tools have made it possible to reach two target outcomes, namely 
• A formal methodology for optimal IR-CHARQ protocol design, subject to strict 

QoS requirements; 
• New protocol designs for QoS-aware wireless communication networks that makes 

better use of limited resources such as power and supportable computational 
complexity, 

which, in turn, have achieved the primary objective of the thesis work. The component 
contributions leading to these target outcomes are discussed in more detail in the following 
section. 

8.2 Contributions and Impact 

The primary contribution of this thesis is the analytical design procedure for QoS-based IR-
CHARQ protocols. The QoS parameters are here in terms of a deadline and a target FER. 
Based on a target FER, a suitable rate compatible code family is selected where the mother 
code is able to provide the required reliability. As the delay in connection with a 
retransmission is the most significant contribution to the overall delay in an ARQ scheme, 
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the deadline determines the maximum number of retransmissions allowed. Given the 
maximum number of transmissions allowed and the selected rate compatible code family, 
optimal packet lengths for each transmission and corresponding good puncturing patterns 
are then found to complete the design. As detailed in Chapter 3, the proposed design 
procedure is as follows: 

1. Select a mother code to provide the required target FER.  
2. Select a rate compatible coding family with corresponding puncturing patterns. 
3. Select a maximum number of transmissions to provide the required target deadline. 
4. Obtain the FER as a function of the codeword lengths. 
5. Find optimal packet lengths that maximize the average code rate. 
 

This design approach becomes analytical as it is based on a series of analytical tools, which 
are discussed in more details below. In this thesis, the approach is exemplified using rate-
compatible code families based on multiple concatenated single parity check codes. 
However, the general approach is not limited to these code families, but with modifications 
can be applied to any arbitrary code family of choice. 

The feature of mapping QoS requirements directly to parameters and building blocks in 
the underlying IR-HARQ scheme leads to a very flexible structure, able to provide several 
different solutions in terms of combinations of resources, achieving the same perceived 
QoS. This, in turn, allows for resource allocation with additional degrees of freedom in 
finding the most favorable ways of using the available resources, and satisfying 
simultaneous QoS requirements for more users in the network. 

The novelty of the approach is to develop an analytical framework for optimal design 
of IR-HARQ schemes both in terms of IR strategy and puncturing pattern such that the 
average code rate is maximized. This is in contrast to previous work, where only the 
puncturing pattern has been optimized for maximum throughput, given a specific IR 
strategy. This approach provides a new theoretical perspective on IR-HARQ design. 

8.2.1 Optimization of Packet Lengths 

Previous work on IR-HARQ schemes has been focused on finding optimal puncturing 
patterns for maximizing the throughput, given an IR strategy, i.e., a maximum number of 
allowed transmissions and the number of parity bits to be included in each IR transmission. 
In contrast, we propose an analytical approach for finding the optimal IR strategy, given a 
puncturing pattern. Good rate-compatible coding families using suitable puncturing 
strategies are selected specifically for the optimized IR-CHARQ schemes. The guiding 
principle in the design procedure is to maximize the average code rate subject to QoS 
constraints and subject to minimizing the use of limited resources. 

The analytical approach allows for incorporating QoS constraints in terms of deadline 
and reliability requirements over a range of SNRs into the optimization procedure. A strict 
deadline enforces a maximum number of allowed transmissions, while reliability 
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requirements will determine the specific low rate mother code to use, as well as the number 
of parity bits to be included in the last allowed transmission as a function of the effective 
SNR. The mapping of the QoS parameters to the IR-CHARQ-DDC scheme may be done 
using a look-up table or, alternatively if the transmitter and receiver can be more costly, by 
using adaptive strategies. 

Having a truncated IR-CHARQ protocol gives an upper bound on the required 
transmission time for each information frame. This in turn yields an average transmission 
time and hence slack time. This slack time may be used to run non-real-time tasks, or 
alternatively seen as a way to limit the interference to other nodes. Further using the IR-
HARQ-DDC scheme, communication tasks may be preempted. 

8.2.2 Multiple Concatenated SPC Codes 

Rate-compatible coding families based on multiple concatenated codes are especially 
advantages in conjunction with retransmission schemes, creating highly flexible and 
adaptive CHARQ systems. Systematic concatenated codes are particularly flexible as 
additional component codes concatenated in serial or parallel can be included directly in 
case lower code rates are required. 

Multiple concatenated SPC codes have recently been shown to provide a good 
performance/complexity trade-off, making them suitable for low-complexity real-time 
communications systems. The performance of these codes is remarkably good given the 
low decoding complexity. In this thesis, both parallel and serially concatenated SPC codes 
have been investigated for use in IR-HARQ protocols.  
 With rate compatible codes, the same decoder can be used to decode all code rates. For 
applications requiring low decoding complexity, dimension-wise puncturing may be 
applied. Using dimension-wise puncturing only component decoders for which we have 
received party bits need to be activated in the iterative decoding process. Not only does 
dimension-wise puncturing constitute a low-complexity puncturing pattern, but it is also 
found to have superior performance when compared to random puncturing using a Monte-
Carlo simulation. 

8.2.3 Performance Bounds 

Analytical upper bounds are presented for both punctured and full-rate multiple parallel and 
serial SPC codes. Bounds for multiple parallel SPC codes with punctured information bits 
are also given. The bounds are found to be tight for a relatively low SNR for both BER and 
FER. The FER for all possible rate-compatible codes using the chosen puncturing pattern 
are obtained for use in the optimization of IR packet lengths, where the FER as a function 
of the block length is required.  

In addition, the union bounds are used to select good puncturing patterns, which are 
chosen to give low FER for low SNRs. In order to guarantee the invertibility of the 
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resulting punctured codewords, only puncturing of parity bits are included in the search. 
For multiple parallel concatenated SPC codes, dimension-wise puncturing is found to be 
the best pattern. 

8.2.4 EXIT Charts Analysis 

The average behavior of iterative decoding strategies can be analyzed using EXIT charts, 
where the iterative behavior is captured by mutual information exchanges between 
component decoders. The convergence behavior is investigated for multiple concatenated 
SPC codes using EXIT charts.  

Further, EXIT chart analysis is employed to find optimal puncturing ratios for each 
component code branch in the multiple concatenated code, given a specific overall code 
rate. The puncturing ratio is the ratio of punctured bits to the total number of bits in the 
mother codeword. The optimal puncturing ratios minimize the required SNR for which the 
iterative decoder will converge, and thus finds the minimum SNR for which the resulting 
code rate provides acceptable error rate performance. This procedure is conducted for the 
code rates provided by puncturing the mother code, giving a SNR interval within which a 
particular coding scheme is useful. Given these puncturing ratios, the corresponding BER 
can be approximated based on mapping from mutual information to BER. Due to the 
simple structure of SPC codes, the puncturing ratios translate directly into a puncturing 
pattern. 

In order to guarantee the invertibility of the resulting punctured codewords a search is 
made for optimal puncturing ratios under the constraint that the systematic bits are left 
unpunctured. For multiple parallel concatenated SPC codes, dimensions-wise puncturing is 
found to be the best, confirming the results made using bounds. For multiple serial 
concatenated SPC codes, backwards dimension-wise puncturing, i.e., puncturing starts in 
the outermost code, is found to be the best. 

In addition, a search for rate compatible puncturing ratios when allowing systematic 
bits to be punctured is made. If the search starts at the lowest possible code rate, more and 
more systematic bits are punctured as the code rate increases. Hence, due to the rate 
compatibility constraint, this search does not result in good puncturing ratios for high code 
rates, since no systematic bits should be punctured for rates close to one. Since we are using 
IR-HARQ schemes, we are interested in good performance at high code rates. 
Consequently, a search starting from the highest possible code rate is made. This results in 
a pattern where systematic bits are left unpunctured since that yields best performance at a 
code rate close to one. Consequently, dimension-wise puncturing for parallel SPC codes 
and backwards dimension-wise puncturing for serial SPC codes are the rate compatible 
puncturing patterns that yields the lowest convergence thresholds. Backwards dimension-
wise does not, however, result in the lowest possible decoding complexity since all 
component decoders have to be activated even if we have only received parity bits 
pertaining to the outermost code. 
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8.3 Perspectives 

Future wireless communications networks will require vast improvements in data rates and 
user-mobility in order to meet the increasing demands of advanced data services. The wide 
variety of services is increasing and has resulted in mixed communication traffic with an 
equally wide range of data-quality requirements. The service quality needed for each 
particular application can be quantified in terms of data rate, latency and reliability; 
quantities which are referred to as QoS parameters. For example, data services such as 
emailing and web browsing are sensitive to transmission errors, but relatively tolerant to 
transmission delay. In contrast, telephony is delay sensitive but relatively error tolerant, 
while many new wireless services such as video and CD-quality audio are both delay and 
error sensitive. The challenge is to design new wireless networks that can accommodate 
high data rate applications with a wide range of QoS requirements in an environment with 
large densities of highly mobile users. 

A challenging problem for such a wireless network design is to enable the best possible 
use of limited network resources and to accommodate QoS sensitive high data rate 
applications. Optimal resource allocation and QoS control at network level are facilitated 
by adaptive physical and data link layers. A promising solution is a cross-layer design 
based on iterative signal processing in a concatenated communication system. The adaptive 
concatenated coding scheme proposed in this thesis has the potential of being a core 
component in such a design, bridging physical, data link and network layers and leading to 
new QoS-based cross-layer communication protocols. 

The novel approach for wireless network design is to propagate methodologies of 
physical layer design across the disciplinary boundaries within wireless network design in a 
bottom-up cross-layer approach, enabling more efficient use of limited resources. This 
approach will also facilitate implementation of QoS enabling strategies, making guaranteed 
QoS possible and controllable. The underlying innovation is contained in the 
interdisciplinary approach, leading to cross layer protocol design. This is a first step 
towards expanding the level of interdisciplinary research across boundaries within the 
traditional communication protocol stack. 

8.4 Future Work 

In this thesis, communication over an AWGN channel has been considered for the 
analytical approach. The AWGN channel provides a tractable analytical design tool and has 
therefore been the focus here. However, in a wireless environment we encounter more 
hostile channel impairments such as multipath propagation and fading. The analytical 
approaches developed in this thesis are also applicable to the fading case, and thus an 
obvious extension of the work is to apply the framework to more realistic wireless channel 
models. 

In addition, the protocols are intended to be used in a wireless network, where multiple 
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access is used to share resources among a set of active users. Due to the limitations of the 
multiple access scheme and/or the stochastic nature of the wireless channel, active users 
will invariable cause interference. Another interesting extension of the current work is to 
consider a multi-user environment, investigating joint design of multi-user detection and 
scheduling strategies. 

The adaptive coding scheme could be improved further by recursive modulation 
incorporated in the concatenated code or by using more advances component codes, such as 
e.g., the zigzag code suggested in Appendix A. Both these approaches have been shown to 
result in a significant interleaver gain. 

The use of performance based stopping criterion for the iterative decoding process, 
simultaneously used as a retransmission criterion, enables instantaneous adaptation and a 
performance based retransmission criterion accessible in practice. 

From a real-time perspective, application specific encoding of data may be applied 
using the unequal error protection originating from puncturing to protect some bits of 
elevated importance. 

A more far-reaching direction of future work is to consider the perspective of wireless 
network design based on a concatenated system design briefly discussed above. An 
adaptive communication protocol involves many functionalities and technologies in 
addition to channel coding. Inspired by the success of concatenated approaches, the 
interaction between functionalities at the transmitter can be modeled as a hybrid 
concatenated system with multiple parallel and serial branches. The receiver then has a 
similar concatenated structure where components recursively interchange information. The 
adaptive coding component proposed in this work will integrate physical layer error control 
coding, data link layer retransmission schemes, and some parts of network layer QoS 
responsibilities, constituting the core component in the concatenated system design. 
However, it is an interesting challenge to formulate a tractable optimization problem for a 
larger-scale cross-layer design objective, leading to a high level of protocol flexibility. A 
potential outcome of such a research focus can be novel cross-layer protocol designs for 
QoS-aware wireless communications networks based on a joint concatenated systems 
design.
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Appendix A  

Multiple Parallel Concatenated 
Zigzag Codes 

Zigzag codes, originally suggested in [106], can be viewed as a modified SPC code, a two-
state convolutional code, or an LDPC code [31, 107]. They are more complex to decode 
than a corresponding SPC code, but less complex than turbo codes. For that reason they are 
suggested here as an alternative to SPC component codes. It will be shown, using EXIT 
functions, that the ZZ codes have a recursive structure and are therefore more robust against 
puncturing. 

Efficient low-complexity decoding algorithms for ZZ codes have been suggested and 
evaluated in [31, 107]. Finally, a type-II HARQ scheme using multidimensional parallel 
concatenated ZZ codes is suggested in [108]. 

A.1 Encoding 

The encoding of a ZZ code has been described in [31]. The information frame, x0, is 
arranged in a matrix with L rows and J columns denoted ′x , according to Figure A.1. Note 
that iCJ k= . Denote the j-th element in the l-th row of ′x  as ( , )l j′x , where 1,2,...,l L=  
and 1,2,...,j J= . The first row of the ZZ code is identical to an SPC code, and thus its 
parity bit is generated according to 

 ( )
1

(1) 1, mod2,
J

i
j

j
=

� �′ ′= � 	

 �
�y x  (A.1) 

where 1,2,..., .i U=  Parity bits for the following rows are generated according to  
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 ( )
1

( ) ( 1) , mod2, for 2,3,..., .
J

i i
j

l l l j l L
=

� �′ ′ ′= − + =� 	

 �

�y y x  (A.2) 

The code rate and the minimum distance of a parallel concatenated ZZ (PCZZ) code is the 
same as for a PCSPC code. 

A.2 Decoding 

The decoding algorithm derived in [31] is used to decode the ZZ codes. It is reviewed here 
for completeness. The received vector, r, is arranged in a matrix with L rows and 1J +  
columns denoted ′r . Denote the j-th element in the l-th row of ′r  as ( , )l j′r , where 

1,2,...,l L=  and 1,2,..., 1j J= + . First, the forward recursion, F, on the parity bits is 
calculated according to 

( ) ( )( )
1

(0)

, ,( 1)
( ) ( , 1) 2arctanh tanh tanh ,

2 2

J
c

c
j

L l j L l jl
l L l J

=

= +∞

� �� �′ ′+−� �′= + + � 	� 	 � 	� 	
 � 
 �
 �
∏

F

r xF
F r

 (A.3) 

for 1,2,...,l L=  where 22 /c wL µ σ= . Thereafter the backward recursion, B, is evaluated as 

Figure A.1. Encoding of a zigzag code. 

′x  
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1(1) (1, )mod2J
i j j=′ ′= Σy x  
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( )1( ) ( , ) ( 1) mod2J
i j iL L j L=′ ′ ′= Σ + −y x y  
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for , 1,...,2.l L L= −  Finally, the APP is given as 
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  (A.5) 

where 1,2,...,q J=  and 1,2,...,l L= . Note that the forward and backward recursions are 
calculated once every time the respective component decoder is activated, rather than once 
per row. 

In Figure A.2 the performance of 2-5D PCZZ codes using large interleavers is shown. 

Figure A.2. PCZZ(8,7) codes with 2-5D using large interleavers. 
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These curves should be compared to the ones in Figure 4.4 and Figure 4.5 for PCSPC and 
SCSPC codes respectively. We can see that the performance for a PCZZ code is in the same 
range as the performance of a SCSPC code and in most cases better, even thought its code 
parameters, such as code rate and the interleaver sizes is the same as for a PCSPC code 

A.3 Puncturing 

The performance of a 3D PCZZ(8,7) code with an information frame of size 37 343k = =  
is shown in Figure A.3. The two interleavers are of size 343 and each encoder adds 72 
parity bits summing up to a total codeword of length 3 27 3 7 490n = + ⋅ = , just as in the case 
with the 3D PCSPC(8,7) code. Dimension-wise puncturing starting with the first row is 
applied, and the maximum number of parity bits is 147. The curves in Figure A.3 should be 
compared to Figure 4.6 for PCSPC and Figure 4.7 for SCSPC codes. We can conclude that 
the PCZZ code has code parameters matching the PCSPC code, but a performance that 
more closely matches that of the SCSPC code. Hence, even with the same amount of 
redundancy as that of a PCSPC code the performance of the PCZZ code is comparable to a 
SCSPC code. Moreover, it is interesting to notice the performance when only 24 parity bits 

Figure A.3. Performance of the 3D PCZZ(8,7) code as a function of the number of parity 
bits transmitted. 
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have been transmitted. Quite contrary to the concatenated SPC codes, a few parity bits from 
the first dimension make a huge difference here, since the ZZ code involves all rows of the 
information frame in the encoding process and hence there are no completely unprotected 
information bits even if puncturing is applied. The encoding and decoding complexities 
however are slightly higher for ZZ codes than for SPC codes and thus there is a tradeoff 
between energy used for transmission of additional parity bits and energy used to cater for a 
more complex decoder. Alternatively, since the gain seems to be greatest in the first 
dimension, ZZ codes may be used in only one dimension and SPC codes in the rest. This 
yields an additional way of providing trade off between complexity and performance. Note 
that in this case, dimension-wise puncturing should start with the dimensions encoded with 
SPC codes, so that the ZZ code is indeed left until last. 

A.4 Extrinsic Information Transfer Functions 

The SPC(8,7) can be seen as a special case of a ZZ(8,7) code, namely when the ZZ code 
has only one row. Therefore the EXIT functions for a ZZ code with only one row are also 
given in Figure 6.4 and Figure 6.5. The code structure of a ZZ code depends on the number 
of rows used in the code. In Figure A.4 the EXIT function ( )E xI  for different number of 
rows is shown. Note that the number of rows used in the component code is not directly 
related to the interleaver size, since the minimum block can be repeated a number of times 
until an appropriate interleaver size is achieved – similar to what is done for SPC codes. 
We can see from ( )E xI  in Figure 6.4 and from Figure A.4 that the more rows that are used 
in the ZZ component code the closer we get to ( )( )( ) 1, 1,lyAE x xI f I= =  and hence to a 
recursive code. Thus, we can conclude that one should always incorporate as many rows as 
the interleaver allows in a ZZ component code, rather than repeating a minimum block 
several times. 49 rows of a ZZ(8,7) code corresponds to a minimal interleaver size of 
49⋅ 7=343 in a parallel concatenated system. Hence using an interleaver of size 73=343 and 
letting the ZZ code span all the rows of the interleaver yields a code that is virtually 
recursive.  

A.5 Extrinsic Information Transfer Charts 

The EXIT charts for multiple parallel concatenated ZZ codes are constructed the same way 
as for multiple PCSPC codes, with the exception that the EXIT function from Figure A.4 is 
used instead. We are interested in looking at how 1( )E xI  and 2( )E xI  evolve when the 
component decoders are activated, thus 
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Figure A.4. The IE(x) EXIT function for a ZZ(8,7) code as a function of the number of rows 
used in the codeword. 
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where ( )
lxf ⋅  is the EXIT function with 49 rows from Figure A.4. The EXIT function with 

49 rows is chosen to mimic the example code plotted in Figure A.3. In Figure A.5 to Figure 
A.8 we have plotted the EXIT charts for 2D, 3D, 4D and 5D PCZZ(8,7) codes respectively. 
 
 
 

Figure A.5. EXIT chart for the 2D parallel concatenated ZZ(8,7) code. 
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Figure A.6. EXIT chart for the 3D parallel concatenated ZZ(8,7) code. 

Figure A.7. EXIT chart for the 4D parallel concatenated ZZ(8,7) code. 
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The good performance of the ZZ codes can clearly be visualized in the EXIT charts. 
Then the EXIT charts are used to estimate the BER of PCZZ codes, the similar problem as 
with SCSPC codes occur, namely that the BER estimation is less accurate in the waterfall 
region. This is reported in Figure A.9. 

 
 

Figure A.8. EXIT chart for the 5D parallel concatenated ZZ(8,7) code. 
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A.6 Puncturing Ratios Obtained Using EXIT Charts 

When searching for optimal puncturing ratios for PCZZ codes, the same reasoning and 
equations as used for PCSPC codes in Chapter 6 can be applied. The only difference is that 
the EXIT function in Figure A.4 for 49 rows is used. For the 2D and the 3D PCZZ(8,7) 
codes, the bγ  needed for convergence to *

bP , when the optimal values of ∆  are used are 
reported in Figure A.10. Curves corresponding to four different values of *

bP  are plotted 
together with the C* that can be used as a reference. Recall that it is possible to achieve 
rates above capacity if the target BER is sufficiently high, since C* assumes an arbitrary 
low BER. We can see that the performance of PCZZ codes is much better that PCSPC 
codes and also better than SCSPC codes. The 2D curves benefits from the recursive 
structure supplied in each dimension and are thus much better than the 2D SCSPC code. 
For the 3D case the performance of the PCZZ code is still better than the SCSPC code, but 
the difference is reduced. The performance improvement is most noticeable for high code 
rates.  

Figure A.9. BER obtained from simulations (solid lines) and EXIT chart (dash-dotted 
lines) for 2D, 3D, 4D and 5D PCZZ(8,7) codes.  
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The optimal values of ∆  for different code rates of the 3D PCZZ code are plotted in 
Figure A.11 for * 510bP −= . As can be seen, puncturing of systematic bits is still made, but it 
not to the same extent as for SPC codes.  

Using ZZ codes, the puncturing ratios do not translate as easily into puncturing patterns 
as for SPC codes since the different parity bits in a dimension may have different 
importance. This may also explain why the puncturing ratios in Figure A.11 are less regular 
than for SPC codes. Hence, the results apply assuming that random puncturing within each 
dimension is used.  

 
 
 
 
 
 

Figure A.10. The bγ -values required for convergence to *
bP  as a function of the code rate 

rC for a 2D (solid lines) and a 3D (dotted lines) PCZZ(8,7) code that use optimal values of 
∆ . C*  is plotted as a reference. 
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Figure A.11. Optimal puncturing ratios for the 3D PCZZ(8,7) code when the target BER is 
10-5. 
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