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Abstract

Applications in computer graphics, digital signal processing, communication systems, robotics, astrophysics, fluid physics and many other areas have evolved to
become very computation intensive. Algorithms are becoming increasingly complex and require higher accuracy in the computations. In addition, software solutions
for these applications are in many cases not sufficient in terms of performance. A
hardware implementation is therefore needed. A recurring bottleneck in the algorithms is the performance of the approximations of unary functions, such as trigonometric functions, logarithms and the square root, as well as binary functions such as
division. The challenge is therefore to develop a methodology for the implementation of approximations of unary functions in hardware that can cope with the growing requirements. The methodology is required to result in fast execution time, low
complexity basic operations that are simple to implement in hardware, and – since
many applications are battery powered – low power consumption. To ensure appropriate performance of the entire computation in which the approximation is a part,
the characteristics and distribution of the approximation error are also things that
must be possible to manage.
The new approximation methodologies presented in this thesis are of the type that
aims to reduce the sizes of the look-up tables by the use of auxiliary functions. They
are founded on a synthesis of parabolic functions by multiplication – instead of addition, which is the most common. Three approximation methodologies have been
developed; the two last being further developments of the first.
For some functions, such as roots, inverse and inverse roots, a straightforward solution with an approximation is not manageable. Since these functions are frequent in
many computation intensive algorithms, it is necessary to find very efficient implementations of these functions. New methods for this are also presented in this thesis.
They are all founded on working in a floating-point format, and, for the roots functions, a change of number base is also used. The transformations not only enable
i

simpler solutions but also increased accuracy, since the approximation algorithm is
performed on a mantissa of limited range.
Tools for error analysis have been developed as well. The characteristics and distribution of the approximation error in the new methodologies are presented and compared with existing state-of-the-art methods such as CORDIC. The verification and
evaluation of the solutions have to a large extent been made as comparative ASIC
implementations with other approximation methods, separately or embedded in
algorithms. As an example, an implementation of the logarithm made using the third
methodology developed, Harmonized Parabolic Synthesis (HPS), is compared with
an implementation using the CORDIC algorithm. Both implementations are
designed to provide 15-bit resolution. The design implemented using HPS performs
12 times better than the CORDIC implementation in terms of throughput. In terms
of energy consumption, the new methodology consumes 96% less. The chip area is
60% smaller than for the CORDIC algorithm. In summary, the new approximation
methodologies presented are found to well meet the demanding requirements that
exist in this area.
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Preface

This thesis describes original work in the field of implementation of approximations
of unary functions and algorithms in hardware. My interest for digital implementations of approximations and algorithms was founded with my Master thesis work in
developing signal processing algorithms for a medical ultrasonic application. The
interest was strengthened during my time at the Swedish Defence Research Agency
because I saw an increasing digitalization in many industrial applications. It was also
where I got the initial ideas to the work presented in this thesis. When I got the ideas
I also understood that, because of some components needed in the methodology, I
had to await the downscaling of silicon technology. With my move to Ericsson
Research, where I worked with mobile phones, I increasingly came to realize that
the foundation in future mobile communication systems is going to be digital signal
processing. In these systems, the overall trend is moving towards higher complexity
and speed of the calculations. The trend that many applications are battery powered
adds requirements on low power consumption.
With these insights in my mind and since the technology development is starting to
catch up with my ideas I started the further development. I presented the new ideas
that I got to my supervisor, Professor Peter Nilsson at Lund University, and immediately we started to develop them. A complication, however, was that I had now
moved on from Ericsson and worked with combustion engines for hyper sport cars.
My research therefore had to be carried out in my spare time, after work.
It was a giant leap forward for me and my research when I, at Halmstad University,
got the opportunity to focus only on my research. The focus promptly gave more
ideas and insights about implementation of algorithms in hardware. A steady stream
of Master thesis projects that were carried out at Lund University, under the guidance of Professor Peter Nilsson and me, enabled verification and further development of my ideas. The focus yielded that three research areas crystallized,
approximation methodologies, dedicated algorithms of functions for implementaxi

tion, and distribution of the error in the computations of the algorithms. The two first
research areas aim to reduce chip area, computation time, and power consumption.
The last research area aims for optimization of the computations in the algorithms
which in itself also can reduce chip area, computation time, and power consumption.
My research will continue with developing algorithms using the approximation
methodologies and dedicated algorithms of functions for implementation in different applications. Furthermore the tools for analyzing the error distribution will be
further developed.
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Introduction

This thesis presents and analyzes a new methodology for approximation of unary
functions. The new methodology, called Parabolic Synthesis, is shown to be useful
for all interesting functions used in engineering and science and suitable for hardware implementation. The functions that can be approximated include trigonometric
functions, logarithms, square root and other roots, as well as the inverse function.
Characteristic features of the methodology are efficient hardware implementation,
high computation rate and low power consumption. In addition to this, the new technique also offers the possibility to tailor the approximation error to have favorable
statistical characteristics.

1.1. Motivation
In the history of science, interpolation theory was first used in the context of mathematical astronomy. The rudimentary solutions of interpolation problems that have
been revealed date back to early antiquity [1]. Examples of interpolation techniques
originally conceived by ancient Babylonian as well as early medieval Chinese,
Indian and Arabic astronomers and mathematicians can be linked to the classical
interpolation techniques later developed in Western countries from the 17th until the
19th century. For the classical interpolation theory it is justified to say that there is
no single person who did as much for this field as Isaac Newton [2]. Actually,
Newton deserves the credit for having put classical interpolation theory on a solid
foundation. Another important development from the late 1800s is the rise of
approximation theory. In 1885, Weierstrass [3] justified the use of approximations
by establishing the so-called approximation theorem, which states that every continuous function on a closed interval can be approximated uniformly to any prescribed
accuracy by a polynomial.
With the scientific advancement and physics discoveries in the late 19th century and
forward followed a need to compute complex algorithms with high speed. Approximations are an essential part in these algorithms, and, with the technological devel-
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opments, demands have increased for both high speed and high precision in the
calculations. The invention of the computer and its later miniaturization by means of
transistors and integrated circuits have enabled an exponential development in areas
such as baseband for wireless/wireline communication, computer graphics, digital
signal processing, robotics, astrophysics, fluid physics and many other application
areas. Until recently this development has been nearly unhindered due to the rapid
development in semiconductor technology following Moore´s law [4]. The stagnation in this development began in the early 2000s [5], when the benefits of miniaturization progressively started to go down. Since the development in many
applications needs higher performance, and since the semiconductor technology can
no longer provide this in terms of higher clock speeds, interest in efficient implementations of algorithms has increased significantly. On top of this, a continuous
sophistication of algorithms for implementation in digital hardware makes approximations of unary functions, e.g. trigonometric functions, logarithms and the square
root, as well as binary functions, such as division, essential. The drive behind this is
twofold. One is the continuous refinement of algorithms in the technology development in, e.g., image processing and telecommunications. The other is the mobility
motivated development towards battery powered devices, which requires advanced,
fast and power efficient algorithms.

1.2. Problem formulation and objectives
Developments in areas such as telecommunications are moving towards greater
system complexity. The extensive complexity of the systems has an immense impact
on the computation performance that is needed, both in speed and accuracy. Analysis of these algorithms reveals bottlenecks in the computation of approximations of
unary functions. Software solutions are not sufficient for high speed applications as
well as in low power systems, and a hardware implementation is therefore needed.
In surveying existing approximation methods for hardware implementation, it is
found that they have reached the limits of what they can achieve when it comes to
speed combined with accuracy. For the performance issue, it has previously been
possible to rely on technology development in terms of faster circuitry. With the end
of the speed enhancements following Moore´s law, the focus with regard to improving performance is moved to the design and implementation of algorithms. The first
objective of this study is therefore to develop new methodologies for constructing
approximations of unary functions for implementation in digital hardware in such a
way that it leads to small chip area, short critical path and low power consumption.
A related problem in the development of algorithms is to find efficient algorithms to
implement specific unary functions. Algorithms that include matrices usually
involve a massive amount of computations of a small number of functions. Efficient
algorithms for computing specific unary functions are therefore essential in these
2

implementations. The second objective of this study is therefore to develop algorithms for implementation of specific unary functions, again with the requirement of
small chip area, short critical path and low power consumption.
It is important to keep the data path in the algorithm as narrow as possible when
implementing an algorithm. Due to a shorter word length in the computations, a
narrow data path will indirectly reduce chip area, critical path delay and power consumption. A narrow data path is facilitated if the approximation error is evenly distributed and has a small standard deviation, since this will reduce the probability of
an accumulation of large errors in the computation. The last objective of this study
is therefore to investigate how the characteristics and distribution of the error affect
the performance of an approximation or algorithm. This implies finding tools that
can characterize the error. These tools are essential in the development and when
comparing different approximation methodologies.

1.3. Approach
The new approximation methodologies for implementation of unary functions in
hardware, that are presented in this thesis have all been developed with the objectives of achieving efficient hardware implementation, a high degree of parallelism,
power efficient hardware architecture and adjustable error characteristics and distribution.
The architectures of the methodologies developed are founded on a synthesis of parabolic functions by multiplication instead of addition, which is the most common.
Multiplication is used in the synthesis since it enhances the convergence compared
to using addition. The efficiency of the hardware implementation of the methodologies is also supported by the fact that the only operations used are addition, shift and
multiplication. To ensure a short critical path, a computation tree with few branches
has been strived for in the architecture. A side effect of the area efficient and the
short critical path is that it will lead to high power efficiency.
A goal in the development of the architecture of the methodologies is also the ability
to tailor the characteristics and the distribution of the error. Advantageous characteristics and distribution of the error will not only be beneficial for the performance
of the approximation but also for the following parts in the algorithm. Beneficial
error performance will contribute to an efficient implementation of the approximation regarding chip area, short critical path and low power.
Three new methodologies for performing approximations of unary functions in
hardware are presented in this thesis. The first is founded on a synthesis of parabolic
functions in such a way that the accuracy of the approximation is given by the
number of parabolic functions used. In the second and third methodologies the parabolic functions are replaced by one parabolic function and one second-degree inter3

polation. The accuracy for these methodologies is determined by choosing the
number of intervals in the interpolation. The difference between the second and third
methodologies lies in how the development is done. While each function is developed separately in the second methodology, the development in the third takes a
more holistic approach. The approach of the second and third methodologies leads
to a drastic reduction of chip area, computation time and power consumption compared to the first approach. Using second-degree interpolation also enables greater
possibilities to modify the characteristics and the distribution of the error and to perform approximations on a wider range of unary functions.
In addition to the above, algorithms for computing roots, the inverse and inverse
roots have been developed. Characteristic for these algorithms is that they all are
founded on floating-point number representation. The advantage of using the floating-point number representation lies in its structure, based on the fact that the exponent is scaling the mantissa. The scaling makes it possible to perform the
computation on a number with a very limited range instead of the full range of the
number, as in the fixed point case. The transformations of the exponent when using
these algorithms are very simple to perform. The conversion to and from floatingpoint numbers is also easily manageable, and therefore the expense of this is very
low.
To evaluate the methodologies, several implementations of unary functions and
algorithms on ASICs and FPGAs have been made. To evaluate the performance of
the new methodologies, comparisons have been made with implementations using
current state-of-the-art methodologies.

1.4. Research contributions
The main scientific contributions of the thesis are the following:

• The Parabolic Synthesis methodology, an approximation methodology for
implementing unary functions in hardware, has been developed. The methodology is characterized by a high degree of parallelism in the architecture and that it
is multiplicative and not additive as in the case of the majority of corresponding
methodologies.

• In the Parabolic Synthesis methodology (and all its variations), the squaring
function, including its partial products, is a frequently occurring operation.
Therefore a special squaring architecture computing the square and its partial
products has been developed.

• Combining Parabolic Synthesis and Second-Degree Interpolation is a further
development of the Parabolic Synthesis methodology. The introduction of second-degree interpolation implies that increased accuracy can be reached at
4

lower cost in terms of the resulting chip area, critical path delay and energy consumption. The combined methodology also has more extensive opportunities to
achieve desired characteristics and distribution of the error. The range of functions that can be approximated is also increased.

• The Harmonized Parabolic Synthesis methodology is a further development of
the Parabolic Synthesis Combined with Second-Degree Interpolation. Characteristic of the Harmonized Parabolic Synthesis methodology is the holistic
approach when developing a design. This approach will further improve performance by reducing chip area, computation delay and power consumption without harming the favorable characteristics and distribution of the error.
Furthermore, it increases the possibility to tailor the characteristics and the distribution of the error and extends the number of unary functions that approximations can be performed upon.

• Algorithms have been developed for computing roots of the order of natural
numbers from 2 and up. The algorithms are founded on using floating-point
number representation and manipulation of the number base. The algorithms are
characterized by a very high efficiency compared to existing methods.

• An algorithm for computing the inverse has been developed. It is founded on
using floating-point number representation and is characterized by a very high
efficiency compared to existing methods.

• Algorithms have been developed for computing inverse roots of the order of natural numbers from 2 and up. Like the above, they are founded on using floatingpoint number representation and manipulation of the number base and show a
very high efficiency compared to current methods.

• An initial set of tools for analyzing the characteristics of the error of an algorithm implemented in hardware has been developed. A greater understanding
has been gained of the problems associated with how the characteristics and the
distribution of the error affect the computation and the different parameters of a
hardware design.

• Finally, investigation and improvement of other approximation methods, such as
polynomial approximation, the Newton-Raphson method and CORDIC, has
also been made.

1.5. Organization of the thesis
The remaining part of this thesis is organized as follows: Chapter 2 briefly describes
a selection of approximation methodologies, look-up table, interpolation, polynomial approximation, piecewise approximation, such as the Newton-Raphson
method, weighted sum of bit-product approximation and CORDIC, followed by a
5

review of the research situation for approximation methods; Chapter 3 describes the
new approximation methodologies: Parabolic Synthesis, Parabolic Synthesis Combined with Second-Degree Interpolation, and Harmonized Parabolic Synthesis;
Chapter 4 describes the different architectures resulting from the different Parabolic
Synthesis methodologies; Chapter 5 describes a special hardware architecture for
computing the squaring result and all partial squaring results. Chapter 6 describes a
set of tools for analyzing the characteristics of the error; Chapter 7 describes algorithms for implementing the functions roots, inverse and inverse roots; and the thesis
closes with Chapter 8 with conclusions and Chapter 9 with future work. Nine papers
are appended to the thesis; references to these for further details will appear throughout the thesis.

1.6. Summary of appended papers
Paper A
E. Hertz and P. Nilsson, “A methodology for parabolic synthesis of unary functions
for hardware implementation,” in Proceedings of the 2008 IEEE Conference on Signals, Circuits and System, pp. 1-6, Hammamet, Tunisia, November 7-9, 2008.
Summary
This paper introduces a parabolic synthesis methodology for developing approximations of unary functions, like trigonometric functions and logarithms, which
are specialized for efficient hardware mapped VLSI design. The advantages with
the methodology are, short critical path, fast computation and high throughput
enabled by a high degree of architectural parallelism.
Paper B
E. Hertz and P. Nilsson, “Parabolic synthesis methodology implemented on the sine
function,” Proceedings of the 2009 International Symposium on Circuits and Systems (ISCAS’09), Taipei, Taiwan, May 24-27, 2009.
Summary
This paper shows the feasibility of the Parabolic Synthesis methodology by presenting an efficient implementation of the sine function in hardware.
Paper C
E. Hertz and P. Nilsson, “A methodology for parabolic synthesis,” a book chapter in
VLSI, In-Tech, ISBN 978-3-902613-50-9, pp. 199-220, Vienna, Austria, February
2010.
Summary
This book chapter is a more detailed description of the Parabolic Synthesis methodology. The high degree of architectural parallelism of the methodology provides a
short critical path that enables fast computation and high throughput. A squaring
6

operation occurrs in every branch of the architecture. Since the products of squaring
operations in the different branches are a partial product of the squaring of the
incoming signal, a special squaring operation has been developed that computes all
the partial products in one hardware block. This special squaring operation is
described in detail in the book chapter. Last, detailed descriptions are given of
implementations of some of the unary and binary functions for which the methodology is feasible.
Paper D
P. Pouyan, E. Hertz, and P. Nilsson, “A VLSI implementation of logarithmic and
exponential functions using a novel parabolic synthesis methodology compared to
the CORDIC algorithm,” in Proceedings of the European Conference on Circuit
Theory and Design (ECCTD 2011), Linköping, Sweden, August 29, 2011.
Summary
High performance implementations of unary functions are important in many applications, e.g., in the wireless communication area. This paper shows the development
and VLSI implementation of unary functions such as the logarithmic and exponential function by using a novel approximation methodology based on parabolic synthesis, which in the paper is compared to the well known CORDIC algorithm. Both
designs are synthesized and implemented on an FPGA and as an ASIC. The results
of the implementations are compared with metrics such as performance and area. In
a 65 nm Standard-VT ASIC implementation, the parabolic architecture is shown to
exceed the CORDIC architecture in terms of speed by a factor of 4.2.
Paper E
P. Nilsson, A. U. R. Shaik, R. Gangarajaiah, and E. Hertz, “Hardware implementation of the exponential function using Taylor series,” in Proceedings of the 32nd
NORCHIP Conference, Tampere, Finland, October 27, 2014.
Summary
This paper presents hardware implementations of the Taylor series. The focus is on
the exponential function, but the methodology is applicable for any unary function.
Two different architectures are investigated, one original, straightforward and one
modified structure. The outcomes are higher performance, smaller area and lower
power consumption for the modified architecture compared to the original.
Paper F
P. Nilsson, Y. Sun, R. Gangarajaiah, and E. Hertz, “Low power unrolled CORDIC
architectures,” in Proceedings of the Nordic Circuits and Systems Conference
(NORCAS): NORCHIP & International Symposium on System-on-Chip (SoC), 2015
(NORSIG 2015), Oslo, Norway, October 26, 2015.
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Summary
This paper shows a novel methodology to improve unrolled CORDIC architectures.
The methodology is based on removing adder stages, starting from the first stage.
As an example, a 19-stage CORDIC is used but the methodology is applicable to
CORDICs with an arbitrary number of stages. The CORDIC is implemented, simulated and synthesized into hardware. In the paper, the performance is shown to be
increased by 23% and the dynamic power to be reduced by 27%.
Paper G
E. Hertz, B. Svensson, and P. Nilsson, “Combining the parabolic synthesis methodology with second-degree interpolation,” Elsevier Journal of Microprocessors and
Microsystems, pp. 142-155, May 2016.
Summary
In this paper, in order to further improve the performance of Parabolic Synthesis
based designs, the methodology is combined with Second-Degree Interpolation. The
paper shows that the methodology provides a significant reduction in chip area,
computation delay and power consumption with preserved characteristics and distribution of the error. To evaluate this, the logarithm function has been implemented,
as an example, using the Parabolic Synthesis methodology in comparison to the Parabolic Synthesis methodology combined with Second-Degree Interpolation. To further demonstrate the feasibility of both methodologies, they have been compared
with the CORDIC methodology. The comparison is made on the implementation of
the fractional part of the logarithm with a 15-bit resolution. The designs implemented using the Parabolic Synthesis methodology - with and without the SecondDegree Interpolation - perform 4x and 8x better, respectively, than the CORDIC
implementation, both in terms of throughput. In terms of energy consumption, the
CORDIC implementation consumes 140% and 800% more energy, respectively.
The chip area is also smaller in the case when the Parabolic Synthesis methodology
combined with Second-Degree Interpolation is used.
Paper H
E. Hertz, J. Lai, B. Svensson, and P. Nilsson, “The harmonized parabolic synthesis
methodology for function generation in hardware,” Elsevier Journal of Microprocessors and Microsystems, Submitted March 2016.
Summary
The Harmonized Parabolic Synthesis methodology is a further development of the
Parabolic Synthesis methodology for approximation of unary functions. Without
harming the favorable characteristics and distribution of the error, it is possible to
significantly enhance performance in terms of reducing chip area, computation
delay and power consumption. Furthermore, it increases the possibility to tailor the
characteristics and distribution of the error, which improves conditions for the sub-
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sequent calculations. It also extends the number of unary functions that approximations can be performed upon since the possibilities to elaborate with the
characteristics and the distribution of the error increase. To evaluate the proposed
methodology, the fractional part of the logarithm has been implemented, and its performance is compared to the Parabolic Synthesis methodology. The comparison is
made with 15-bit resolution. The design implemented using the Harmonized Parabolic Synthesis methodology performs 3x better than the original Parabolic Synthesis implementation in terms of throughput. In terms of energy consumption, the new
methodology consumes 90% less energy. The chip area is 70% smaller than for the
original Parabolic Synthesis methodology. In summary, the new technology presented in this paper further increases the advantages of the parabolic synthesis
approach to approximation.
Paper I
E. Hertz, L. Bärring, N. Thuning, B. Svensson , and P. Nilsson, “Algorithms for
implementing roots, inverse and inverse roots in hardware,” May 2016, Preliminary
report for later publication as a journal paper.
Summary
For some functions, such as roots, inverse and inverse roots, a straightforward solution with an approximation is not manageable. Since these functions are frequent in
many computation intensive algorithms, it is necessary to find very efficient implementations of them. In this paper, new methods for implementation of these functions are presented. The methods are all founded on working in a floating-point
format, and, for the roots functions, a change of number base is also used. The transformations not only enable simpler solutions but also increased accuracy, since the
approximation algorithm is performed on a mantissa of limited range. As a study of
the usability of the methods, implementations of the inverse square root function
using the Harmonized Parabolic Synthesis methodology and the Newton-Raphson
method have been carried out.
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2

Approximation Methods

An unavoidable problem when implementing signal and image processing algorithms in hardware is to find realizations of elementary function approximations in
hardware. With the increasing digitalization, there is a growing need for hardware
realization methods of each approximation. It is natural in view of the increasing relevance that the subject of developing hardware realization methods of approximations gets more and more attention. This chapter will give a brief overview of
existing hardware realization methods of approximations of mathematically defined
elementary functions.

2.1. Look-up table
Computation by look-up table is an attractive VLSI realization method since this
simplifies the implementation of a logic function compared to a random logic implementation [6]. Also, with increasing memory density, multimegabit look-up tables
can become more practical in some applications. A benefit of look-up tables is that
they reduce the costs of hardware development for design, validation and testing.
They also provide more flexibility for design changes and reduce the number of different building blocks or modules required when implementing arithmetic system
designs.
When storing tables in read-only memories, the benefit is also improved reliability
since memories are more robust than combinational logic circuits. Moving to read/
write memories and reconfigurable peripheral logic will facilitate the evaluation of
different functions and simplify the maintenance and repair of an implementation.

2.1.1. Direct and indirect table look-up
The straightforward usage of a look-up table is a direct table look-up. When given
an m-variable function f(xm-1, xm-2, … , x1, x0), the evaluation of f when the input
values are u-bit and the desired result is v-bit, the required table size is 2muv bits.
The concatenated u-bit string is then used as an address into the table, with the read
11

out v-bit value from the table directly forwarded to the output. This arrangement
gives a high degree of flexibility but is not practical in most cases. When implementing unary functions, the size of the table can be manageable when the input operand
is up to 12 to 16 bits, which gives a table size of 4K to 64K words. To implement
binary functions, such as xy, x mod y or xy, in look-up tables, each input operand has
to be shortened to half of this size to be manageable. With increasing size, the logic
latency of the memory will also be a problem for many applications.
To reduce the consequences of exponential growth of the table size, preprocessing
steps of the operands and postprocessing steps [7] of the values’ read out from the
tables can be introduced, resulting in an indirect table look-up. When implementing
this hybrid scheme, the elements in the pre- and postprocessing parts are both simpler and faster and may also be more cost effective than either a pure table look-up
approach or a pure logic circuit implementation based on an algorithm.

2.1.2. Look-up table reduction by auxiliary function
An approach to reduce the table size is to develop a binary function as an auxiliary
unary function. With different complexity of the auxiliary function, the size of the
look-up table can be reduced to different extents. These auxiliary functions are used
in both the preprocessing, i.e., before table look-up, and following the table look-up
[7]. Generally, in comparison to other approximation methods, table look-up based
methods are faster since they need less computation in the approximation step. They
can also be made more accurate and are more susceptible to shaping the error. The
reduction of the table size for a given resolution can be rather significant and can
also allow pipelining of the design, which increases the throughput.

2.2. Interpolation
A simple method to reduce the size of the look-up table is to use linear interpolation
when implementing a function [6] [8]. When a function f(x) has a known value for
x = xlo and x = xhi, where xlo < xhi, the values for x in the interval [xlo, xhi] can be
computed from f(xlo) and f(xhi) by interpolation. The simplest method to perform an
interpolation is to use linear interpolations where f(x) for x in [xlo, xhi] is computed
according to (2-1).
 f  x hi  – f  x lo  
f  x  = f  x lo  +  x – x lo   ------------------------------------x hi – x lo

(2-1)

When implementing linear interpolation in hardware, two look-up tables are needed,
one for the starting point of the interpolation a = f(xlo) and one for the direction coefficient b = [f(xlo) - f(xhi)]/(xhi - xlo), as shown in Figure 2-1 for the initial linear
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approximation. When choosing xlo and xhi it is beneficial to express them as numbers in the form of 2 to the power of z, since the addressing of the look-up tables and
computation of the linear interpolation can be simplified. This will imply that the
addressing of the look-up tables will be in the most significant part of x and the subtraction for x = (x - xlo) will be in the least significant part of x. By this, the hardware realization of the approximation can be simplified to a + b x, where a and b
are fetched from memories for the interval in which the computation is to be performed.
Improved linear
approximation
Initial linear
approximation
f(x)

x
xlo

x

xhi

Figure 2-1. Linear interpolation for computing f(x).
To minimize the absolute and the relative error in the worst case, an improved linear
approximation strategy, as shown in Figure 2-1, can be chosen. As shown in
Figure 2-1, the starting point a and the direction coefficient b are chosen to minimize
the error of the interpolation in the interval.

2.3. Polynomial approximation
Since polynomials only involve additions, subtractions, multiplications and comparisons, it is natural to approximate elementary functions with polynomials. To
achieve computation efficiency, the multiplier is the most crucial part of the implementation. It is therefore important to choose a fast multiplier for the efficiency of
the computation of the polynomial approximation. A number of polynomial
schemes are available for polynomial approximations. The polynomial scheme
chosen affects the number of terms included for a given precision and thus the computational complexity.
When developing polynomial approximations, the challenge is to develop an efficient approximation that conforms to the function to be approximated in the desired
interval. Two development strategies are available in developing an approximation,
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Taylor Polynomial
Maclaurin Polynomial
Legendre Polynomial
Chebyshev Polynomial
Jacobi Polynomial
Laguerre Polynomial

Table 2-1. Approximation Schemes.
one to minimize the average error, called least squares approximation, and one to
minimize the worst case error, called least maximum approximation [9]. The strategy to choose depends on the requirements of the design. When the requirement of
the design is that the approximation gets the best fitting to the function to be approximated, least squares approximations is favorable. An example of when least squares
approximations are favorable is when the approximation is used in a series of computations. Least maximum approximations are favorable when it is important that
the maximum error to the function to be approximated is to be kept small. An example when least maximum approximations are favorable is when the error from the
approximation has to be within a limit from the function to be approximated.
A list of commonly known approximation schemes is given in Table 2-1. For additional information the reader can consult Muller´s book [9].

2.4. Piecewise approximation
Piecewise polynomial approximation [6] is a more flexible method for approximating a function f(x) since the interval on which to perform an approximation is
divided into a number of subintervals, on which approximations are implemented as
piecewise approximations by polynomials of a low degree. These piecewise polynomial approximations are called splines, and the endpoint of a subinterval is known
as knots. An example of a linear spline approximation is shown in Figure 2-2.
The definition of a spline of degree n, n  1, is a polynomial function of the degree
n or less in each subinterval and has a prescribed degree of smoothness. The spline
is expected to be continuous and also to have a continuous derivative of the order up
to k, 0  k < n.
In real-time applications, performing elementary functions is often made in dedicated hardware, since software routines are too slow and computationally intensive
[10]. When using piecewise approximation methods in hardware implementations,
the degree of spline used is therefore often limited to first-order approximations, also
called linear approximations.
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x

Figure 2-2. Example of a linear spline approximation.
Much effort is put into reducing the delay of the computation and the chip area when
developing hardware design. It is therefore interesting to exclude multipliers. An
example of this is shown in [11], where the multipliers have been replaced with configurable shifts.

2.5. Newton-Raphson method
The Newton-Raphson method [12] [13] is an iterative method that by iteration, n,
better approximations to the roots of a unary function f(x) = 0 are gradually found.
The general Newton-Raphson method is given as the iteration shown in (2-2).
f  xn – 1 
x n = x n – 1 – -------------------f   xn – 1 

(2-2)

The method is initiated by guessing an initial value, x0. The better the initial guess
is, the fewer iterations are needed to compute the root. A look-up table with a suitable initial value of x0 is often therefore used to reduce the number of iterations. A
drawback of this method is its structure, shown in (2-2), which is only feasible for
implementation in hardware for a limited number of functions.

2.6. Weighted sum of bit-product approximation
The approximation method of weighted sum of bit-products [14] can be beneficial
for implementation of elementary functions in hardware since it can give an area
efficient implementation with a high throughput and reasonable accuracy.
A general formulation of the approach is that it starts with a given function, f(X),
where X is composed of N bits, as shown in (2-3).
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N–1

X =

 xi 2

i

(2-3)

i=0

This gives the function 2N function values, f(X), where 0  X  2N-1. The function’s
values are then computed as a weighted sum of bit-products, as shown in (2-4).
N

2 –1

fX =

 cj pj

(2-4)

i=0

In (2-4), cj corresponds to the weight and pj to the bit-products, where each bit-product, pj, is composed of the bits xj that are one in the binary representation of j.

2.7. CORDIC
The CORDIC (COordinate Rotation DIgital Calculation) algorithm is an iterative
algorithm able to approximate a number of elementary functions using only simple
mathematical operations such as additions, shifts and table look-ups. The algorithm
is therefore very appealing for hardware implementation [15] [16]. It can be implemented in many ways, such as an iterative single stage method. Since the same hardware is used for all iterations, the implementations will be very efficient. The same
hardware can also be used for computing many different functions and for this
reason is ideal for applications where the emphasis is on reducing cost over speed.
The iterative computation process results in that the computation time is drawn out,
which is a drawback of the method.
The CORDIC algorithm has received a special status when implementing approximations of unary functions in hardware. This is backed up by the fact that CORDIC
is the default method for approximation in most hardware development tools.

2.7.1. General concept
The general concept of the CORDIC algorithm [17] [18] is vector rotation. Since
vector rotation with an arbitrary angle is non-trivial, two methods are used to simplify the computation. The first method is to perform “pseudo-rotations” instead of
performing rotations, since this is easier to compute. The second method is to construct the desired angle  from the sum of special angles i. Figure 2-3 shows rotations and pseudo-rotations of a vector of the length Ri, an angle of i from the origin.
x i + 1 = x i – y i  tan   i 
y i + 1 = y i + x i  tan   i 
(2-5)
i + 1 = i – i
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y
Ei+1

yi+1

Ei+1

yi+1

Rotation
Pseudo-rotation

Ri+1

Ei

yi
Ri
i

i

i+1
xi+1 xi+1

xi

x

Figure 2-3. Example of rotations and pseudo-rotations.
The co-ordinates following a pseudo-rotation are shown in (2-5).
A drawback of the algorithms in (2-5) is illustrated in Figure 2-3. The drawback is
that, over a sequence of n pseudo-rotations, the vectors will grow by a factor of K,
given by (2-6).
n–1

K =



2

1 + tan   i 

(2-6)

i=0

If the angles i are always the same, then K is a constant and can be accounted for
later. There are two criteria for choosing the set of angles i. The first criterion is
that any angle can be constructed from a sum of all of them and with the appropriate
signs. The second criterion is that every tan(i) is a power of 2, hence that the multiplication can be performed as a simple shift.
1

 1 = atan  ----------1 – 1 = 45
2 
1

 2 = atan  ----------2 – 1 = 26.57
2 
1

 3 = atan  ----------3 – 1 = 14.04
2 
1

 4 = atan  ----------4 – 1 = 7.13
2 
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(2-7)

R=K

3
1



2

0

R=1

Figure 2-4. The first four pseudo-rotations.
In (2-7) the first four rotation angles are shown to fulfill the two criteria.
An example estimating a vector rotation of the given input angle,  = 30, is shown
in Figure 2-4.
The result of the estimation of the vector rotation in Figure 2-4 is shown in (2-8).
30  45.0 – 26.57 + 14.04 – 7.13=25.34

(2-8)

More steps are used to improve the accuracy of the approximation.

2.8. Research situation for approximation methods
Broadly speaking, not one approximation method is generally best. The different
methods have different advantages in terms of performing approximations of various functions or algorithms. Similarly, the various methods yield different performance at an implementation in hardware. This implies that choosing the most
appropriate approximation method for a certain implementation can mean that you
have to weigh together many different parameters. The fundamental hardware
implementation parameters are chip area, critical path delay and power consumption. Essential parameters are also the characteristics and the distribution of the
error, since these will affect both the hardware implementation and the calculations
in the algorithm in which the approximation is included. Nominating one approximation method as the best must therefore be done with regard to the context in which
it is a part.
Research on implementation of approximations of unary functions in hardware is
mainly done on improving the performance of various existing methods. Examples
18

are the improvements described in [8] [19] [20] [21] as in [Paper E] and [Paper F]
in this thesis. An exception is the Weighted Sum of Bit-Products methodology [14]
presented 2005. In this methodology, the function is rewritten as a sum of weighted
bit-products. This provides an efficient implementation for reasonable accuracies
and will then also yield a high throughput.
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3

Parabolic Synthesis
Methodologies

The Parabolic Synthesis methodologies are specialized for implementing approximations of unary functions, such as trigonometric functions, logarithms and the
square root, in hardware. A common and simple way to implement approximations
of unary functions is the use of look-up tables. The drawback of the look-up tables
is that, with increasing accuracy of the approximation, they become both chip space
demanding and slow. Another approach when developing approximations of unary
functions is to develop algorithms such as the CORDIC algorithm. The disadvantage
of this approach is that, with increasing accuracy of the approximation, they tend to
become increasingly more computationally intensive. By combining these two
methods, the benefits of both methods can create effective solutions for approximations of unary functions with higher accuracy. The Parabolic Synthesis methodologies can be seen as a combination of these approaches. The Parabolic Synthesis
methodologies will reduce the table size by developing functions as auxiliary functions to the look-up table. For a given resolution, the Parabolic Synthesis methodologies have proven to considerably reduce the table size. This has been accomplished
while also obtaining small chip area, short computation time, low power consumption and the ability to tailor the characteristics and the distribution of the error.

3.1. Parabolic Synthesis
The Parabolic Synthesis methodology, [Papers A, C, and G], is founded on multiplications of sub-functions, sn(x), n=1, 2, ... , each sub-function being a secondorder parabolic function. The function to perform the approximation on is called the
original function, forg(x). When multiplying an infinite number of these sub-functions, as shown in (3-1), the original function, forg(x), is obtained.
f org  x  = s 1  x   s 2  x     s   x 
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(3-1)

In reality, of course, the number of sub-functions is not infinite. Instead, the number
of sub-functions used is related to the desired accuracy of the approximation. Note
that, in the Parabolic Synthesis methodology the approximation is based on multiplication of factors, distinguishing it from many other methodologies that are based
on summation of terms.
The first step in the methodology is to define the first sub-function, s1(x). This is
described in Section 3.1.1 below. The procedure used to obtain the following
sequence of sub-functions includes the development of help functions, from which
sub-functions are then developed. To compute the first help function, f1(x), the ratio
function between the original function, forg(x), and the first sub-function, s1(x), is
computed. This division generates the first help function, f1(x), as shown in (3-2).
f org  x 
f 1  x  = ---------------- = s 2  x   s 3  x     s   x 
s1  x 

(3-2)

In the same manner, the following help functions, fn(x), are generated, as shown in
(3-3).
fn – 1  x 
f n  x  = ------------------ = s n + 1  x   s n + 2  x     s   x 
sn  x 

(3-3)

In (3-4), the relationship for the calculation in (3-3) of the help functions, fn(x), is
clarified.












f org  x  = s 1  x   s 2  x   s 3  x     s   x 













f1  x  = s2  x   s3  x   s4  x     s  x 

(3-4)













f2  x  = s3  x   s4  x   s5  x     s  x 


3.1.1. First sub-function
The first sub-function, s1(x), (3-1) can be looked upon as a rough estimate of the
original function, forg(x). It consists of a linear part, which is dependent on a constant
together with a linear function, and a non-linear part, which is a parabolic function.
When developing the first sub-function, s1(x), the linear part, s1_lin(x), is first developed. The initial look of the linear part of the first sub-function, s1_lin(x), is shown
in (3-5).
s 1_lin  x  = l 1 + k 1 x
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(3-5)

To reduce the hardware for realizing the first sub-function, coefficient l1 in (3-5) is
set to 0, which removes the addition in (3-5). Similarly, the coefficient k1 in (3-5) is
set to 1, which removes the multiplication. The linear part of the first sub-function
is shown in (3-6).
s 1_lin  x  = x

(3-6)

To obtain a simple implementation of the non-linear part as a parabolic function of
the second degree, the range of the interval on the x-axis is restricted to 0x1.
Thus, the function to be approximated must be normalized and must satisfy the
requirement that the values are in the interval 0x1.0 on the x-axis and
0y1.0 on the y-axis and have the starting point in (0,0). The normalization of
the function to be approximated creates the original function, forg(x), as shown in
Figure 3-1.
1.00

(1,1)

0.50

forg(x)

0y1

y

0.75

0.25

0.00
0.00

0x1

(0,0)
0.25

0.50
x

0.75

1.00

Figure 3-1. Normalization into the original function.
This implies that the first sub-function, s1(x), can be expressed as in (3-7), where
coefficient c1 determines the height of the non-linear part.
2

s1  x  = x + c1  x – x 

(3-7)

To satisfy the demands of the methodology, the original function, forg(x), has to fulfill three additional criteria.
1. The original function, forg(x), has to be strictly concave or convex through the
interval since the approximation used is a second-order parabolic function.
2. The original function, forg(x), after being divided by the first sub-function, s1(x),
must have a limit value when x goes towards 0.
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If the function has no limit value, it implies that a help function, f1(x), can not be
defined when x = 0.
3. The limit value in criterion 2 subtracted with 1 must be smaller than or equal to 1
or larger than or equal to -1.
If the limit value in criterion 2 is outside this interval, the gradient of the first subfunction, s1(x), will not be positive through the entire interval and therefore not
deployable as an approximation of the original function. Fortunately, for almost all
interesting functions, criterion 3 is fulfilled. Examples of original functions that do
not fulfill criterion 3 are higher order roots than cube roots.

3.1.1.1. Developing the first sub-function
The first sub-function, s1(x), is a second-order parabolic function as shown in (3-7).
When developing s1(x), the criterion for the second sub-function, s2(x), has to be
taken into account. The criterion for s2(x) is that it shall start in (0,1) and end in (1,1).
Based on the start criterion, the coefficient c1 in (3-7) can be computed from the
limit in (3-8).
f org  x 
1 = lim -------------------------------(3-8)
x  0 x + c  x – x2 
1
The limit in (3-8) is rewritten according to (3-9) since the x2 term in (3-8) goes faster
towards 0 than x and the x2 term can therefore be excluded, as shown in (3-9).
f org  x 
1 = lim --------------------(3-9)
x  0  1 + c 1 x
The limit in (3-9) is rewritten according to (3-10), and the coefficient c1 can be calculated from this.
f org  x 
-– 1
c 1 = lim --------------x
x0

(3-10)

3.1.2. Second sub-function
The second sub-function, s2(x), is developed as an approximation of the first help
function, f1(x). The computing of f1(x) is performed according to (3-2) and the result
of this operation is a concave or convex function. The appearance of this function is
similar to a parabolic function, as illustrated in Figure 3-2 or its mirror on the x-axis.
As an approximation of the first help function, f1(x), the second sub-function, s2(x),
is chosen as a second-order function [6] for which the start value, l2,start , is 1 and
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the end value, l2,end , is 1, as shown in Figure 3-2. Since the interval on the x-axis is
normalized to 1, as shown in Figure 3-2, the denominator when computing the gradient, k2, is 1. Gradient k2 is computed as k2=l2,endl2,start . From Figure 3-2 it is
found that both l2,end and l2,start are 1, which leads to the gradient k2 being equal to
0. This implies that the second-order function can be reduced according to (3-11).
2

2

s 2  x  = l 2 start + k 2 x + c 2  x – x  = 1 + c 2  x – x 

(3-11)

In (3-11) the coefficient c2 is chosen so that the quotient between the first help function, f1(x), and the second sub-function, s2(x), is equal to 1 for x = 0.5, according to
(3-12), which is also shown in Figure 3-2.
c 2 = 4  f 1  0.5  – 1 

(3-12)

1.12
1.10

f1(x), s2(x)

1.08
c2 = 4(f1(0.5)-1)
1.06
f1(x)

s2(x)

1.04
1.02
l2,start =1
1.00
0.00

l2,end =1
0.25

0.50
x

0.75

1.00

Figure 3-2. Example of the first help function, f1(x), compared with the second
sub-function, s2(x).

3.1.3. Sub-functions, sn(x), when n > 2
When calculating the second help function, f2(x), according to (3-3), the result is a
pair of opposite, strictly concave or convex functions, as shown in Figure 3-3.
The third sub-function, s3(x), is an approximation of the second help function, f2(x).
It has two parts; the first part is restricted to the interval 0x0.5 and the second
part is thus restricted to the interval 0x1.0. When the third sub-function, s3(x),
is developed, it is divided into two partial functions, one for each interval.
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A general approach when developing help functions, fn(x), when n>1, is, in each
interval, to develop a strictly concave or strictly convex function as a partial help
function. When developing the higher-order sub-functions, sn(x), when n>2, each
partial strictly concave or convex function is divided into two separate parabolic
functions. A parabolic sub-function is developed for each sub-interval as an approximation of the help function, fn(x), in the sub-interval. To show the subinterval for
which the partial functions are valid, the subscript index is increased with the index
m, which gives the partial help function, fn,m(x), according to (3-13). In equation (313) it is shown how the help function, fn(x), is divided into partial help functions,
fn,m(x), when n>1.
1.0010
1.0005

f2(x)

1.0000
0.9995
0.9990
0.9985
0.9980
0.00

0.25

0.50
x

0.75

1.00

Figure 3-3. Example of the second help function f2(x).
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0  x  -----------n–1
 n 0
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2 1 ----------- x  ----------- f n 1  x ,
n–1
n–1
(3-13)
fn  x  = 
2
2



n–1

2
–1
 f n – 1  x ,
--------------------  x  1
n–1
 n 2 – 1
2

As shown in (3-13), the number of partial help functions is doubled for each order
of n>2, i.e., the number of partial functions is 2n1.
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The corresponding sub-functions are developed from these partial functions. Analogous to the help function, fn(x), the sub-function, sn+1,m(x), will also have partial
sub-functions, sn+1,m(x). Equation (3-14) shows how the sub-function, sn(x), is
divided into partial functions when n>2.

1  s  x ,
0  x  -----------n–2
 n 0 n
2


2
1
-------------  x  ------------ s n 1  x n ,
n–2
n–2
(3-14)
sn  x  = 
2
2




n–2
–1
2
 s n – 1  x ,
-------------------x1
n–2
 n 2 – 2 n
2

Note that, in (3-14), input variable x has been changed to xn. The change to xn is a
normalization to the corresponding interval, which simplifies the hardware implementation of the parabolic function.
To simplify the normalization of the interval of xn , it is chosen as an exponentiation
by 2 of x where the integer part is removed. The normalization of x is therefore done
by multiplying x with 2n2, which in hardware is n2 left shifts. The integer part is
thus dropped, which gives xn as a fractional part of x, as shown in (3-15).
x n = frac  2

n–2

x

(3-15)

The dropped integer part from the normalization is used to code the interval in which
the sub-function is performed, which is equal to the index m in the sub-function.
As in the second sub-function, shown in (3-11), the second-order function is used as
an approximation in each interval of a partial help function, fn1,m(x). The start value
for each partial help function is 1, which implies that the constant term, ln,m , in the
sub-function (3-16) is 1. The end value in each partial help function’s interval is also
1, which corresponds to the gradient, kn,m , being 0 for each interval in the sub-function, sn,m(x), (3-16). The range of xn in each interval of the partial help function, fn1,m(x), is 1, which allows the sub-functions, sn,m(x), to be reduced according to (316).
s n m  x n  = l n m + k n m x n + c n m  x n – x n2  = 1 + c n m  x n – x n2 

(3-16)

In (3-16) the coefficients, cn,m, are chosen so that the quotients between the help
functions, fn-1,m(x), and the sub-sub-functions, sn,m(x), are equal to 1 when xn is
equal to 0.5. This is given by (3-17).
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2  m + 1  – 1
– 1
c n m = 4  f n –  1 m   -----------------------------n–1




2

(3-17)

3.1.4. Summary
The Parabolic Synthesis methodology is founded on multiplications of sub-functions, sn(x), n=1, 2, ... , each sub-function being a second-order parabolic function.
The first sub-function, s1(x), can be viewed as a rough estimate of the original function, forg(x), and the number of remaining sub-functions relates to the desired accuracy of the approximation. Note that in the Parabolic Synthesis methodology the
approximation is based on multiplication of factors as shown in (3-1).
Figure 3-4 is a visualization that describes the behavior of the sub-functions in an
implementation with four sub-functions.

x
s1(x)
Approximation


s2(x)



y

s3(x)


s4(x)

Figure 3-4. Visualization of the behavior of four sub-functions in an
implementation.
The graphs in Figure 3-4 show the behavior of the four sub-functions and the resulting approximation. Note that the range in the graphs on the x-axis is the same for all
graphs. The heights of the graphs have no mutual relevance, however, and should
only be seen as an illustration of the functions’ behaviors. From the graphs of the
sub-functions in Figure 3-4 it can be seen that the number of periods of the function
in the graphs is doubled with an increasing index on the sub-functions, as shown in
(3-7), (3-11) and (3-14). In the graph of the first sub-function, s1(x), the length of the
interval [0,1] is a quarter of a period, whereas in the graph of the fourth sub-function,
s4(x), the length of the interval is two periods. The heights of the sub-functions drop
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significantly with an increasing sub-function index. The drop in height between the
sub-functions is so large that their behavior would not have been visible using the
same scale factor as of the first sub-functions.

3.2. Parabolic Synthesis Combined with 
Second-Degree Interpolation
A consequence of the Parabolic Synthesis methodology is that, to increase the accuracy of the approximation, the number of sub-functions must be increased, which
will increase the size of the hardware. A new methodology has been developed to
mitigate this. By combining Parabolic Synthesis and Second-Degree Interpolation
[Paper G] the structure is similar to the Parabolic Synthesis methodology in that a
synthesis of sub-functions is done (3-1). However, never more than two sub-functions are required (3-18). The sub-function developed with Parabolic Synthesis
gives a rough approximation, while the approximation is enhanced by increasing the
number of intervals in the sub-function developed with Second-Degree Interpolation.
f org  x  = s 1  x   s 2  x 

(3-18)

Other benefits are:

• The Second-Degree Interpolation part relaxes criteria 1 and 3 described in Section 1.1.1. These are demands on the original function, forg(x), that must be fulfilled to enable an approximation. However, it is still an advantage if the criteria
are fulfilled since this will imply a more efficient implementation.

• The reduction to two sub-functions enables a reduction in hardware, and with
that follows a reduction of the power consumption.

• With the combination of the methodologies, a reduction of the length of the critical path can be foreseen.

• An advantage of using the Second-Degree Interpolation is that a rough internal
error compensation can be accomplished to improve the characteristics and the
distribution of the error.

3.2.1. Second sub-function
As in the Parabolic Synthesis methodology, the second sub-function, s2(x), is developed as Second-Degree Interpolations, as shown in (3-19) and Figure 3-4.
s 2  x  = l 2 i + k 2 i x w + c 2 i  x w – x w2 
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(3-19)

To simplify the coding of the interval numbers, i, in hardware, the number of equal
range intervals in the second sub-function, I, is chosen as 2 to the power of w, where
w is a natural number (3-20).
I = 2

w

(3-20)

To simplify the normalization of the interval of xw , the interval is selected as an
exponentiation by 2 of x where the integer part is removed. The normalization of x
is therefore done by multiplying x with 2w, which in hardware is w left shifts. Hereafter, the integer part is dropped, which gives xw as a fractional part of x, as shown
in (3-21).
w

x w = frac  2 x 

(3-21)

This truncation performs normalization to the interval, as shown in Figure 3-4. The
dropped integer part from the normalization is used to code the number of the interval in which the second sub-function is performed, which is therefore synonymous
with the index i in the sub-function, as shown in Figure 3-5.
f1  x 
c 2 i = 4  f 1  x middle i   – l 2 i – k 2 i  2

f1(x)

l 2 i + k 2 i xw + c 2 i  xw + x w2 

l 2 i + k 2 i xw

l 2 i
x start i
0

x end i

x middle i
0.25

0.5
xw

0.75

1

Figure 3-5. Description of the development of the Second Degree Interpolation.
The index i is defined as the number of the interval, starting with 0 and ending with
I  1. In (3-19), l2,i is the starting point of an interval of the interpolation. This is
computed by inserting the starting point value of the interval, xstart,i, in the help
function, f1(x), (3-2), as shown in (3-22) and Figure 3-5.
l 2 i = f 1  x start i 
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(3-22)

In (3-19), k2,i is the gradient for an interpolation interval. The gradient k2,i for an
interval is computed as the end point value of the help function, f1(xend,i), subtracted
with the start point value of the help function, f1(xstart.i). Since the interval is normalized to 1, this excludes the denominator, as shown in (3-23) and Figure 3-5.
k 2 i = f 1  x end i  – f 1  x start i 

(3-23)

In (3-19), c2,i is pre-computed so that the second sub-function for an interval,
s2,i(xw), cuts the help function, f1(x), in the middle of interval i when xw = 0.5, which
satisfies the point xmiddle,i for the help function, f1(x), as shown in (3-24) and
Figure 3-5.
k 2 i
c 2 i = 4  f 1  x middle i  – l 2 i – --------

2 

(3-24)

The sub-function in (3-18) can be simplified according to (3-25).
s 2 i  x  = l 2 i + j 2 i xw – c 2 i xw2

(3-25)

In (3-25), ji is pre-determined according to (3-26).
j 2 i = k 2 i + c 2 i

(3-26)

Equation (3-27) shows how the sub-function, s2(x), is divided into partial functions.

1
 s  x ,
0  x  ------w 2 0 n
2


1
2
-------  x  ------ s  x ,
w
w
(3-27)
s 2  x  =  2 1 n
2
2




I–1
 s 2 I – 1  x n ,
-----------  x  1
w

2

Note that in (3-27), x has been changed to xw; the change to xw is made because the
intervals for the sub-sub-functions, s2,i(x), in (3-27) have equal ranges.

3.3. Harmonized Parabolic Synthesis
The Harmonized Parabolic Synthesis methodology described in Paper H is a further evolution of the Parabolic Synthesis Combined with Second-Degree Interpolation methodology. The improvement compared to the previous methodology lies in
the development of the algorithm for approximation. As for Parabolic Synthesis
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Combined with Second-Degree Interpolation, it is founded on the product of the two
sub-functions in (3-28).
f org  x  = s 1  x   s 2  x 

(3-28)

In (3-28) the first factor is called the first sub-function, s1(x), and is derived from the
Parabolic Synthesis methodology described in Section 3.1.1. The second factor in
(3-28) is called the second sub-function, s2(x), and is a second-degree interpolation
derived from the Parabolic Synthesis Combined with Second-Degree Interpolation
methodology.
The essential difference between Harmonized Parabolic Synthesis and Parabolic
Synthesis Combined with Second-Degree Interpolation is in the development of the
sub-functions. In the previous methodology, the two sub-functions are developed
separately, whereas in the Harmonized Parabolic Synthesis methodology the subfunctions are developed as one unit. The intention with this design strategy is to have
a holistic view of the design process and thereby improve performance such as chip
area, critical path delay and power consumption. This design strategy results in that
the range of unary functions suitable for the approximation methodology is extended
even further. This is because the development methodology allows a higher degree
of flexibility and adaptability in the design process.

3.3.1. The sub-functions
The first sub-function, s1(x), is a second-order parabolic function, which in conjunction with the second sub-function, s2(x), results in an approximation of the original
function, forg(x). The second sub-function is a second-degree interpolation [6] [22]
[23] specifically shown in Paper H, which is the reason for the higher degree of
flexibility and adaptability in finding an optimum for the design. The number of
intervals in the second sub-function determines the final accuracy of the approximation and allows the characteristics and the distribution of the error to be tailored.
When developing an approximation with the proposed methodology, an empirical
design methodology is the only feasible approach because the two sub-functions are
designed as a complete unity to fulfill the design criteria. This design process makes
it possible to a higher extent to weigh various design parameters against each other
and thereby achieve a design that is closer to optimal.

3.3.1.1. Developing the first sub-function
The first sub-function, s1(x), is a second-order parabolic function as shown in (3-29).
2

s1  x  = l1 + k1 x + c1  x – x 
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(3-29)

It can be seen that the two terms on the left form a linear equation with a constant l1
and a gradient k1, while the rightmost term is the nonlinear part. From Figure 3-6 it
is then found that the starting point for the first sub-function, s1(x), is in (0,0). This
gives the start value, l1, to be 0. Furthermore, the gradient, k1, is 1 since the gradient
starts in (0,0) and ends in (1,1) and the range of x therefore is 1. The first sub-function, s1(x), can therefore be rewritten according to (3-30).
2

s1  x  = x + c1  x – x 

(3-30)

3.3.1.2. The second sub-function
f help  x 
c 2 i = 4  f 1  x middle i   – l 2 i – k 2 i  2

f1(x)

l 2 i + k 2 i xw + c 2 i  xw + x w2 

l 2 i + k 2 i xw

l 2 i
x start i
0

x end i

x middle i
0.25

0.5
xw

0.75

1

Figure 3-6. Description of the development of the second-degree interpolation.
The second sub-function, s2(x), is based on splitting the function in intervals to perform an interpolation. The procedure when developing the second sub-function is to
perform a division of the original function, forg(x), with the first sub-function, s1(x).
This division generates the help function, fhelp(x), as shown in (3-31).
f org  x 
(3-31)
f help  x  = ---------------s1  x 
From the help function, fhelp(x), the second sub-function, s2(x), is developed as a
Second-Degree Interpolation, as shown in (3-32) and Figure 3-6, where the number
of intervals in the interpolation decides the order of the accuracy of the approximation.
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s 2  x  = l 2 i + k 2 i x w + c 2 i  x w – x w2 

(3-32)

To simplify the determination of the interval, i, in hardware, the number of equalrange intervals in the second sub-function, I, is chosen as 2 to the power of w, where
w is a natural number as shown in (3-33).
I = 2

w

(3-33)

To simplify the normalization of the interval of xw, it is selected as an exponentiation
by 2 of x where the integer part is removed. The normalization of x is therefore made
by multiplying x with 2w, which in hardware is implemented as w left shifts. Furthermore, the integer part is dropped, which gives xw as a fractional part of x, as shown
in (3-34).
w

x w = frac  2 x 

(3-34)

This truncation performs normalization to the interval, as shown in Figure 3-6. The
dropped integer part from the normalization is used to code the number of the interval in which the second sub-function is performed and is therefore synonymous with
the index i in the sub-function, as shown in Figure 3-6. The index i is defined as the
number of the interval starting with 0 and ending with I  1. In (3-32), l2,i is the starting point of an interval of the interpolation. This is computed by inserting the value
of x for the starting point of the interval xstart,i, of the help function, fhelp(x), (3-31),
as shown in (3-35) and Figure 3-6.
l 2 i = f help  x start i 

(3-35)

Equation (3-35) does not apply to the start value of the first interval, which has to be
calculated as the limit according to (3-36). Since the x2 term in (3-36) goes faster
towards 0 than the x term, it can be excluded when calculating the limit, as shown in
(3-36).
f org  x 
f org  x 
l 2 0 = lim -------------------------------- = lim --------------------2
x  0 x + c x – x 
x  0  1 + c 1 x
1

(3-36)

In (3-32), k2,i is the gradient for an interpolation interval i. The gradient k2,i for an
interval is computed as the end point value of the help function, fhelp(xend,i), subtracted with the start point value of the help function, fhelp(xstart.i). Since the interval
is normalized to 1 the denominator when computing the gradient, k2,i, is set to 1 and
therefore no division is needed, as shown in (3-37) and Figure 3-6.
k 2 i  x  = f help  x end i  – f help  x start i 
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(3-37)

In (3-32) the coefficient, c2,i, in an interval i of the second sub-function, s2(x), is precomputed so that the second sub-function in an interval, s2,i(xw), cuts the help function, fhelp(x), in the middle of the interval when xw = 0.5. This satisfies the point xmiddle,i for the help function, fhelp(x), as shown in (3-38) and Figure 3-6.
k 2 i
c 2 i = 4  f help  x middle i  – l 2 i – --------

2 

(3-38)

The sub-function in (3-31) can be simplified according to (3-39).
s 2 i  x  = l 2 i + j 2 i xw – c 2 i xw2

(3-39)

In (3-39), j2,i is pre-determined according to (3-40).
j 2 i = k 2 i + c 2 i

(3-40)

In equation (3-41), it is shown how the sub-function, s2,i(x), is divided into partial
functions.
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s 2  x  =  2 1 n
(3-41)
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Note that, in (3-41), x has been changed to xw. The change is made because the intervals for the partial sub-functions, s2,i(x), in (3-41) have equal ranges.

3.3.2. Development of two sub-functions
When developing the approximation of the original function, forg(x), the first and
second sub-functions are looked upon as one unity. While, in the Parabolic Synthesis methodology, the first sub-function, s1(x), was developed to have as good conformity as possible with forg(x), the objective of the Harmonized Parabolic Synthesis
methodology is rather to develop the first sub-function in such a way that the product
of the two sub-functions gives a good conformity to the original function. This
includes that the characteristics and the distribution of the error are favorable and the
hardware implementation as simple as possible. The development of the first subfunction cannot, as in the Parabolic Synthesis methodology, be based on independent analytical calculations since it is dependent on the performance of the second
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sub-function, s2(x). Therefore, the coefficient c1 (3-30) in the first sub-function has
to be determined by simulation of the absolute error, ferror(x), between the approximation and the original function according to (3-42).
f error  x  = s 1  x   s 2  x  – f org  x 

(3-42)

To perform this simulation of the absolute error, ferror(x), the second sub-function,
s2(x), has to be made dependent on coefficient c1 in the first sub-function, s1(x), as
shown in (3-30) to (3-32) and (3-35) to (3-38). The simulation is interesting only as
an indication of how the absolute error, ferror(x), depends on the coefficient
c1.Choosing the coefficient c1 must be made with regard to both the characteristics
of the error of the approximation and the efficiency of the hardware implementation.
The number of intervals in the second sub-function, s2(x), needs to be increased to
achieve the intended accuracy; this must also be taken into account when performing
the simulation of the error. Figure 3-7 shows the bit accuracy for the sine function,
shown when using 1, 2, 4 and 8 intervals in the second sub-function, s2(x), with different values of the coefficient, c1.
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Figure 3-7. The bit accuracy depending on c1 for 1, 2, 4 and 8 intervals in the
second sub-function, s2(x).
From Figure 3-7, values of the coefficient c1 are chosen so as to allow efficient hardware implementation. The behavior of the bit accuracy in Figure 3-7 results from the
approximation using different values of the coefficient c1. From this, the number of
intervals and the value on the coefficient c1 used in the design can be selected.
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Implementations using Harmonized Parabolic Synthesis methodology are described
in Paper H and Paper I. The function implemented in the first paper is the logarithm, and a comparison is made with an implementation using the Parabolic Synthesis methodology. In the second paper, the inverse square root function is
implemented and a comparison is made with an implementation using the NewtonRaphson method with regard to chip area, critical path delay and power consumption
per sample. The second paper also includes an analysis of the characteristics and distribution of the error in the approximations implemented.

3.4. Summary
The development of the Parabolic Synthesis methodologies has been made with a
view toward small chip area, short computation time, low power consumption,
simple implementation in hardware and the ability to tailor the characteristics and
the distribution of the error. Several tools are used to accomplish this. A high degree
of parallelism is used to minimize the length of the critical path. In order to simplify
the addressing of the look-up tables, this is done directly from the operand. Besides
this, only operations that are simple to implement in hardware, such as additions and
multiplications, are used. To establish a high degree of parallelism and faster convergence, the algorithm is founded on a synthesis of factors where the factors are
second-order parabolic functions. The synthesis of second-order parabolic functions’ factors also implies adjustability for the performance of the algorithm.
The next chapter will show the architectures resulting from the use of the methodologies.
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4

Parabolic Synthesis
methodologies architectures

The algorithms used in the Parabolic Synthesis methodologies are developed to
obtain small chip area, short computation time, low power consumption and enable
tailoring of the characteristics and the distribution of the error. This is achieved by
having architectures with a high degree of parallelism, high adaptability and low
complexity operations that are simple to implement in hardware. The methodologies
developed are the original Parabolic Synthesis methodology [Paper G] and the two
improved methodologies, Parabolic Synthesis combined with Second-Degree Interpolation [Paper G] and Harmonized Parabolic Synthesis [Paper H]. All methodologies are founded on multiplications of two or more second-order parabolic
functions called sub-functions, sn(x). Since these sub-functions are combined
through multiplication, a highly parallel structure can be obtained by a tree structure.
IFigure 4-1 shows the architecture of the original Parabolic Synthesis methodology
using four sub-functions.

x

s1(x)

s2(x)

y

s3(x)
s4(x)

Figure 4-1. Architecture of the Parabolic Synthesis methodology using four subfunctions.
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The difference between the original methodology and the improved methodologies
lies mainly in how the accuracy of the approximation is accomplished. In the Parabolic Synthesis methodology, the accuracy of the approximation is determined by
the number of sub-functions, sn(x), used in the implementation. In the improved
methodologies, only two sub-functions are used, as shown in Figure 4-2.

x

s1(x)

y

s2(x)

Figure 4-2. Architecture of the improved methodologies using two sub-functions.
In the improved methodologies, the second sub-function, s2(x), is a second-degree
interpolation. The interpolation in the second sub-function is performed by dividing
the range over which the approximation is made into a power of two number of intervals. In each of these intervals, the sub-function is then approximated with a secondorder parabolic function. The accuracy of the approximation for these methodologies is therefore determined by the number of intervals used in the interpolation.

4.1. The architecture of the 
original Parabolic Synthesis methodology
The architecture of the original Parabolic Synthesis methodology is founded on multiplication of second-order parabolic functions called sub-functions, sn(x), as shown
in Figure 4-1. For the sub-functions with an index, n, of 3 or higher, the sub-function
contains sub-second-order parabolic functions called sub-sub-functions, sn,i(x). The
number of sub-sub-functions in a sub-function is determined by the index according
to 2n-2. The number of intervals is therefore always a power of two. This combined
with the fact that the range of the interval of a sub-function is restricted to 0x1
implies that the n-2 most significant bits in the input x are used to address the intervals for every sub-sub-function inside each sub-function. Figure 4-3 shows a
detailed description of an implementation using the Parabolic Synthesis methodology and with four sub-functions. The implementation in Figure 4-3 has four subfunctions s1(x), shown in (4-1), s2(x), shown in (4-2), s3(x), shown in (4-3), and
s4(x), shown in (4-4).
2

(4-1)

2

(4-2)

s1  x  = x + c1  x – x 
s2  x  = 1 + c2  x – x 
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2

s 3 i  x 3  = 1 + c 3 i  x 3 – x 3 

(4-3)

s 4 h  x 4  = 1 + c 4 h  x 4 – x 42 

(4-4)
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Figure 4-3. Architecture using the Parabolic Synthesis methodology and with four
sub-functions.
The first and second sub-functions are not divided into intervals as the third and
fourth sub-functions are. The fact that the sub-functions are not divided into intervals implies that the input operand is x for both. The third and fourth sub-functions
are divided into intervals, and thus the input operands are x3 and x4 respectively.
Operand x3 is the operand x without the most significant bit i, which is instead used
for addressing look-up table c3,i. Look-up table c3,i contains the coefficients to be
used in the two intervals of the third sub-function. Operand x4 is the operand x with41

out the two most significant bits, h, which instead are used for addressing look-up
table c4,h. Look-up table c4,h contains the coefficients to be used in the four intervals
of the fourth sub-function. Note that, since for sub-functions with an index, n, of 3
or higher, a squaring must be performed on a partial product of the operand x, a special squarer architecture has been developed. The special squarer architecture
[Paper A and C] computes the squaring of the operand x and all its partial products,
in this case x32 and x42. The squarer architecture is described in the following chapter. After the four sub-functions in Figure 4-3 have been computed, they are multiplied in a tree structure determining the output result, y.

4.2. The architecture of the 
improved Parabolic Synthesis methodologies
x

-

x2

s1(x)
c1
partial product xw2

y

c2,i
s2(x)

l2,i

-

j2,i
i
xw

pipeline stage

pipeline stage

Figure 4-4. Architecture using the improved Parabolic Synthesis methodologies.
The architecture of the improved Parabolic Synthesis methodologies shown in
Paper G and H is founded on multiplications of a second-order parabolic function,
s1(x), and a second-degree interpolation, s2(x), as shown in Figure 4-2. Since the
second sub-function is an interpolation, the function is divided into intervals where
the number of intervals is always a power of two. This, combined with the fact that
the range of the interval of a sub-function is restricted to 0x1, implies that the
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most significant bits in the input operand x are used for addressing the intervals of
the second sub-function.
Figure 4-4 is a detailed description of an implementation using the improved Parabolic Synthesis methodologies.
The implementation in Figure 4-4 uses two sub-functions, s1(x), shown in (4-1), and
s2(x), shown in (4-5).
2

s 2 i  x  = l 2 i + j 2 i xw – c 2 i xw

(4-5)

The first is not broken into intervals, while the second is. Where the sub-function is
not divided into intervals, the input operand is x. The input operand x is separated
into two parts, the one addressing the look-up tables, i, and the normalized operand,
xw, for the intervals. The number of bits in i depends on the number of intervals used.
These bits i are used in the addressing of look-up tables c2,i, l2,i, and j2,i that contain
the coefficients for the intervals in the second sub-function. Also here, the squarer
architecture, to be described in the next chapter, is used. After the computation of
the two sub-functions in Figure 4-4, the sub-functions are multiplied, determining
the output result y.

4.3. Pipelining
In all the methodologies, it is feasible to introduce pipelining in the architectures. An
example of where pipeline stages can be introduced in the improved Parabolic Synthesis methodologies architecture is shown in Figure 4-4. As seen, the introduction
of pipeline stages is simple since it is easy to find natural cuts in the architecture.
The introduction of data pipelining stages in the architectures will have a low impact
on the size of the hardware, since the data paths are few.

4.4. Reuse
The same architecture can in principle perform approximations of all the functions
that are possible for the methodology. Initially, the functions can be divided into two
groups, those that start in 0 and end in 1 and those that start in 1 and end in 0. This
can be managed through substituting the leftmost x in (4-1) with 1 - x, when the
function starts in 1.
When developing approximations, different functions need different numbers of
sub-functions in the Parabolic Synthesis methodology or different numbers of intervals in the improved Parabolic Synthesis methodologies to obtain a certain accuracy.
In the Parabolic Synthesis case the architecture is fixed to the number of sub-functions in the architecture. This has the effect that the resulting accuracy for different
functions will differ. In the case of the improved Parabolic Synthesis, the function
needing the most intervals gets to decide the number of intervals.
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4.5. Architectures for other approximation methodologies
To give a perspective of the architectures of the Parabolic Synthesis methodologies,
this section describes examples of architectures based on other methodologies, the
Newton-Raphson method and the CORDIC algorithm. In hardware implementation,
the Newton-Raphson method is commonly used only for a few operations, such as
inverse, square root and inverse square root. The structure of its algorithm, shown in
(2-2), implies that very hardware efficient implementations, using only operations
such as additions and multiplications, can be made. The CORDIC algorithm is
chosen because of its special status of being the standard method for implementing
unary functions in hardware. Comparative studies of the Newton-Raphson method
with Parabolic Synthesis are made in Paper I and with the CORDIC algorithm in
Paper D and Paper G.

4.5.1. Architecture: Newton-Raphson
The Newton-Raphson method is an iterative method where the desired accuracy is
achieved by the number of iterations performed. Since it is preferred that the number
of iteration stages is kept low in an unrolled design, due to delay and chip area, a
look-up table is introduced in the architecture. The look-up table provides the
approximation algorithm with an initial value for the first iteration. The better the
initial value, the fewer iterations are needed, but the larger the size of the look-up
table. As an example, retrieved from Paper I, that presents an architecture using the
Newton-Raphson method, the algorithm performing the inverse square root, shown
in (4-6), is used.
1
y i = y i – 1  ---  3 – v  y i2– 1 
2
In Figure 4-5 the first iteration stage is shown for the inverse square root.

(4-6)

v

LUT

y1

x2

-

x/2

y2

3
Iteration stage

Figure 4-5. The first iteration stage in the Newton-Raphson architecture.
In the architecture shown in Figure 4-5, the look-up table (LUT) supplies the first
iteration stage with an initial value, y1. This value is dependent on the input v. The
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algorithm described in (4-6) is performed in the iteration stage shown. If only one
iteration stage is used, the result of the approximation is directly on the output y2. If
more iteration stages are to be used, copies of the iteration stage in Figure 4-5 are
added in the architecture.

4.5.2. Architecture: CORDIC
The CORDIC method is an iterative algorithm founded on vector rotation. The
desired accuracy is achieved by the number of vector rotations performed.
As an example of an architecture using the CORDIC algorithm, the sin() and
cos() functions are used. The calculations that perform one iteration are shown in
(4-7).
x i + 1 = x i – sign i  y i  2

–i

y i + 1 = y i + sign i  x i  2

(4-7)

–i

Figure 4-6 shows an unrolled 4-stage CORDIC architecture.
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1/4

x3

-/+
ADD
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1/8

+/ADD
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1/8

x4

+/ADD
SUB

cos()

Figure 4-6. An unrolled 4-stage CORDIC architecture.
The upper part of Figure 4-6 is the control mechanism for the iteration stages shown
in the lower part of the figure, where four iterations are performed. The results on
the outputs are sin() and cos(). Generally, it can be estimated that the accuracy of
an approximation is given by the number of stages subtracted with 1 bit. In this case,
with four stages, the accuracy can be estimated to 3 bits.
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4.6. Comparing physical performance
This section generally describes performance parameters such as chip area, critical
path delay and power consumption for the three Parabolic Synthesis methodologies,
the Newton-Raphson method and the CORDIC algorithm. A discussion is given of
the performance of the methodologies contra the accuracy of the approximations.
For all methodologies, the width of the data path will grow with increasing accuracy.
This will lead to increasing chip area, critical path delay and power consumption.
The accuracy as a requirement parameter is not ideal since the error distributions
show different characteristics for the methodologies. This survey should therefore
be seen more as a discussion of the trends in the different methodologies.

4.6.1. Parabolic Synthesis
In the Parabolic Synthesis methodology, the number of sub-functions correlates to
the accuracy. This means that more sub-functions in the architecture result in higher
accuracy. An advantage of the methodology is that an addition of one sub-function
gives a relative large increase in the accuracy. As shown in Figure 4-3, the architecture has a tree structure; an addition of one sub-function will therefore result in at
least one additional multiplier in the architecture. Using four sub-functions generally results in a maximum accuracy of around 15 bits, depending on the function that
the approximation is performed upon. Stepping up the number of sub-functions with
one will generally increase the accuracy by between 3 and 4 bits; this is also dependent on the function. From this it can be concluded that, for a moderate accuracy of
up to around 15 bits, the methodology can provide a very efficient implementation.
For higher accuracies, the complexity the architecture will gradually increase faster
and faster.

4.6.2. Improved Parabolic Synthesis methodologies
In the improved Parabolic Synthesis methodologies, the accuracy is determined by
the number of intervals used in the second sub-function. The higher the number of
intervals, the higher the accuracy that can be achieved. A feature in this methodology is that, with an increasing number of intervals in the second sub-function, no
extra components are added. Beyond the width of the data path, it is only the size of
the look-up tables in the second sub-function, shown in Figure 4-4, that will grow.
Using four intervals in the second sub-function generally results in a maximum
accuracy of around 15 bits, depending on which function the approximation is performed upon. Doubling the number of intervals will generally increase the accuracy
by between 3 and 4 bits; this is also dependent on the function. These methodologies
can therefore enable very high accuracies. The limitations lie rather in when the
physical size of the look-up tables and the multipliers reaches an upper limit.
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An interesting feature of the improved Parabolic Synthesis methodologies is that, for
a certain accuracy, chip area, critical path delay and power consumption can be significantly decreased by increasing the number of intervals in the second sub-function. The reason for this is that the width of the data path delay will decrease in parts
of the second sub-function. This will lead to a shrinking of the size of the multipliers,
reducing chip area, critical path and power consumption. However, the look-up
tables will grow with the number of intervals, which is why this works only up to a
certain point at which these parameters start to increase.

4.6.3. Newton-Raphson method
The Newton-Raphson method is an iterative method that, by iterations, gradually
finds better approximations of the roots of a unary function. To reduce the number
of iterations, a look-up table (LUT) with suitable initial values to the iteration is
introduced, as in the example shown in Figure 4-5. It is desirable to use only one iteration, since this will minimize the hardware usage. In that case, when increasing the
accuracy, the look-up table will grow very fast; introducing more iteration stages is
therefore the only solution to fall back on. Implementing it unrolled will drastically
increase the chip area, critical path and power consumption.

4.6.4. CORDIC algorithm
The CORDIC algorithm is an iterative algorithm where the number of iteration
stages decides the accuracy. As shown in the example in Figure 4-6, the architecture
has the advantage of using only simple operations such as additions and shifts. Since
the improvement of the accuracy for each iteration stage is limited, the number of
iterations will grow very fast with an increasing accuracy of the approximation.
Implementing it unrolled will very drastically increase chip area, critical path and
power consumption.

4.6.5. Performed comparisons
Comparisons have been made of the Parabolic Synthesis methodologies with the
CORDIC algorithm and the Newton-Raphson method in some of the publications
presented. In Paper D, implementations using the Parabolic Synthesis methodology
and the CORDIC algorithm implementing the logarithm and the exponential function are compared. This comparison is expanded in Paper G with a comparison of
the logarithm implemented using Parabolic Synthesis combined with SecondDegree Interpolation. In Paper I, implementations of the inverse square root function have been implemented using the Harmonized Parabolic Synthesis methodology and the Newton-Raphson method. Two different implementations of each
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method are described in the paper. The comparison in the paper deals with both the
physical performance and the distribution of the error.
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5

Squarer

In the hardware architecture of the designs based on the Parabolic Synthesis methodologies, the squaring, x2, and the partial squaring, xw2, are reoccurring operations.
An example is shown in Figure 4-4, where the hardware architecture of the Parabolic Synthesis combined with Second-Degree Interpolation is shown. In the first
sub-function, s1(x), the result of the squaring, x2, is needed. Then, in the second subfunction, s2(x), the partial result of the squaring, xw2, is required. To reduce the hardware consumption, a special hardware architecture for computing the squaring result
and its partial squaring results, has been developed [Papers A, B and C].
When analyzing the architecture of the developed squarer, a great resemblance to a
bit-serial squarer [24] [25] is found. The partial results of xw2 are easily extracted by
introducing registers in the design of the bit-serial squarer. The squaring algorithm
can thus be simplified to one addition only when computing each partial product.

5.1. Squaring and the partial squaring
The special hardware architecture for the squaring operation, computing the squaring result as well as its partial squaring results, will have input and outputs according
to Figure 5-1.
pn-1
pn-2

Squarer



x

p1
p0

Figure 5-1. The squaring operation computing the square and its partial squares.
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In Figure 5-1 the input x is an n-bit unsigned binary integer (xn-1xn-2  x1x0)two.
The result of the squaring of x is given as output p0 , and the results of the partial
products are given as output p1 through pn-1. On (xn-2xn-3  x1x0)two , the partial
product p1 is computed, p2 is computed on (xn-3xn-4  x1x0)two, and the following
partial products are computed until only last bit x0 remains to square in the input x.
A 4-bit unsigned binary integer (x3x2 x1x0)two is used to illustrate the method.
Figure 5-2 shows the calculations of the squaring product combined with the squaring of the partial products of a 4-bit input.
x3
x2
x1
x0

x3
x2
x1
x0
x0x0 Reduced to x0
p3,1 p3,0 p3
+
x1x0 x1x0 moved to
+
x1x1 x0x1 next column
p2,3 p2,2 p2,1 p2,0 p2
+
x2x0
+
x2x1
+
x2x2 x1x2 x0x2
p1,5 p1,4 p1,3 p1,2 p1,1 p1,0 p1
+
x3x0
+
x3x1
+
x3x2
+
x3x3 x2x3 x1x3 x0x3
p0,7 p0,6 p0,5 p0,4 p0,3 p0,2 p0,1 p0,0 p0
Figure 5-2. The calculations of the squaring and the partial squaring.
A 4-bit number is assumed.
As shown in Figure 5-2, the squaring of x and the partial squaring can both be computed in the same hardware. This is an important feature of the squarer since this will
reduce the chip area compared to using separate multipliers for computing the squaring and partial squaring products.
In fact, the calculations can be considerably simplified, as indicated in Figure 5-2,
resulting in the reduced calculations described in Figure 5-3. A term xixi can be
reduced to xi and a pair of terms xixj and xjxi in a given column can be replaced by
xjxi in the next higher column. Examples of this are shown in the framed terms in
Figure 5-2. Note also the terms p0,0 , p1,0 , p2,0 and p3,0 are all equal to x0 , as shown
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below in (5-1). Similarly, that the terms p0,0 , p1,0 , p2,0 , and p3,0 all are equal to 0,
as shown in (5-2).
Figure 5-3 shows the simplified squaring product calculations on a 4-bit input.
x3
x2
x1
x0

x3
x2
x1
x0
x0
x1 p3,1 p3,0 p3
+
x1x0
x2 p2,3 p2,2 p2,1 p2,0 p2
+
x2x1 x2x0
x3 p1,5 p1,4 p1,3 p1,2 p1,1 p1,0 p1
+
x3x2 x3x1 x3x0
p0,7 p0,6 p0,5 p0,4 p0,3 p0,2 p0,1 p0,0 p0
Figure 5-3. The simplified calculations for squaring and partial squaring.
A 4-bit number is assumed.
When simplifying the squaring algorithm in Figure 5-3, the result of the component
p3,0 in the vector p3 is simplified according to (5-1).
p 3 0 = x 0 x 0 = x 0

(5-1)

The result of the component p3,1 in the vector p3 is equal to 0 since the result of p3,0
can never contribute to p3,1 .
The result of the component p2,1 in the vector p2 is simplified according to (5-2).
1

1

1

1

2

p 2 1 = p 3 1  2 + x 1 x 0  2 + x 0 x 1  2 = 0  2 + x 0 x 1  2 = 0  2

1

(5-2)

The result of the component p2,2 in the vector p2 is simplified according to (5-3).
2

2

2

p 2 2 = x 1 x 0  2 + x 1 x 1  2 = x 1 x 0  2 + x 1  2

2

(5-3)

The result of the component p1,2 in the vector p1 is simplified according to (5-4).
2

2

2

2

3

p 1 2 = p 2 2  2 + x 2 x 0  2 + x 0 x 2  2 = p 2 2  2 + x 2 x 0  2 = p 2 2  2

2

(5-4)

The result of the component p1,3 in the vector p1 is simplified according to (5-5).
3

3

3

3

p 1 3 = p 2 3  2 + x 2 x 1  2 + x 1 x 2  2 + x 2 x 0  2 =

(5-5)
3
4
3
3
3
p 2 3  2 + x 2 x 1  2 + x 2 x 0  2 = p 2 3  2 + x 2 x 0  2
The result of the component p1,4 in the vector p1 is simplified according to (5-6).
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4

4

4

p 1 4 = x 2 x 1  2 + x 2 x 2  2 = x 2  2 + x 2 x 1  2

4

(5-6)

The result of the component p0,3 in the vector p0 is simplified according to (5-7).
3

3

3

3

4

p 0 3 = p 1 3  2 + x 3 x 0  2 + x 0 x 3  2 = p 1 3  2 + x 3 x 0  2 = p 1 3  2

3

(5-7)

The result of the component p0,4 in the vector p0 is simplified according to (5-8).
4

4

4

4

p 0 4 = p 1 4  2 + x 3 x 0  2 + x 3 x 1  2 + x 1 x 3  2 =
4

4

5

4

p 1 4  2 + x 3 x 0  2 + x 3 x 1  2 = p 1 4  2 + x 3 x 0  2

4

(5-8)

The result of the component p0,5 in the vector p0 is simplified according to (5-9).
5

5

5

5

p 0 5 = p 1 5  2 + x 3 x 1  2 + x 3 x 2  2 + x 2 x 3  2 =
5

5

6

5

p 1 5  2 + x 3 x 1  2 + x 3 x 2  2 = p 1 5  2 + x 3 x 1  2

5

(5-9)

The result of the component p0,6 in the vector p0 is simplified according to (5-10).
6

6

6

p 0 6 = x 3 x 2  2 + x 3 x 3  2 = x 3  2 + x 3 x 2  2

6

(5-10)

5.2. Advantages
Since multipliers are very power hungry, it is essential to reduce the presence of
these components. The hardware architecture that has been developed that performs
the squaring combined with the partial squaring in a single hardware is therefore
important. Other advantages that the squarer exhibits compared to an equivalent
multiplier are that the chip area and critical path are halved. With the squarer developed, only one hardware squarer is needed for all squarer operations in the design.
The halved chip area and also halved critical path delay will therefore considerably
reduce the power consumption in the architectures based on the Parabolic Synthesis
methodologies.
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6

Error Analysis

Error analysis is an essential part of the process of developing approximations since
the characteristics and the distribution of the error are important for the performance.
A set of tools for analyzing the characteristics and the distribution of the error is
therefore vital when developing an approximation algorithm. The analyzing tools
should study which kind of and quantity of the error, or uncertainty, that may be
present in the approximation. Actually, the desired characteristics and distribution
of the error of the approximation are very dependent on the context in which they
are. In many contexts, the asymptotic normal distributed error is preferred since the
normal distribution has many attractive features. In probability theory, the Central
Limit Theorem states that, under certain conditions, the arithmetic mean of a satisfactorily large number of repeated independent random variables has a well-defined
anticipated value, a well-defined variance and an approximately normal distribution,
regardless of the underlying distribution [27]. When applied to the distribution of the
error of an approximation, this feature implies that the standard normal distribution
is preferable. Due to the Central Limit Theorem, a standard normal distributed error
is preferable when considering the following computation in an algorithm. When
analyzing the word length needed in an implementation of an approximation, an
observation has been that a standard normal distributed error to some extent also
makes the implementation more efficient.

6.1. The characteristic and distribution of the error
Five metrics are used to characterize the error of an approximation [28]. These metrics are maximum absolute error, mean error, median error, standard deviation and
root mean square error. With these metrics, the quantity of an error in an approximation can be analyzed when the algorithm is developed. These metrics are also tools
that are employed when comparing different implementations using disparate
implementation methodologies. Figure 6-1 shows a subtraction of a function with its
approximation, also called the error.
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Figure 6-1. The distribution of the error of a function, with its maximum absolute
error marked.

6.1.1. Maximum absolute error
The absolute error xi is the absolute value of the difference between the approximation value x̂ i and its actual value xi, as shown in (6-1).
x i = x̂ i – x i

(6-1)

The maximum absolute error is the maximum value of the absolute error in the interval in which the investigation is performed. As an example, the marked maximum
absolute error in Figure 6-1 is 0.0000159.

6.1.2. Mean error
The mean error x of n separate values of an error in a sequence of errors, x̂ i – x i , is
defined as in (6-2).
n

1
x = --n



 x̂ 1 – x 1  +  x̂ 2 – x 2  +  +  x̂ n – x n 
 x̂ i – x i  = ---------------------------------------------------------------------------------------n

(6-2)

i=1

(6-2) merely states that the average of a sequence of n numbers is the sum of those
numbers divided by n. As an example, the mean error in Figure 6-1 is
0.0000000195, which is very close to the desirable value, which is 0.
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6.1.3. Median error
The median x̃ is an order statistic that gives the "middle" value of a sample of errors.
As an example, the median error in Figure 6-1 is -0.0000000250 which, by its small
size, shows that the error is evenly distributed.

6.1.4. Standard deviation
The standard deviation is similar to the average deviation, except that averaging
is made with power instead of amplitude. This is achieved by squaring each of the
deviations before taking the average. Finally, the square root is taken to compensate
for the initial squaring. The standard deviation is calculated as shown in (6-3).
n

 =

1
--n

  x̂i – x 

2

(6-3)

i=1

As an example, the standard deviation in Figure 6-1 is 0.00000474, which indicates
a fairly narrow distribution of the error.

6.1.5. Root mean square
The standard deviation is a measure of how far the signal fluctuates from the mean.
The variance represents the power of this fluctuation. Another is the Root-MeanSquare (RMS) value, frequently used in electronics. By definition, the standard
deviation only measures the AC portion of a signal, while the RMS value measures
both the AC and DC components. If a signal has no DC component, its RMS value
is identical to its standard deviation. xrms is defined as shown in (6-4).
n

x rms =

1
--n

  x̂i – xi 

2

(6-4)

i=1

As an example, the RMS value in Figure 6-1 is 0.00000474. Since the RMS corresponds with the standard deviation, this confirms an even distribution of the error.

6.1.6. Decibel
Using logarithms when presenting statistical measures and diagrams that show the
accuracy of a function will provide greater resolution and simplify the understanding
of the results.
A decibel (dB) is defined in two equivalent ways. When referring to measurements
of power or intensity, it is as shown in (6-5):
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x
x dB = 10log 10  x----- 
(6-5)
 0
But, when referring to measurements of amplitude, it is as shown in (6-6).
x
(6-6)
x dB = 20log 10  x----- 
 0
In (6-5) and (6-6), x0 is a specified reference with the same units as x. The reference
used depends on convention and context.

6.1.7. Decibel and binary numbers
Binary numbers and decibel (dB) work very well together since 1 bit in resolution is
20log(2) = 20·(0.301)  6dB. Displaying the result in dB will therefore simplify the
understanding of the result. For example, an error of 0.01 is equal to
20log(0.01) = 20·(-2) = -40dB. Transforming the error into accuracy in bits is then
done by simply making the dB value into a positive number and dividing it by 6. As
an example, -40dB is converted to 40 and then divided by 6, which gives 6.67, or,
since this is larger than 6, the error is less than 6 bits. Figure 6-2 shows the error in
dB of the error shown in Figure 6-1.
0dB
-12dB
-24dB
-36dB
-48dB

dB

-60dB
-72dB
-84dB
-96dB
-108dB
-120dB
-132dB
-144dB
0.00

0.25

0.50
x

0.75

1.00

Figure 6-2. dB representation of the error shown in Figure 6-1.
As an example, the largest error in Figure 6-2 is about -96dB, which is about 16 bits
of accuracy.
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6.1.8. Distribution of the error
When developing approximations, the challenge is to develop an efficient approximation that conforms to the function to be approximated in the desired interval.
Since the approximations to be developed will be used in a series of computations,
it is also important that the error of the approximation is not of unilateral polarity. It
is therefore important to investigate the distribution of the error.
A helpful tool in visualizing and interpreting the deviation of the error is a diagram
of the distribution of the error. The diagram will simplify the understanding of the
standard deviation and root-mean-square values. Figure 6-3 shows the distribution
of the error in Figure 6-1.
9

Distribution of Elements in %

8
7
6
5
4
3
2
1
0
-1.5e-05

-1.0e-05

-5.0e-06

0.0e+00
Error

5.0e-06

1.0e-05

1.5e-05

Figure 6-3. The distribution of the error in Figure 6-1.
The distribution shown in Figure 6-3 confirms the previous results of the mean error,
median error, standard deviation and the RMS value.
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7

Algorithms for roots, inverse
and inverse roots

For most unary functions, directly applying an approximation methodology in a
straightforward way will not lead to an efficient implementation. Instead, a dedicated algorithm often has to be developed.
The functions’ roots, inverse and inverse roots are computed in large quantity in
many complex matrix operations, such as QR decomposition, making these functions particularly interesting. In applications such as future MIMO communication
systems [26], a massive computation of these functions is needed. Therefore, to
obtain sufficiently high performance in such applications, efficient algorithms are
very important. Since these algorithms are in hardware, it must also be ensured that
the algorithms meet high requirements in terms of small chip area, low computation
time and low power consumption. Low power consumption is especially important
since many applications are battery powered.

7.1. Algorithms for roots, inverse and inverse roots
For the functions’ roots, inverse and inverse roots, algorithms [Paper I] have been
developed founded on using floating-point numbers. Algorithms for these functions
are commonly developed founded on the use of fixed-point numbers. Note that the
algorithms are developed without regard to a specific approximation methodology.
The format of the floating-point numbers used in the algorithms is simplified compared to the IEEE standard for floating-point arithmetic (IEEE 754). The floatingpoint number format is customized for hardware implementation. The floating-point
number consists of a mantissa with a range from 1 to  2 and an exponent where the
exponent is a scaling of the mantissa. Using floating-point numbers as an internal
representation, the computation can be divided into separate parts for the mantissa
and the exponent. This will reduce the complexity since the approximation is performed on a mantissa of limited range, and the computation of the exponent is a very
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simple operation. Table 7-1 shows a conversion of a fixed-point number into a floating-point number in base 2.
Base 10

387

Fixed-point Base 2

0000000110000011

Exponent

0 0 0 0 0 0 0110000011

Index

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

Floating-point Base 2

1.100000110000000·28

Table 7-1. Conversion from fixed point to floating point in base 2.
As shown in Table 7-1, the index of the exponent is given by the most significant 1
in the fixed-point number, which is 8 in this case. The floating-point number is
shown in the last line of Table 7-1, in which the mantissa is scaled by the exponent.
When computing the binary function on the mantissa, this is performed as an
approximation. As shown in Figure 7-1, the mantissa of the floating-point number
is the input v to the approximation, and z is the output from the approximation.
Mantissa
Input v
v
Approximation
Output z
z
Mantissa

Figure 7-1. Block diagram of input and output of the approximation.

7.1.1. Algorithms for computing roots
In addition to that the algorithms for computing roots being founded on floatingpoint numbers, they are also based on changing the number base of the exponent.
The number base used when performing an approximation of a root depends on the
order, d, of the root. The base used in the approximation is 2d. Although the number
base is changed, the binary number base is retained in the representation of the mantissa. The algorithms computing roots can therefore only compute roots of order d,
where d is a natural number. The purpose of changing the number base is that, after
computing the root, the base of the exponent will always be 2, as shown in (7-1).
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d

d

(7-1)

2 = 2

As shown in (7-2), the mantissa consists of d integer bits M and h fractional bits m.
M d – 1 ---M 0 .m – 1 m –2 ---m –h

(7-2)

The range of the mantissa will be 1  mantissa  2d.

7.1.1.1. Algorithm for computing the square root
Computing the square root d = 2 gives that the floating point uses an exponent with
base 4. Table 7-2 shows a conversion from a fixed-point number in number base 2
into a floating-point number with an exponent base 4 and binary number representation of the mantissa.
Base 10

387

Fixed-point Base 2

0000000110000011

Exponent

00 00 00 01 10 00 00 11

Index

7 6 5 4 3 2 1 0

Floating-point Base 4

01.10000011000000·44

Table 7-2. Conversion from fixed point in base 2 into floating point in base 4.
As shown in Table 7-2, when deciding the index of the exponent, the fixed-point
number in number base 2 is transformed into sequential pairings of number base 2
digits. Table 7-2 gives the most significant pair of digits for index 4. The pair of
digits for index 4 is the integer bits in the mantissa, and the remaining pairs of digits
are the fractional bits of the mantissa. The last line of Table 7-2 shows the floatingpoint number in number base 4.
The computation to be performed when computing the square root, z, is shown in (73).
z =

M 1 M 0 .m –1 m – 2 ---m –h  4

index

(7-3)

In (7-4), (7-3) is simplified to get the exponent in number base 2.
z =

M 1 M 0 .m –1 m – 2 ---m –h  2

index

(7-4)

As shown in (7-4), computing the exponent is done through a simple change of
number base.
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When computing the approximation of the square root, this is performed only on the
range 1  v  4, as shown in Figure 7-2.
2

z

1.5

1

0.5

0
1

2

v

3

4

Figure 7-2. The square root function.
A summary of the algorithm for computing the square root function is shown in the
block diagram in Figure 7-3.
Floating-point Base 4
Mantissa
Exponent
Range 1  v < 4

Approximation
Range 1  z < 2

Mantissa
Range 1  z < 2
Floating-point Base 2

Exponent

Figure 7-3. Block diagram of the square root algorithm.
As shown in Figure 7-3, the starting point is a floating-point number in number
base 4. The exponent and mantissa are computed separately. When computing the
exponent, the number base is changed from 4 to 2 without changing the index. When
computing the mantissa, it is assumed that the incoming mantissa is in the number
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base 4. An approximation of the square root function is performed on the incoming
mantissa. After the approximation, the result, z, is in the range 1  z  2, which is the
desired range of the mantissa with the number base 2.

7.1.2. Algorithms for computing the inverse
The algorithms for computing the inverse are also founded on using a floating-point
number.
The computation to be performed to compute the inverse, z, is shown in (7-5).
1
z = ------------------------------------------------------------index
M 0 .m – 1 m – 2 ---m –h  2

(7-5)

In (7-6), (7-5) is simplified to get the exponent in the numerator, thus with a negative
index.
1
– i ndex
z = -------------------------------------------  2
M 0 .m – 1 m – 2 ---m –h

(7-6)

As shown in (7-6), when computing the exponent, only the sign of the index is
changed.
The approximation of the inverse is performed in the range 1  v  2, as shown in
Figure 7-4.
1

0.8

z

0.6

0.4

0.2

0

1

1.2

1.4

1.6

1.8

2

v

Figure 7-4. The inverse function.
A summary of the algorithm for computing the inverse function is shown in the
block diagram of Figure 7-5.
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As shown in Figure 7-5, the starting point is a floating-point number. Also as shown
in Figure 7-5, the exponent and mantissa are computed separately. When computing
the mantissa, the range after approximation is 0.5  z  1. A special case is when
z  1, since then the mantissa is in the appropriate format. In most cases, however,
when z  1, a multiplication by 2 must be performed to get the mantissa in the appropriate format. When computing the exponent, the sign of the index is initially
changed. Depending on the result when computing the approximation of the mantissa, when z  1, the exponent remains untouched, whereas, when z  1, the exponent is subtracted with 1.
Floating-point Base 2
Mantissa
Exponent
Range 1  v < 2

Approximation
Range 0.5 < z  1

Exponent
Change sign exponent
if z < 1
then (exponent -1)

Mantissa
Range 0.5 < z  1
if z < 1
then (mantissa·2)
Floating-point Base 2

Figure 7-5. Block diagram of the inverse algorithm.

7.1.3. Algorithms for computing inverse roots
The algorithm for computing inverse roots combines the algorithms for roots and
inverse described in Sections 7.1.1 and 7.1.2.
The computation used to perform to compute the inverse, z, is shown in (7-7).
1
z = --------------------------------------------------------------------------------------------d  index
d M
d – 1 ---M 0 .m – 1 m – 2 ---m – h  2

(7-7)

As shown in (7-7), the inverse root, d, is performed on a floating-point number with
the number base 2d and in binary number representation. As shown in (7-7), the
mantissa consists of d integer bits, M, and fractional bits, m, where h is the number
of bits used in the fractional part.
In (7-8), (7-7) is simplified to get the exponent in the numerator thus in base 2 with
a negative index.
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1
– d  i ndex
z = ---------------------------------------------------------------------  2
d M
d – 1 ---M 0 .m – 1 m – 2 ---m – h

(7-8)

As shown in (7-8), computing the exponent is made through a simple change of
number base changed sign of index. Since the integer part of the mantissa must
always be 1 or larger, the range of the mantissa will be 1  mantissa  2d dependent
on the root d to be computed.
When computing the approximation of the square root, this is performed only on the
range 1  v  4, as shown in Figure 7-6.
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Figure 7-6. The inverse square root function.
A summary of the algorithm for computing the inverse square root function is shown
in the block diagram of Figure 7-7.
As shown in Figure 7-7, the starting point is a floating-point number. Also as shown
in Figure 7-7, the exponent and mantissa are computed separately. When computing
the mantissa, the range after approximation is 0.5  z  1. A special case is when
z  1, since then the mantissa is in the appropriate format. In most cases, however,
when z  1, a multiplication by 2 must be performed to get the mantissa in the appropriate format. When computing the exponent, the sign of the index is initially
changed. Depending on the result when computing the approximation of the mantissa, when z  1, the exponent remains untouched, whereas, when z  1, the exponent is subtracted with 1.
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Floating-point Base 4
Mantissa
Exponent
Range 1  v < 4

Approximation
Range 0.5 < z  1

Exponent
Change sign exponent
if z < 1
then (exponent -1)

Mantissa
Range 0.5 < z  1
if z < 1
then (mantissa·2)
Floating-point Base 2

Figure 7-7. Block diagram of the inverse square root algorithm.

66

8

Conclusions

The problem that motivates this work is that the development of speed in semiconductor technology has stagnated while the demand for higher performance continues
to increase. Future applications in telecommunications, image processing and other
application areas will be increasingly more computation intensive; there are therefore growing needs for efficient algorithms. Efficiency is demanded, not only in
terms of computational capacity but also in power consumption since many applications are battery powered. A performance limiting part of many algorithms is the
approximation of unary functions, such as trigonometric functions, logarithm and
square root, as well as binary functions, such as division. Qualities of the approximations in terms of characteristics and distribution of the error have a major impact
on the performance of a hardware implemented algorithm. There is therefore a
requirement that it is possible to make an adjustment of the approximation error
characteristics. Furthermore, when implementing approximations of some functions, it is required that the functions are transformed. Developing effective transformations of these functions is especially important in the case that these functions are
used frequently in the algorithm.
An approximation methodology of unary functions in hardware that is founded on a
synthesis of parabolic functions by multiplication has been developed to address the
demands for higher performance. The methodology is called Parabolic Synthesis.
The accuracy of the approximation in this methodology is given by the number of
parabolic functions used. Attractive features of the methodology are efficient hardware implementation, a high degree of parallelism, power efficient hardware architecture and adjustable error distribution.
It was further found that an improvement of the Parabolic Synthesis methodology
was possible by combining it with second-degree interpolation. By doing this, the
architecture is reduced to a synthesis of one parabolic function and one seconddegree interpolation; the latter is divided into intervals. Here the parabolic function
is a rough approximation of the desired function, whereas the second-degree interpolation enhances the approximation to an extent that is given by the number of
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intervals used. The benefits of this methodology are reductions in hardware, critical
path length and power consumption. Due to the greater possibility to adjust the
approximation error, compared to Parabolic Synthesis, the number of functions to
perform approximations on is extended.
It was found that there were further improvements that could be made on the Parabolic Synthesis Combined with Second-Degree Interpolation methodology. The
improvement comes from the adoption of a design strategy that takes a holistic view
of the design process. With this strategy, performance in terms of chip area, critical
path delay and power consumption was further improved. Since the design strategy
allows a higher degree of flexibility and adaptability in the design process, it also
results in extending the range of unary functions that can be approximated even further.
When developing an approximation, it is necessary - to a varying degree - to develop
an adaptation of the function to fit the Parabolic Synthesis methodologies. Most
applications need highly efficient algorithms; in particular, algorithms for computing roots, the inverse and inverse roots are of interest since these are used in many
computation intensive applications such as within telecommunication and image
processing. Finding efficient algorithms for these functions is therefore of great
interest. The new algorithms developed for these functions that are presented in this
thesis are all founded on the use of floating-point number representation. This will
scale down the problem so that the approximations need only be performed on a
range limited mantissa of the floating-point number. For the roots and the inverse
roots, changing the number base is used since this also simplifies the computation
of the approximation. By using number bases that are a power of 2, roots and inverse
roots of the order of natural numbers from 2 and up can be more efficiently computed. These algorithms are characterized by being simple to implement in hardware
and by providing high performance.
When developing algorithms for different applications and using different approximation methods, it was found how important the characteristics of the error and its
distribution are for the computing performance. It was observed that a given algorithm performs in very different ways depending on the distribution of the error of
the approximation method used. When analyzing the distribution of the error of
these methods, the methods in which the approximation errors are evenly distributed
around zero performed significantly better than the methods that give an uneven distribution of the error. To deal with this, an initial set of tools has been developed,
tools that characterize the error and analyze the distribution of the error. This tool
set is therefore an essential asset in the development of an optimal algorithm for
implementation in hardware. An optimal width of the data path in relation to characteristics and the distribution of the error can be found using this approach. A successful optimization of an implementation would result in improved performance in
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terms of smaller chip area, shorter critical path delay, reduced power consumption
and better distribution of the error.
An essential part of the development of the Parabolic Synthesis methodologies is the
comparison with existing methods. A more thorough investigation has therefore
been made of some selected methods, polynomial approximation, the NewtonRaphson method and CORDIC. The polynomial approximation methods were
chosen since they are commonly used in hardware implementations. The NewtonRaphson method was selected since it shows excellent performance for a limited
number of functions. The CORDIC algorithm can be regarded as the “state of the
art” and therefore essential to include in the comparison. In these studies, the focus
has not only been on comparison but also on improvement of the existing methods.
Areas for improvement that have been investigated in the study are chip area, critical
path delay, power consumption and distribution of the error. In all existing methods
that have been studied, there have been possibilities for improvement in one or more
of these aspects.
When comparing the existing methods with the Parabolic Synthesis methodologies,
the existing methods that were selected proved to perform worse or, in some cases,
on parity with the Parabolic Synthesis methodologies. It was found in the comparisons that there seems to be a breaking point at an accuracy of about 15 bit. For higher
accuracies, the Parabolic Synthesis methodologies always prove to be preferable.
This breaking point comes earlier for the polynomial approximation and CORDIC.
The Newton-Raphson method performs best, but, because of its structure, only a
limited number of functions are feasible for hardware implementation. It was found
in the comparison that especially the two latest developed Parabolic Synthesis methodologies can be used to implement a large amount of unary functions. It was also
found that these methodologies - especially when accuracy was increased - were
outstanding when it comes to chip area, critical path delay and power consumption.
The ability that these methodologies show with regard to managing the characteristics and the distribution of the error is also superior to the existing methods that have
been studied.
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Future Work

As the Parabolic Synthesis methodologies are capable of performing efficient implementations of approximations in hardware, there is a great development potential in
adopting these methodologies in practice. Specifically, the development potential is
based on the properties of:

•
•
•
•
•
•
•

Approximations of a large range of unary functions.
Efficient hardware implementation.
High computation speed.
Low power consumption.
Wide range of hardware design optimization possibilities.
Wide range of adjustable accuracy in the computation.
Tailorable characteristics and distribution of the approximation error.

In relatio to the work in this thesis, I have considered the following topics for future
research:

• An essential part of the computation in telecommunications, image processing
and other applications is computing matrix inversions, with a need for very high
throughput. A challenge is therefore to develop a set of highly efficient algorithms for matrix inversion in these applications.

• The Fast Fourier transform (FFT) is one of the most important tools in digital
signal processing and therefore used in numerous applications. It has been seen
in previous work that Parabolic Synthesis methodologies can contribute very
much to improving performance in these algorithms. It is therefore of interest to
continue this research for further improvement of performance.

• An arithmetic-logic unit (ALU) that can handle floating-point arithmetics is
often a neglected part of the smaller processor systems. Since many of the algorithms developed for computing approximations of unary functions are founded
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on floating-point number representation, and, since the Parabolic Synthesis
methodologies manage high accuracy, this is a very attractive task for future
work. This work will also involve developing algorithms for more unary functions.

• The characteristics and the distribution of the error are strongly connected to the
different parameters of a hardware design. It is thus essential to have control
over the characteristics and the distribution of the error when developing a
highly optimized algorithm for implementation in hardware. It is therefore very
important to further develop the tools for analyzing the characteristics of the
error of an algorithm, and this needs to be continued.

• How the chosen accuracy affects the size of the hardware for the different
approximation methodologies is an important issue when choosing which methodology to use, for example to be included in a design tool.
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execution time. For the development of approximations of
functions a parabolic synthesis methodology has been
applied. Only low complexity operations that are simple to
implement in hardware are used.

Abstract This paper introduces a parabolic synthesis methodology for developing approximations of unary functions like
trigonometric functions and logarithms which are specialized
for efficient hardware mapped VLSI design. The advantages
with the methodology are, short critical path, fast computation
and high throughput enabled by a high degree of architectural
parallelism. The feasibility of the methodology is shown by
developing an approximation of the sine function for implementation in hardware.

II. METHODOLOGY
The methodology is developed for implementing approximations of unary functions in hardware. The approximation
part is of course the important part of this work but there are
sometimes two other steps that are necessary, a preprocessing normalization and postprocessing transformation as
described by P.T.P. Tang [1]. The computation is therefore
divided into three steps, normalizing, approximation and
transforming.

Index Terms Algorithms implemented in hardware, computer arithmetic, parabolic synthesis, parallel design style,
VLSI.

I. INTRODUCTION

U

NARY functions, such as trigonometric functions and
logarithms, are extensively used in computer graphics,
digital signal processing, communication systems, robotics,
astrophysics, fluid physics, etc. For these high-speed applications, software solutions are in many cases not sufficient
and a hardware implementation is therefore needed. Implementing a numerical function f(x), by a single look-up table
is simple and fast which is strait forward for low-precision
computations of f(x), i.e., when x only has a few bits. However, when performing high-precision computations a single
look-up table implementation is impractical due to the huge
table size and the long execution time.
Approximations only using polynomials have the advantage of being ROM-less, but they can impose large computational complexities and delays [1]. By introducing tablebased methods to the polynomials methods the computational complexity can be reduced and the delays can also be
decreased to some extent [1].
The CORDIC (COordinate Rotation DIgital Computer)
algorithm [2] [3] has been used for these applications since it
is faster than a software approach. CORDIC is an iterative
method and therefore slow which makes the method insufficient for this kind of applications.
This paper proposes a parabolic synthesis methodology to
develop functions that performs an approximation of original
functions in hardware. The architecture of the processing
part of the methodology is using parallelism to reduces the
978-1-4244-2628-7/08/$25.00 ©2008 IEEE

A. Normalizing
The purpose with the normalization is to facilitate the
hardware implementation by limiting the numerical range.
The normalization has to satisfy that the values are in the
interval 0 ≤ x < 1 on the x-axis and 0 ≤ y < 1 on the y-axis.
The coordinates of the starting point shall be (0,0). Furthermore, the ending point shall have coordinates smaller than
(1,1) and the function must be strictly concave or convex
through the interval. An example of such a function, called
an original function forg(x), is shown in Fig. 1.
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(1,1)

f(x)

0.75

forg(x)

0.50

0.25
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x
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Fig. 1 Example of normalized function, in this case sin(πxx/2).
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As shown in Fig. 2 there are two possible results after
dividing the original function with x, one where f(x)>1 and
one where f(x)<1.

B. Developing the Hardware Architecture
When developing a hardware architecture that approximate an original function, only low complexity operations
are used. Operations such as shifts, additions and multiplications are efficient to implement in hardware and therefore
searched for. The down scaling of the semiconductor technologies and the development of efficient multiplier architectures has made the multiplication operation efficient in
both size and execution time when implemented in hardware. The multiplier is therefore commonly used in this
methodology when developing the hardware.
As in Fourier analysis [4] the proposed methodology is
based on decomposition of basis functions. The proposed
methodology is not, as in Fourier analysis, a decomposition
method in terms of sinusoidal functions but in second order
parabolic functions. Second order parabolic function are
used since they can be implemented using low complexity
operations. The proposed methodology also differs from
Fourier synthesis process since the proposed methodology
are using multiplications in the recombination process and
not additions as in the Fourier case.
The proposed methodology is founded on terms of second
ordered parabolic functions called sub-functions sn(x), that
when recombined, as shown in (1), obtains to the original
function forg(x). When developing the approximative function, the accuracy depends on the number of sub-functions
used.
f

org

( x) = s ( x) ⋅ s ( x)… ⋅ s ( x)
1
2
∞
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f(x)
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x

0.75
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Fig. 2 Two possible results after dividing an original function with x.

To approximate these functions 1+(c1x(1-x)) is used. The
first sub-function s1(x), is given by a multiplication of x and
1+(c1x(1-x)) which results is a second order parabolic function according to (4).
2
s ( x) = x ⋅ (1 + (c ⋅ (1 – x))) = x + ⎛c ⋅ ⎛ x – x ⎞⎞
⎠⎠
⎝ 1 ⎝
1
1

(4)

In (4) the coefficient c1 is determined as the limit from the
division of the original function with x and subtracted with 1,
according to (5).

(1)
c

1

=

f
( x)
org
lim --------------------- – 1
x
x→0

(5)

Second sub-function
The first function f1(x), is calculated according to (2) and
the result of this operation is a function which appearance is
similar to a parabolic function, as shown in Fig. 3.

(2)

1.12

The first sub-function s1(x), will be chosen to be feasible
for hardware, according to the methodology described in (4).
In the same manner the following functions fn(x), are generated, as shown in (3).
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The procedure when developing sub-functions is to divide
the original function forg(x), with the first sub-function s1(x).
This division generates the first function f1(x), as shown in
(2).
f
( x)
org
f ( x ) = --------------------1
s ( x)
1

f(x)>1
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C. Methodology for developing sub-functions
The methodology for developing sub-functions is founded
on decomposition of the original function forg(x), in terms of
second order parabolic functions for the interval 0 ≤ x < 1.0
and the sub intervals within the interval. The second order
parabolic function is chosen as decomposition function since
the structure is reasonable simple to implement in hardware
i.e. only low complexity operations such as additions and
multiplications are used.
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Fig. 3 Example of the first function f1(x) compared with sub-function s2(x).

The second sub-function s2(x), is chosen according to the
methodology as a second order parabolic function as shown
in (6).

First sub-function
The first sub-function s1(x), is developed by dividing the
original function forg(x), with x as an approximation.

2
s ( x) = 1 + ⎛c ⋅ ⎛ x – x ⎞⎞
⎠⎠
⎝ 2 ⎝
2

(6)

In (6) the coefficient c2, is chosen to satisfy that the quo-2-
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sub-function sn+1(x), will have partial sub-functions
sn+1,m(x). In equation (9) it is shown how the sub-function
sn(x), is divided into partial functions when n > 2.

tient between the function f1(x), and the second sub-function
s2(x), is equal to 1 when x is equal to 0.5 as shown in (7).
1
c 2 = 4 ⋅ ⎛ f 1 ⎛ ---⎞ – 1⎞
⎝ ⎝ 2⎠
⎠

(7)

1
⎧s
( x ),
0 ≤ x < --------------⎪ n, 0 n
n–2
2
⎪
⎪
2
1 ⎪s
-------------( x ),
≤ x < --------------⎪ n, 1 n
n–2
n–2
2
2
sn ( x ) = ⎨
⎪…
⎪
⎪
n–2
2
– 1⎪s
----------------------( x n ),
≤x<1
⎪
n–2
n–2
n
,
2
–
1
⎩
2

Thereby the second function f2(x), will get a shape of a
lying S, as shown in Fig. 4.
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1.0005

f(x)

1.0000

Note that in (9), the partial functions to the sub-functions;
x has been changed to xn. The change to xn is normalization
to the corresponding interval which simplifies the hardware
implementation of the parabolic function.
To simplify the normalization of the interval of xn it is
selected as an exponentiation by 2 of x where the integer part
is removed. The normalization of x is therefore done by multiplying x with 2n-2, which in hardware is n-2 left shifts and
the integer part is dropped, which gives xn as a fractional part
of x, as shown in (10).

0.9995

0.9990

0.9985

0.9980
0.00

0.25

0.50
x

0.75

1.00

Fig. 4 Example of the second function f2(x), shaped like a lying S.

When developing the third sub-function s3(x), the function is to be spitted into two parabolic functions where the
first function is restricted by function f2(x) to be in the interval 0 ≤ x < 0.5 and the second function is thus restricted to
the interval 0.5 ≤ x < 1.0. By splitting the function we get
strictly convex and concave functions in each interval. The
intervals can be chosen differently but that will lead to a
more complex hardware, as shown in section 3.

x

n

= frac ⎛ 2
⎝

n–2

⋅ x⎞
⎠

(10)

As in the second sub-function s2(x), the second order parabolic function is used as an approximation of the interval of
the function fn-1(x), as shown in (11).
s

2
( x ) = 1 + ⎛c
⋅ ⎛ x – x ⎞⎞
⎝ n, m ⎝ n
n, m n
n ⎠⎠

(11)

Where the coefficients cn,m is computed according to (12).
c

Sub-functions when n > 2
For functions fn(x) when n > 2, the function is characterized by the form of one or more S shaped functions. When
developing the higher order sub-functions, each S shaped
function is divided into two parabolic functions. For each
sub interval, a parabolic sub-function is developed as an
approximation of the function fn(x) in the sub interval. To
show which sub interval the partial functions is valid for, the
subscript index is increased with the index m, which gives
the following appearance of the partial function fn,m(x). In
equation (8) it is shown how the function fn(x), is divided
into partial functions fn,m(x), when n > 2.
1
⎧f
( x ),
0 ≤ x < --------------⎪ n, 0
n–1
2
⎪
⎪
1
2
⎪f
--------------- ≤ x < --------------( x ),
⎪ n, 1
n–1
n–1
2
2
f n( x) = ⎨
⎪…
⎪
⎪
n–1
2
–1
⎪f
------------------------ ≤ x < 1
( x ),
⎪
n–1
n–1
–1
⎩ n, 2
2

(9)

n, m

⎛ 2 ⋅ ( m + 1 ) – 1⎞
⎛
⎞
= 4⋅⎜f
⎜ -----------------------------------⎟ – 1⎟
n–1
⎝ n – 1, m ⎝
⎠
⎠
2

(12)

After the approximation part the result is transformed into
its desired form.

III. HARDWARE IMPLEMENTATION
For the hardware implementation two s complement representation [5] is used. The implementation is divided into
three hardware parts, preprocessing, processing, and postprocessing as shown in Fig. 5 and as introduced by P.T.P.
Tang [1].
Operand v

Preprocessing
Operand x

(8)

Processing
Operand y

As shown in (8), the number of partial functions is doubled for each order of n > 1 i.e. the number of partial functions is 2n-1.
From these partial functions, the corresponding sub-functions are developed. Analogous to the function fn(x), also the

Postprocessing
Result z
Fig. 5 The hardware architecture of the methodology.

-3-

2008 International Conference on Signals, Circuits and Systems

A. Preprocessing
In this part the incoming operand v is normalized to prepare the input to the processing part, according to section
2A.
If the approximation is implemented as a block in a system the preprocessing part can be taken into consideration in
the previous blocks which implies that the preprocessing part
can be excluded.

of the bit-serial squarer the partial results of xn2 is easily
extracted.
x4
x3
x2
x1
x0
x4
x3
x2
x1
x0
-----------------------x0
x 1 x0 0
x1
------------------p2
p1
p0
p3
x1x2 x0x2
x2
----------------------------q4
q3
q2
q1
q0
q5
x1x3 x0x3
×

B. Processing

x2x3
x3
--------------------------------------r6
r5
r4
r3
r2
r1
r0
r7
x 2 x 4 x 1 x 4 x0 x4

In the processing part the approximation of the original
function is directly computed in either iterative or parallel
hardware architecture.
The three equations (4), (6) and (11) has the same structure which gives that the approximation can be implemented
as an iterative architecture as shown in Fig. 6.

x3 x 4
x4
------------------------------------------------s8
s7
s6
s5
s4
s3
s2
s1
s0
s9

Fig. 8 Squarer that delivers the partial products xn2.

r
e
g

x

sn(x)

r
e
g

y

From (4), (6) and (11) it is found that only the coefficients
values differentiate when implementing different unary functions. This implies that different unary functions can be realized in the same hardware in the processing part, just by
using sets of coefficients.
When implementing the processing part a limited number
of sub-functions are used to accomplish the desired precision
of the approximation. If the order of the last used sub-function is n > 1, an improvement of the precision can be done by
optimize coefficients c2 in (7) or cn,m in (12). The optimization of coefficients will minimize the error in the last used
sub-function. Such coefficient optimization are performed
numerically by computer simulations.

Fig. 6 The principle of an iterative hardware architecture.

The benefit of the iterative architecture is the small chip
area whereas the disadvantage is longer computation time.
The advantages with a parallel hardware architecture is
that it gives a short critical path and fast computation to the
prize of a larger chip area. The principle of the parallel hardware architecture for four sub-functions is shown in Fig. 7.
x

s1(x)
s2(x)

C. Postprocessing
The postprocessing part transforms the value to the output
result z.
If the approximation is implemented as a block in a system the postprocessing part can be taken into consideration
in the following blocks which implies that the postprocessing part can be excluded.

y

s3(x)
s4(x)
Fig. 7 The architecture principle for four sub-functions.

To increase the throughput even more, pipeline stages can
be implemented in the parallel hardware architecture.
In the sub-functions (4), (6) and (11) x2 and xn2 are reoc-

VI. IMPLEMENTATION OF THE SINE FUNCTION
An implementation of sin(v), using the proposed methodology is described in this section as an example.

curring operations. Since the square operation xn2, in the parallel hardware architecture is a partial result of x2 a unique
squarer has been developed. In Fig. 8 the method that performs the squaring and delivers partial product of xn2 is
described.
In Fig. 8 the result of the square of x is s and the partial
products of the square is found for x3 in r, for x4 in q, for x5
in p and for x6 in p0. The squaring operation is performed
with unsigned numbers. When analyzing the squarer in
Fig. 8, it was found that the resemblance to a bit-serial
squarer [6] [7] is large. By introducing registers in the design

A. Preprocessing
To satisfy that the values of the incoming operand x is in
the interval 0 ≤ x < 1 a π/2 is multiplied with the operand as
shown in (13).
π
v = --- ⋅ x
2

(13)

To normalize the sin(v) function v is substituted with x
which gives the original function forg(x) (14).
f
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org

π
( x ) = sin ⎛ --- ⋅ x⎞
⎝2 ⎠

(14)
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the coefficients are shown in (21).

B. Processing
For the processing part, sub-functions are developed
according to the proposed methodology. For the first subfunction s1(x), the coefficient c1 is defined according to (5).
The determined value of the coefficient is shown in (15).
⎛
2 ⎞
s ( x) = x + ⎜⎛π
--- – 1⎞ ⋅ ⎛ x – x ⎞ ⎟
⎠⎠
⎠ ⎝
1
⎝⎝ 2

s

(15)

f
( x)
org f ( x ) = -------------------1
s ( x)
1

When developing the second sub-function s2(x), the coefficient c2 is defined according to (7). The determined value
of the coefficient is shown in (17).
(17)

(18)

To develop the third sub-functions s3(x), the second function f2(x), is divided into its two partial functions as shown in
(8). The third order of sub-functions is thereby divided into
two sub-functions, where s3,0(x3) is restricted to the interval
0 ≤ x < 0.5 and s3,1(x3) is restricted to the interval
0.5 ≤ x < 1.0 according to (9). A normalization of x to x3 is
done to simplify in the implementation in hardware, which is
described in (10).
For each sub-function, the corresponding coefficients c3,0
and c3,1 is determined. These coefficients are determined
according to (12) so that higher order of sub-functions can be
developed. The determined values of the coefficients are
shown in (19).
2
s
( x ) = 1 + ⎛ – 0.0122449 ⋅ ⎛ x – x ⎞ ⎞ ,
⎝
⎝ 3
3, 0 3
3 ⎠⎠

0 ≤ x < 0.5

2
s
( x ) = 1 + ⎛ 0.0105948 ⋅ ⎛ x – x ⎞ ⎞ ,
⎝
⎝ 3
3, 1 3
3 ⎠⎠

0.5 ≤ x < 1

0.5 ≤ x < 0.75

2
( x ) = 1 + ⎛ 0.00126505 ⋅ ⎛ x – x ⎞ ⎞ ,
⎝
⎝ 4
4, 3 4
4 ⎠⎠

0.75 ≤ x < 1

Architecture
In Fig. 9, architecture of the approximation of the sine
function using the proposed methodology is shown.
x

x2
q4 q3 q

x-q
r

x+c1 x r

1+c2 x r
y
1+c3x(x3-q3)
index m3
c3,0

(19)

c3

c3,1

The third function f3(x), is computed as shown in (20).
f ( x)
2
f ( x ) = -------------3
s ( x)
3

(21)

Optimization
If no more sub-functions are to be developed the precision
of the approximation can be further improved by optimization of coefficients c4,0, c4,1, c4,2 and c4,3. As shown in
Fig. 10 sub-function s4,3(x) in the interval 0.75 ≤ x < 1.0 has
the largest relative error. Since this error can only be slightly
improved by optimization no optimization of coefficients is
performed.

The second function f2(x), is computed as shown in (18).
f ( x)
1
f ( x ) = -------------2
s ( x)
2

0.25 ≤ x < 0.5

2
s
( x ) = 1 + ⎛ – 0.00119209 ⋅ ⎛ x – x ⎞ ⎞ ,
⎝ 4
⎝
4, 2 4
4 ⎠⎠

No postprocessing is needed since the result out from the
processing part has the right size.

(16)

2
s ( x ) = 1 + ⎛ 0.400857 ⋅ ⎛ x – x ⎞ ⎞
⎝
⎠⎠
⎝
2

0 ≤ x < 0.25

2
s
( x ) = 1 + ⎛ 0.00192499 ⋅ ⎛ x – x ⎞ ⎞ ,
⎝ 4
⎝
4, 1 4
4 ⎠⎠

s

The first function f1(x), is computed as shown in (16).

2
( x ) = 1 + ⎛ – 0.00223398 ⋅ ⎛ x – x ⎞ ⎞ ,
⎝
⎝ 4
4, 0 4
4 ⎠⎠

1+c4x(x4-q4)
index m4
c4,0

(20)

c4

c4,3

To develop the fourth sub-functions s4(x), the third function f3(x), is divided into its four partial functions as shown
in (8). The fourth order of sub-functions is thereby divided
into four sub-functions, where s4,0(x4) is restricted to the
interval 0 ≤ x < 0.25, s4,1(x4) is restricted to the interval
0.25 ≤ x < 0.5, s4,2(x4) is restricted to the interval
0.5 ≤ x < 0.75 and s4,3(x4) is restricted to the interval
0.75 ≤ x < 1.0 according to (9). A normalization of x to x4 is
done to simplify the hardware implementation, which is
described in (10).
For each sub-function, the corresponding coefficients c4,0,
c4,1, c4,2 and c4,3 is determined. These coefficients are determined according to (12) which accomplish that higher order
of sub-functions can be developed. The determined values of

Fig. 9 The architecture of the implementation of the sine function.

The x2 block in Fig. 9 is the special designed multiplier
described in Fig. 6 which delivers the partial results q, q3 and
q4 used in the following blocks. In the x-q block, x is subtracted with the partial result q, from the x2 block. The result
r from the x-q block is then used in the two following blocks
as shown in Fig. 9. In the x+(c1 x r) block is s1(x) performed,
in 1+(c2 x r) is s2(x) performed, in 1+(c3 x (x3-q3)) is s3(x)
performed and in 1+(c4 x (x4-q4)) is s4(x) performed. Note,
that in the blocks for sub-function s3(x) and s4(x), the individual index m is addressing the MUX that selects the coefficients in the block.

-5-

2008 International Conference on Signals, Circuits and Systems

less. The disadvantages are that it can impose large computational complexities and delays.
Computation by table-based methods combined with
polynomials is attractive since it reduces the computational
complexity and decreases the delays. Since the size of the
look-up tables grows with the accuracy the execution time
also increases with the needed accuracy.
Computation by using CORDIC is attractive since it is
using an angular rotation algorithm that can be implemented
with small look-up tables and a hardware which is limited to
simple shifts and additions. The CORDIC algorithm is an
iterative method with high latency and long delays. This
makes the method insufficient for applications where short
execution time is essential.
In all methods including the proposed method, it is a
trade-off between complexity and memory storage. By using
parallelism in the computation and parabolic synthesis in the
recombination process, the proposed methodology thereby
gets a short critical path which assures fast computation.

Precision
In Fig. 10 the resulting precision when using one to four
sub-functions is shown. Becibel scale is used to visualize the
precision since the combination of binary numbers and dB
works very well together. In dB scale 2 is equal to
20log10(2) ¯ 20*(0.3) = 6 dB and since 6 dB corresponds to
1 bit, this will make it simpler to understand the result. As
shown in Fig. 10 is the relative error decreases with the number of used sub-functions. With 4 sub-functions we can see
that we have an accuracy better that 14 bits that will result in
at least a latency of 14 adders in the CORDIC algorithm is
used.
0dB
-12dB
-24dB

1

-36dB
-48dB

2

-60dB

3

dB

-72dB
-84dB
-96dB
-108dB

V. CONCLUSION

-120dB
-132dB

4

A novel methodology for implementing approximations
of unary functions such as trigonometric functions, logarithmic functions, etc. in hardware is introduced in this paper.
The architecture of the processing part automatically gives a
high degree of parallelism. The methodology to develop the
approximation algorithm is founded on parabolic synthesis.
This combined with that the methodology is founded on
operations that are simple to implement in hardware such as
addition, shifts, multiplication, contributes to that the implementation in hardware is simple to perform. By using the
parallelism and parabolic synthesis one of the most important characteristics with the outcoming hardware is the parallelism that gives a short critical path and fast computation.
The structure of the methodology will also assure an area
efficient hardware implementation. The methodology is also
suitable for automatic synthesis.

-144dB
-156dB
0.00

0.25

0.50
x

0.75

1.00

Fig. 10 Estimation of the relative error between the original function and
different numbers of sub-functions.

As shown in Fig. 10 the relative error decreases with the
number of sub-functions used. However increases the
latency with the number of sub-function as shown in Table 1.
Table 1:
Number of sub-functions

Latency

1

2 mult + 2 add

2

3 mult + 2 add

3 to 4

4 mult + 2 add

5 to 8

5 mult + 2 add
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Abstract—This paper introduces a parabolic synthesis
methodology for implementation of approximations of unary
functions like trigonometric functions and logarithms, which are
specialized for efficient hardware mapped VLSI design. The
advantages with the methodology are, short critical path, fast
computation and high throughput enabled by a high degree of
architectural parallelism. The feasibility of the methodology is
shown by developing an approximation of the sine function for
implementation in hardware.

I.

INTRODUCTION

Unary functions, such as trigonometric functions and
logarithms, are extensively used in computer graphics, digital
signal processing, communication systems, robotics,
astrophysics, fluid physics, etc. For these high-speed
applications, software solutions are in many cases not
sufficient and a hardware implementation is therefore needed.
Implementing a numerical function f(x), by a single look-up
table is simple and fast which is strait forward for lowprecision computations of f(x), i.e., when x only has a few bits.
However, when performing high-precision computations a
single look-up table implementation is impractical due to the
huge table size and the long execution time. Approximations
only using polynomials have the advantage of being ROMless, but they can impose large computational complexities
and delays [1]. By introducing table-based methods to the
polynomials methods the computational complexity can be
reduced and the delays can also be decreased to some extent
[1]. The CORDIC (COordinate Rotation DIgital Computer)
algorithm [2] [3] has been used for these applications since it
is faster than a software approach. CORDIC is an iterative
method and therefore slow which makes the method
insufficient for this kind of applications.
II.

The normalization has to satisfy that the values are in the
interval 0 ≤ x < 1 on the x-axis and 0 ≤ y < 1 on the y-axis.
The coordinates of the starting point shall be (0,0).
Furthermore, the ending point shall have coordinates smaller
than (1,1) and the function must be strictly concave or convex
through the interval. An example of such a function, called an
original function forg(x), is shown in Fig. 1.

METHODOLOGY

The methodology is developed for implementing
approximations of unary functions in hardware. The
approximation part is of course the important part of this work
but there are sometimes two other steps that are necessary, a
preprocessing
normalization
and
postprocessing
transformation as described by P.T.P. Tang [1]. The
computation is therefore divided into three steps, normalizing,
approximation and transforming.
A. Normalizing
The purpose with the normalization is to facilitate the
hardware implementation by limiting the numerical range.

978-1-4244-3828-0/09/$25.00 ©2009 IEEE

Figure 1. Example of normalized function, in this case sin(πx/2).

B. Developing the Hardware Architecture
When developing hardware architecture that approximates
an original function, only low complexity operations are used.
Operations such as shifts, additions and multiplications are
efficient to implement in hardware and therefore searched for.
The downscaling of the semiconductor technologies and the
development of efficient multiplier architectures has made the
multiplication operation efficient in both size and execution
time when implemented in hardware. The multiplier is
therefore commonly used in this methodology when
developing the hardware.
As in Fourier analysis [4] the proposed methodology is
based on decomposition of basic functions. The proposed
methodology is not, as in Fourier analysis, a decomposition
method in terms of sinusoidal functions but in second order
parabolic functions. Second order parabolic functions are used
since they can be implemented using low complexity
operations. The proposed methodology also differs from the
Fourier synthesis process since the proposed methodology is
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using multiplications in the recombination process and not
additions as in the Fourier case.
The proposed methodology is founded on terms of second
ordered parabolic functions called sub-functions sn(x), that
when recombined, as shown in (1), obtains to the original
function forg(x). When developing the approximate function,
the accuracy depends on the number of sub-functions used.
(1)
f ( x) = s ( x) ⋅ s ( x ) ⋅ ... ⋅ s ( x )
org

1

∞

2

The procedure when developing sub-functions is to divide
the original function forg(x), with the first sub-function s1(x).
This division generates the first function f1(x), as shown in (2).
f1 ( x ) =

f org ( x )

(2)

s1 ( x )

The first sub-function s1(x), will be chosen to be feasible
for hardware, according to the methodology described in (4).
In the same manner the following functions fn(x), are
generated, as shown in (3).
f n +1 ( x ) =

fn ( x)

0 ≤ x < 0.5 and the second function is thus restricted to the
interval 0.5 ≤ x < 1.0. By splitting the function we get strictly
convex and concave functions in each interval. The intervals
can be chosen differently but that will lead to a more complex
hardware, as shown in section 3.
Sub-functions when n > 2
For functions fn(x) when n > 2, the function is
characterized by the form of one or more S shaped functions.
When developing the higher order sub-functions, each S
shaped function is divided into two parabolic functions. For
each sub interval, a parabolic sub-function is developed as an
approximation of the function fn(x) in the sub interval. To
show which sub interval the partial functions is valid for, the
subscript index is increased with the index m, which gives the
following appearance of the partial function fn,m(x). In
equation (8) it is shown how the function fn(x), is divided into
partial functions fn,m(x), when n > 2.

1
⎧
⎪ f n ,0 ( x ), 0 ≤ x < 2n −1
⎪
1
2
⎪ f ( x),
≤ x < n −1
⎪ n ,1
f n ( x) = ⎨
2n −1
2
⎪
...
⎪
2n −1 − 1
⎪
≤ x <1
⎪⎩ f n ,2n−1 −1 ( x),
2n −1

(3)

sn +1 ( x )

C. Methodology for developing sub-functions
The methodology for developing sub-functions is founded
on decomposition of the original function forg(x), in terms of
second order parabolic functions for the interval 0 ≤ x < 1.0
and the sub intervals within the interval. The second order
parabolic function is chosen as decomposition function since
the structure is reasonable simple to implement in hardware
i.e. only low complexity operations such as additions and
multiplications are used.
First sub-function
The first sub-function s1(x), is according to (4).
2

s1 ( x ) = x + (c1 ⋅ ( x − x ))

As shown in (8), the number of partial functions is doubled
for each order of n > 1 i.e. the number of partial functions is
n-1
2 . From these partial functions, the corresponding subfunctions are developed. Analogous to the function fn(x), also
the sub-function sn+1(x), will have partial sub-functions
sn+1,m(x). In equation (9) it is shown how the sub-function
sn(x), is divided into partial functions when n > 2.
1
⎧
⎪ sn ,0 ( x), 0 ≤ x < 2n − 2
⎪
1
2
⎪ s ( x),
≤ x < n−2
⎪ n ,1
sn ( x ) = ⎨
2n − 2
2
⎪
...
⎪
2n − 2 − 1
⎪
≤ x <1
⎪⎩ sn ,2n−2 −1 ( x),
2n − 2

(4)

In (4) the coefficient c1 is determined as the limit from the
division of the original function with x and subtracted with 1,
according to (5).
c1 = lim

f org ( x )
x

x→0

−1

(5)

Second sub-function
The first function f1(x), is calculated according to (2) and
the result of this operation is a function which appearance is
similar to a parabolic function.
The second sub-function s2(x), is chosen according to the
methodology as a second order parabolic function, see (6).
(6)
s ( x ) = 1 + (c ⋅ ( x − x ))
2

2

2

In (6) the coefficient c2, is chosen to satisfy that the
quotient between the function f1(x), and the second subfunction s2(x), is equal to 1 when x is equal to 0.5, see (7).

⎛ ⎛ 1 ⎞ − 1⎞
(7)
⎟ ⎟
⎝ ⎝2⎠ ⎠
Thereby the second function f2(x), will get a shape of a
lying S. When developing the third sub-function s3(x), the
function is to be split into two parabolic functions where the
first function is restricted by function f2(x) to be in the interval

(8)

(9)

Note that in (9), the partial functions to the sub-functions;
x has been changed to xn. The change to xn is normalization to
the corresponding interval, which simplifies the hardware
implementation of the parabolic function. To simplify the
normalization of the interval of xn it is selected as an
exponentiation by 2 of x where the integer part is removed.
The normalization of x is therefore done by multiplying x with
2n-2, which in hardware is n-2 left shifts and the integer part is
dropped, which gives xn as a fractional part (frac( )) of x, as
shown in (10).

(

xn = frac 2

c2 = 4 ⋅ ⎜ f1 ⎜

n−2

⋅x

)

(10)

As in the second sub-function s2(x), the second order
parabolic function is used as an approximation of the interval
of the function fn-1(x), as shown in (11).
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(

(

2

s n , m ( x n ) = 1 + c n , m ⋅ xn − x n

))

(11)

Where the coefficients cn,m is computed according to (12).
⎛
⎛ 2 ⋅ ( m + 1) − 1 ⎞ ⎞
(12)
⎟⎟
2
⎝
⎝
⎠⎠
After the approximation part the result is transformed into
its desired form.
cn , m = 4 ⋅ ⎜ f n −1, m ⎜

III.

n −1

HARDWARE IMPLEMENTATION

For the hardware implementation two’s complement
representation [5] is used. The implementation is divided into
three hardware parts, preprocessing, processing, and
postprocessing as introduced by P.T.P. Tang [1].
A. Preprocessing
In this part the incoming operand v is normalized to
prepare the input to the processing part, according to section
2A.
If the approximation is implemented as a block in a system
the preprocessing part can be taken into consideration in the
previous blocks, which implies that the preprocessing part can
be excluded.
B. Processing
In the processing part the approximation of the original
function is directly computed in either iterative or parallel
hardware architecture. The benefit of the iterative architecture
is the small chip area whereas the disadvantage is longer
computation time.
The advantages with parallel hardware architecture are
that it gives a short critical path and fast computation to the
price of a larger chip area. To increase the throughput even
more, pipeline stages can be implemented in the parallel
hardware architecture.
In the sub-functions (4), (6) and (11) x2 and xn2 are
reoccurring operations. Since the square operation xn2, in the
parallel hardware architecture is a partial result of x2 a unique
squarer has been developed. In Fig. 2 the algorithm that
performs the squaring and delivers partial product of xn2 is
described.
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The partial product r, is the result of the squaring of the three
least significant bits in x and s is the result of the squaring of x.
The squaring operation is performed with unsigned
numbers. When analyzing the squarer in Fig. 2, it was found
that the resemblance to a bit-serial squarer [6] [7] is large. By
introducing registers in the design of the bit-serial squarer the
partial results of xn2 is easily extracted. The squaring algorithm
can thus be simplified to one addition only when computing
each partial product.
From (4), (6) and (11) it is found that only the coefficients
values differentiate when implementing different unary
functions. This implies that different unary functions can be
realized in the same hardware in the processing part, just by
using sets of coefficients.
Since the methodology is calculating an approximation of
the original function the error between the functions can be
both positive and negative. Especially if the value of the
approximation is less than the original function some extra bits
of word length compared with the desired precision is needed
to accomplish the desired precision of the approximation. If
the order of the last used sub-function is n > 1, an
improvement of the precision can be done by optimizing one
or more coefficients c2 in (7) or cn,m in (12). The optimization
of coefficients will minimize the error in the last used subfunction and thereby it can reduce the word length needed to
accomplish the desired accuracy. Computer simulations
perform such coefficient optimization numerically.
C. Postprocessing
The postprocessing part transforms the value to the output
result z. If the approximation is implemented as a block in a
system the postprocessing part can be taken into consideration
in the following blocks, which implies that the postprocessing
part can be excluded.
IV.

v=

s7

x3x2
x2x3
s5

x1x3
s4

x0x3
s3

π
2

⋅x

r1

r0

r

⎛ π ⋅ x⎞
⎟
⎝2 ⎠

f org ( x ) = sin ⎜

s2

(13)

To normalize the sin(v) function v is substituted with x
which gives the original function forg(x) (14).

x3x1
x3x3
s6

IMPLEMENTATION OF THE SINE FUNCTION

An implementation of sin(v), using the proposed
methodology is described in this section as an example.
A. Preprocessing
To satisfy that the values of the incoming operand x is in
the interval 0 ≤ x < 1 a π/2 is multiplied with the operand as
shown in (13).

s1

s0

s

Figure 2. Squaring algorithm for the partial products xn2.

In Fig. 2 the squaring algorithm that performs the
partial products xn2, shown. The first partial product p, is the
squaring of the least significant bit in x. The second partial
product q, is the squaring of the two least significant bits in x.

(14)

B. Processing
For the processing part, sub-functions are developed
according to the proposed methodology. For the first subfunction s1(x), the coefficient c1 is defined according to (5).
The determined value of the coefficient are, c1 = 0.570796.
The first function f1(x), is computed as shown in (15).
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f1 ( x ) =

f org ( x )
s1 ( x )

(15)

When developing the second sub-function s2(x), the
coefficient c2 is defined according to (7). The determined
value of the coefficient are, c2 = 0.400857.
The second function f2(x), is computed as shown in (16).
f2 ( x ) =

f1 ( x )
s2 ( x )

(16)

To develop the third sub-functions s3(x), the second
function f2(x), is divided into its two partial functions as shown
in (8). The third order of sub-functions is thereby divided into
two sub-functions, where s3,0(x3) is restricted to the interval
0 ≤ x < 0.5 and s3,1(x3) is restricted to the interval 0.5 ≤ x < 1.0
according to (9). A normalization of x to x3 is done to simplify
in the implementation in hardware, which is described in (10).
For each sub-function, the corresponding coefficients c3,0
and c3,1 is determined. These coefficients are determined
according to (12) so that higher order of sub-functions can be
developed. The determined values of the coefficients are,
c3,0 = - 0.0122449 and c3,1 = 0.0105948.
The third function f3(x), is computed as shown in (17).
f3 ( x ) =

f2 ( x )
s3 ( x )

(17)

To develop the fourth sub-functions s4(x), the third
function f3(x), is divided into its four partial functions as
shown in (8). The fourth order of sub-functions is thereby
divided into four sub-functions, where s4,0(x4) is restricted to
the interval 0 ≤ x < 0.25, s4,1(x4) is restricted to the interval
0.25 ≤ x < 0.5, s4,2(x4) is restricted to the interval 0.5 ≤ x < 0.75
and s4,3(x4) is restricted to the interval 0.75 ≤ x < 1.0 according
to (9). A normalization of x to x4 is done to simplify the
hardware implementation, which is described in (10).
For each sub-function, the corresponding coefficients c4,0,
c4,1, c4,2 and c4,3 is determined. These coefficients are
determined according to (12) which accomplish that higher
order of sub-functions can be developed. The determined
values of the coefficients are, c4,0 = - 0.00223398,
c4,1 = 0.00192499, c4,2 = - 0.00119209 and c4,3 = 0.00126505.
No postprocessing is needed since the result out from the
processing part has the correct size.
C. Optimization
Only sub-function s4,3(x) in the interval 0.75 ≤ x < 1.0 has
to be improved by optimization. By optimizing the coefficient
the necessary word length to achieve the desired precision
could be reduced from 17 bits to 16 bits. The optimized value
of the coefficient is, c4,3 = 0.0128228.
V.

COMPARISON

The most common methods used when implementing
approximation of a unary functions in hardware is look-up
tables, polynomials, table-based methods with polynomials
and CORDIC. Computation by table look-up is attractive
since memory is much denser than random logic in VLSI
realizations, but since the size of the look-up table grows
exponentially with increasing word lengths, both the table size
and execution time becomes totally intolerable. Computation

by polynomials is attractive since it is ROM-less. The
disadvantages are that it can impose large computational
complexities and delays. Computation by table-based methods
combined with polynomials is attractive since it reduces the
computational complexity and decreases the delays. Since the
size of the look-up tables grows with the accuracy the
execution time also increases with the needed accuracy.
Computation by using CORDIC is attractive since it is using
an angular rotation algorithm that can be implemented with
small look-up tables and hardware, which is limited to simple
shifts and additions. The CORDIC algorithm is an iterative
method with high latency and long delays. This makes the
method insufficient for applications where short execution
time is essential.
In all methods including the proposed method, it is a tradeoff between complexity and memory storage. By using
parallelism in the computation and parabolic synthesis in the
recombination process, the proposed methodology thereby
gets a short critical path, which assures fast computation.
VI.

CONCLUSIONS

A novel methodology for implementing approximations of
unary functions such as trigonometric functions, logarithmic
functions, etc. in hardware is introduced in this paper. The
architecture of the processing part automatically gives a high
degree of parallelism. The methodology to develop the
approximation algorithm is founded on parabolic synthesis.
This combined with that the methodology is founded on
operations that are simple to implement in hardware such as
addition, shifts, multiplication, contributes to that the
implementation in hardware is simple to perform. By using the
parallelism and parabolic synthesis one of the most important
characteristics with the out coming hardware is the parallelism
that gives a short critical path and fast computation. The
structure of the methodology will also assure an area efficient
hardware implementation. The methodology is also suitable
for automatic synthesis.
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#/GVJQFQNQI[HQT2CTCDQNKE5[PVJGUKU

(ULN+HUW]DQG3HWHU1LOVVRQ
'HSDUWPHQWRI(OHFWULFDODQG,QIRUPDWLRQ7HFKQRORJ\/XQG8QLYHUVLW\
6ZHGHQ


+PVTQFWEVKQP


,Q UHODWLYHO\ UHFHQW UHVHDUFK RI WKH KLVWRU\ RI VFLHQFH LQWHUSRODWLRQ WKHRU\ LQ SDUWLFXODU RI
PDWKHPDWLFDO DVWURQRP\ UHYHDOHG UXGLPHQWDU\ VROXWLRQV RI LQWHUSRODWLRQ SUREOHPV GDWH
EDFN WR HDUO\ DQWLTXLW\ 0HLMHULQJ   ([DPSOHV RI LQWHUSRODWLRQ WHFKQLTXHV RULJLQDOO\
FRQFHLYHG E\ DQFLHQW %DE\ORQLDQ DV ZHOO DV HDUO\PHGLHYDO &KLQHVH ,QGLDQ DQG $UDELF
DVWURQRPHUV DQG PDWKHPDWLFLDQV FDQ EH OLQNHG WR WKH FODVVLFDO LQWHUSRODWLRQ WHFKQLTXHV
GHYHORSHGLQ:HVWHUQFRXQWULHVIURPWKHWKXQWLOWKHWKFHQWXU\7KHDYDLODEOHKLVWRULFDO
PDWHULDO KDV QRW \HW JLYHQ D UHDVRQ WR VXVSHFW WKDW WKH HDUOLHVW NQRZQ FRQWULEXWRUV WR
FODVVLFDO LQWHUSRODWLRQ WKHRU\ ZHUH LQIOXHQFHG LQ DQ\ ZD\ E\ PHQWLRQHG DQFLHQW DQG
PHGLHYDO(DVWHUQZRUNV)RUWKHFODVVLFDOLQWHUSRODWLRQWKHRU\LWLVMXVWLILHGWRVD\WKDWWKHUH
LVQRVLQJOHSHUVRQZKRGLGVRPXFKIRUWKLVILHOGDV1HZWRQ7KHUHIRUH1HZWRQGHVHUYHV
WKHFUHGLWIRUKDYLQJSXWFODVVLFDOLQWHUSRODWLRQWKHRU\RQDIRXQGDWLRQ,QWKHFRXUVHRIWKH
WK DQG WK FHQWXU\ 1HZWRQ·V WKHRULHV ZHUH IXUWKHU VWXGLHG E\ PDQ\ RWKHUV LQFOXGLQJ
6WLUOLQJ *DXVV :DULQJ (XOHU /DJUDQJH %HVVHO /DSODFH DQG (YHUHWW :KHUHDV WKH
GHYHORSPHQWVXQWLO WKH HQG RI WK FHQWXU\ KDG EHHQ LPSUHVVLYHWKHGHYHORSPHQWV LQ WKH
SDVWFHQWXU\KDYHEHHQH[SORVLYH$QRWKHULPSRUWDQWGHYHORSPHQWIURPWKHODWHVLVWKH
ULVH RI DSSUR[LPDWLRQ WKHRU\ ,Q  :HLHUVWUDVV MXVWLILHG WKH XVH RI DSSUR[LPDWLRQV E\
HVWDEOLVKLQJ WKH VRFDOOHG DSSUR[LPDWLRQ WKHRUHP ZKLFK VWDWHV WKDW HYHU\ FRQWLQXRXV
IXQFWLRQRQDFORVHGLQWHUYDOFDQEHDSSUR[LPDWHGXQLIRUPO\WRDQ\SUHVFULEHGDFFXUDF\E\
D SRO\QRPLDO ,Q WKH WK FHQWXU\ WZR PDMRU H[WHQVLRQV RI FODVVLFDO LQWHUSRODWLRQ WKHRU\ LV
LQWURGXFHG ILUVWO\ WKH FRQFHSW RI WKH FDUGLQDOIXQFWLRQ PDLQO\ GXH WR ( 7 :KLWWDNHU EXW
DOVR VWXGLHG EHIRUH KLP E\ %RUHO DQG RWKHUV DQG HYHQWXDOO\ OHDGLQJ WR WKH VDPSOLQJ
WKHRUHP IRU EDQG OLPLWHG IXQFWLRQV DV IRXQG LQ WKH ZRUNV RI - 0 :KLWWDNHU .RWHO QLNRY
6KDQQRQ DQG VHYHUDO RWKHUV DQG VHFRQGO\ WKH FRQFHSW RI RVFLOODWRU\ LQWHUSRODWLRQ
UHVHDUFKHG E\ PDQ\ DQG HYHQWXDOO\ UHVXOWLQJ LQ 6FKRHQEHUJ V WKHRU\ RI PDWKHPDWLFDO
VSOLQHV

7KHSDUDEROLFV\QWKHVLVPHWKRGRORJ\
8QDU\ IXQFWLRQV VXFK DV WULJRQRPHWULF IXQFWLRQV ORJDULWKPV DV ZHOO DV VTXDUH URRW DQG
GLYLVLRQ IXQFWLRQV DUH H[WHQVLYHO\ XVHG LQ FRPSXWHU JUDSKLFV GLJLWDO VLJQDO SURFHVVLQJ
FRPPXQLFDWLRQ V\VWHPV URERWLFV DVWURSK\VLFV IOXLG SK\VLFV HWF )RU WKHVH KLJKVSHHG
DSSOLFDWLRQV VRIWZDUH VROXWLRQV DUH LQ PDQ\ FDVHV QRW VXIILFLHQW DQG D KDUGZDUH
LPSOHPHQWDWLRQ LV WKHUHIRUH QHHGHG ,PSOHPHQWLQJ D QXPHULFDO IXQFWLRQ I [  E\ D VLQJOH
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ORRNXS WDEOH 7DQJ   LV VLPSOH DQG IDVW ZKLFK LV VWUDLW IRUZDUG IRU ORZSUHFLVLRQ
FRPSXWDWLRQV RI I [  LH ZKHQ [ RQO\ KDV D IHZ ELWV +RZHYHU ZKHQ SHUIRUPLQJ KLJK
SUHFLVLRQFRPSXWDWLRQVDVLQJOHORRNXSWDEOHLPSOHPHQWDWLRQLVLPSUDFWLFDOGXHWRWKHKXJH
WDEOHVL]HDQGWKHORQJH[HFXWLRQWLPH
$SSUR[LPDWLRQV RQO\ XVLQJ SRO\QRPLDOV KDYH WKH DGYDQWDJH RI EHLQJ 520OHVV EXW WKH\
FDQ LPSRVH ODUJH FRPSXWDWLRQDO FRPSOH[LWLHV DQG GHOD\V 0XOOHU   %\ LQWURGXFLQJ
WDEOH EDVHG PHWKRGV WR WKH SRO\QRPLDOV PHWKRGV WKH FRPSXWDWLRQDO FRPSOH[LW\ FDQ EH
UHGXFHGDQGWKHGHOD\VFDQDOVREHGHFUHDVHGWRVRPHH[WHQW 0XOOHU 
7KH &25',& &2RUGLQDWH 5RWDWLRQ ',JLWDO &RPSXWHU  DOJRULWKP 9ROGHU   $QGUDWD
  KDV EHHQ XVHG IRU WKHVH DSSOLFDWLRQV VLQFH LW LV IDVWHU WKDQ D VRIWZDUH DSSURDFK
&25',&LVDQLWHUDWLYHPHWKRGDQGWKHUHIRUHVORZZKLFKPDNHVWKHPHWKRGLQVXIILFLHQWIRU
WKLVNLQGRIDSSOLFDWLRQV
7KH SURSRVHG PHWKRGRORJ\ RI SDUDEROLF V\QWKHVLV +HUW]  1LOVVRQ   GHYHORSV
IXQFWLRQVWKDWSHUIRUPDQDSSUR[LPDWLRQRIRULJLQDOIXQFWLRQVLQKDUGZDUH7KHDUFKLWHFWXUH
RIWKHSURFHVVLQJSDUWRIWKHPHWKRGRORJ\LVXVLQJSDUDOOHOLVPWRUHGXFHWKHH[HFXWLRQWLPH
)RUWKHGHYHORSPHQWRIDSSUR[LPDWLRQVRIIXQFWLRQVDSDUDEROLFV\QWKHVLVPHWKRGRORJ\KDV
EHHQDSSOLHG2QO\ORZFRPSOH[LW\RSHUDWLRQVWKDWDUHVLPSOHWRLPSOHPHQWLQKDUGZDUHDUH
XVHG


/GVJQFQNQI[
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7KH PHWKRGRORJ\ LV GHYHORSHG IRU LPSOHPHQWLQJ DSSUR[LPDWLRQV RI XQDU\ IXQFWLRQV LQ
KDUGZDUH7KHDSSUR[LPDWLRQSDUWLVRIFRXUVHWKHLPSRUWDQWSDUWRIWKLVZRUNEXWWKHUHDUH
VRPHWLPHV WZR RWKHU VWHSV WKDW DUH QHFHVVDU\ D SUHSURFHVVLQJ QRUPDOL]DWLRQ DQG
SRVWSURFHVVLQJ WUDQVIRUPDWLRQ DV GHVFULEHG E\ 373 7DQJ   0XOOHU   7KH
FRPSXWDWLRQ LV WKHUHIRUH GLYLGHG LQWR WKUHH VWHSV QRUPDOL]LQJ DSSUR[LPDWLRQ DQG
WUDQVIRUPLQJ


0QTOCNK\KPI
7KHSXUSRVHZLWKWKHQRUPDOL]DWLRQLVWRIDFLOLWDWHWKHKDUGZDUHLPSOHPHQWDWLRQE\OLPLWLQJ
WKHQXPHULFDOUDQJH
7KHQRUPDOL]DWLRQKDVWRVDWLVI\WKDWWKHYDOXHVDUHLQWKHLQWHUYDO[RQWKH[D[LVDQG
\RQWKH\D[LV7KHFRRUGLQDWHVRIWKHVWDUWLQJSRLQWVKDOOEH  )XUWKHUPRUHWKH
HQGLQJ SRLQW VKDOO KDYH FRRUGLQDWHV VPDOOHU WKDQ   DQG WKH IXQFWLRQ PXVW EH VWULFWO\
FRQFDYH RU VWULFWO\ FRQYH[ WKURXJK WKH LQWHUYDO $Q H[DPSOH RI VXFK D IXQFWLRQ FDOOHG DQ
RULJLQDOIXQFWLRQIRUJ [ LVVKRZQLQ)LJ


&GXGNQRKPIVJG*CTFYCTG#TEJKVGEVWTG
:KHQGHYHORSLQJDKDUGZDUHDUFKLWHFWXUHWKDWDSSUR[LPDWHVDQRULJLQDOIXQFWLRQRQO\ORZ
FRPSOH[LW\RSHUDWLRQVDUHXVHG2SHUDWLRQVVXFKDVVKLIWVDGGLWLRQVDQGPXOWLSOLFDWLRQVDUH
HIILFLHQW WR LPSOHPHQW LQ KDUGZDUH DQG WKHUHIRUH VHDUFKHG IRU 7KH GRZQVFDOLQJ RI WKH
VHPLFRQGXFWRU WHFKQRORJLHV DQG WKH GHYHORSPHQW RI HIILFLHQW PXOWLSOLHU DUFKLWHFWXUHV KDV
PDGH WKH PXOWLSOLFDWLRQ RSHUDWLRQ HIILFLHQW LQ ERWK VL]H DQG H[HFXWLRQ WLPH ZKHQ
LPSOHPHQWHGLQKDUGZDUH7KHPXOWLSOLHULVWKHUHIRUHFRPPRQO\XVHGLQWKLVPHWKRGRORJ\
ZKHQGHYHORSLQJWKHKDUGZDUH
$VLQ)RXULHUDQDO\VLV )RXULHU WKHSURSRVHGPHWKRGRORJ\LVEDVHGRQGHFRPSRVLWLRQ
RIEDVLFIXQFWLRQV7KHSURSRVHGPHWKRGRORJ\LVQRWDVLQ)RXULHUDQDO\VLVDGHFRPSRVLWLRQ
PHWKRG LQ WHUPV RI VLQXVRLGDO IXQFWLRQV EXW LQ VHFRQG RUGHU SDUDEROLF IXQFWLRQV 6HFRQG
RUGHU SDUDEROLF IXQFWLRQV DUH XVHG VLQFH WKH\ FDQ EH LPSOHPHQWHG XVLQJ ORZ FRPSOH[LW\
RSHUDWLRQV7KHSURSRVHGPHWKRGRORJ\DOVRGLIIHUVIURPWKH)RXULHUV\QWKHVLVSURFHVVVLQFH
WKH SURSRVHG PHWKRGRORJ\ LV XVLQJ PXOWLSOLFDWLRQV LQ WKH UHFRPELQDWLRQ SURFHVV DQG QRW
DGGLWLRQVDVLQWKH)RXULHUFDVH
7KH SURSRVHG PHWKRGRORJ\ LV IRXQGHG RQ WHUPV RI VHFRQG RUGHUHG SDUDEROLF IXQFWLRQV
FDOOHG VXEIXQFWLRQV VQ [  WKDW ZKHQ UHFRPELQHG DV VKRZQ LQ   REWDLQV WR WKH RULJLQDO
IXQFWLRQ IRUJ [  :KHQ GHYHORSLQJ WKH DSSUR[LPDWH IXQFWLRQ WKH DFFXUDF\ GHSHQGV RQ WKH
QXPEHURIVXEIXQFWLRQVXVHG


I RUJ [ V [  V [  Vf [ 
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7KH ILUVW VXEIXQFWLRQ V [  ZLOO EH FKRVHQ WR EH IHDVLEOH IRU KDUGZDUH DFFRUGLQJ WR WKH
PHWKRGRORJ\ GHVFULEHG LQ   ,Q WKH VDPH PDQQHU WKH IROORZLQJ IXQFWLRQV IQ [  DUH
JHQHUDWHGDVVKRZQLQ  

I Q [

IQ [

VQ [




7KHSXUSRVHZLWKWKHQRUPDOL]DWLRQLVWRIDFLOLWDWHWKHKDUGZDUHLPSOHPHQWDWLRQE\OLPLWLQJ
WKHQXPHULFDOUDQJH


/GVJQFQNQI[HQTFGXGNQRKPIUWDHWPEVKQPU
7KHPHWKRGRORJ\IRUGHYHORSLQJVXEIXQFWLRQVLVIRXQGHGRQGHFRPSRVLWLRQRIWKHRULJLQDO
IXQFWLRQIRUJ [ LQWHUPVRIVHFRQGRUGHUSDUDEROLFIXQFWLRQVIRUWKHLQWHUYDO[DQG
WKH VXE LQWHUYDOV ZLWKLQ WKH LQWHUYDO 7KH VHFRQG RUGHU SDUDEROLF IXQFWLRQ LV FKRVHQ DV
GHFRPSRVLWLRQIXQFWLRQVLQFHWKHVWUXFWXUHLVUHDVRQDEOHVLPSOHWRLPSOHPHQWLQKDUGZDUH
LHRQO\ORZFRPSOH[LW\RSHUDWLRQVVXFKDVDGGLWLRQVDQGPXOWLSOLFDWLRQVDUHXVHG

)LUVWVXEIXQFWLRQ
7KHILUVWVXEIXQFWLRQV [ LVGHYHORSHGE\GLYLGLQJWKHRULJLQDOIXQFWLRQIRUJ [ ZLWK[DVDQ
DSSUR[LPDWLRQ
$VVKRZQLQ)LJWKHUHDUHWZRSRVVLEOHUHVXOWVDIWHUGLYLGLQJWKHRULJLQDOIXQFWLRQZLWK[
RQHZKHUHI [ !DQGRQHZKHUHI [ 
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)LJ7ZRSRVVLEOHUHVXOWVDIWHUGLYLGLQJDQRULJLQDOIXQFWLRQZLWK[

7KHILUVWVXEIXQFWLRQV [ LVDFFRUGLQJWR  7RDSSUR[LPDWHWKHVHIXQFWLRQV F [ LV
XVHG 7KH ILUVW VXEIXQFWLRQ V [  LV JLYHQ E\ D PXOWLSOLFDWLRQ RI [ DQG  F [  ZKLFK
UHVXOWVLVDVHFRQGRUGHUSDUDEROLFIXQFWLRQDFFRUGLQJWR  
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[  F  [  [  

,Q  WKHFRHIILFLHQWFLVGHWHUPLQHGDVWKHOLPLWIURPWKHGLYLVLRQRIWKHRULJLQDOIXQFWLRQ
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6HFRQGVXEIXQFWLRQ
7KH ILUVW IXQFWLRQ I [  LV FDOFXODWHG DFFRUGLQJ WR   DQG WKH UHVXOW RI WKLV RSHUDWLRQ LV D
IXQFWLRQZKLFKDSSHDUDQFHLVVLPLODUWRDSDUDEROLFIXQFWLRQDVVKRZQLQ)LJ
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SDUDEROLFIXQFWLRQVHH  
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7KHUHE\WKHVHFRQGIXQFWLRQI [ ZLOOJHWDVKDSHRIDO\LQJ6DVVKRZQLQ)LJ



)LJ([DPSOHRIWKHVHFRQGIXQFWLRQI [ VKDSHGOLNHDO\LQJ6

:KHQGHYHORSLQJWKHWKLUGVXEIXQFWLRQV [ WKHIXQFWLRQLVWREHVSOLWLQWRWZRSDUDEROLF
IXQFWLRQV ZKHUH WKH ILUVW IXQFWLRQ LV UHVWULFWHG E\ IXQFWLRQ I [  WR EH LQ WKH LQWHUYDO
[DQGWKHVHFRQGIXQFWLRQLVWKXVUHVWULFWHGWRWKHLQWHUYDO[%\VSOLWWLQJ
WKHIXQFWLRQZHJHWVWULFWO\FRQYH[DQGFRQFDYHIXQFWLRQVLQHDFKLQWHUYDO7KHLQWHUYDOVFDQ
EHFKRVHQGLIIHUHQWO\EXWWKDWZLOOOHDGWRDPRUHFRPSOH[KDUGZDUHDVVKRZQLQVHFWLRQ

6XEIXQFWLRQVZKHQQ!
)RU IXQFWLRQV IQ [  ZKHQ Q! WKH IXQFWLRQ LV FKDUDFWHUL]HG E\ WKH IRUP RI RQH RU PRUH 6
VKDSHGIXQFWLRQV:KHQGHYHORSLQJWKHKLJKHURUGHUVXEIXQFWLRQVHDFK6VKDSHGIXQFWLRQ
LV GLYLGHG LQWR WZR SDUDEROLF IXQFWLRQV )RU HDFK VXE LQWHUYDO D SDUDEROLF VXEIXQFWLRQ LV
GHYHORSHGDVDQDSSUR[LPDWLRQRIWKHIXQFWLRQIQ [ LQWKHVXELQWHUYDO7RVKRZZKLFKVXE
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LQWHUYDOWKHSDUWLDOIXQFWLRQVLVYDOLGIRUWKHVXEVFULSWLQGH[LVLQFUHDVHGZLWKWKHLQGH[P
ZKLFKJLYHVWKHIROORZLQJDSSHDUDQFHRIWKHSDUWLDOIXQFWLRQIQP [ 





IQ [

° I Q [  d [  Q

°


°
° I Q [  Q d [  Q



®
° 
°
 Q  
°
°¯ I QQ  [   Q d [  


,Q HTXDWLRQ   LW LV VKRZQ KRZ WKH IXQFWLRQ IQ [  LV GLYLGHG LQWR SDUWLDO IXQFWLRQV IQP [ 
ZKHQQ!

$VVKRZQLQ  WKHQXPEHURISDUWLDOIXQFWLRQVLVGRXEOHGIRUHDFKRUGHURI Q!LHWKH
QXPEHU RI SDUWLDO IXQFWLRQV LV Q )URP WKHVH SDUWLDO IXQFWLRQV WKH FRUUHVSRQGLQJ VXE
IXQFWLRQV DUH GHYHORSHG $QDORJRXV WR WKH IXQFWLRQ IQ [  DOVR WKH VXEIXQFWLRQ VQ [  ZLOO
KDYHSDUWLDOVXEIXQFWLRQVVQP [ ,QHTXDWLRQ  LWLVVKRZQKRZWKHVXEIXQFWLRQVQ [ LV
GLYLGHGLQWRSDUWLDOIXQFWLRQVZKHQQ!





VQ [

°VQ [  d [  Q

°


°
°VQ [  Q d [  Q



®
° 
°
 Q  
°
°¯VQQ  [   Q d [  


1RWH WKDW LQ   WKH SDUWLDO IXQFWLRQV WR WKH VXEIXQFWLRQV [ KDV EHHQ FKDQJHG WR [Q 7KH
FKDQJHWR[QLVQRUPDOL]DWLRQWRWKHFRUUHVSRQGLQJLQWHUYDOZKLFKVLPSOLILHVWKHKDUGZDUH
LPSOHPHQWDWLRQRIWKHSDUDEROLFIXQFWLRQ7RVLPSOLI\WKHQRUPDOL]DWLRQRIWKHLQWHUYDORI[Q
LW LV VHOHFWHG DV DQ H[SRQHQWLDWLRQ E\  RI [ ZKHUH WKH LQWHJHU SDUW LV UHPRYHG 7KH
QRUPDOL]DWLRQRI[LVWKHUHIRUHGRQHE\PXOWLSO\LQJ[ZLWKQZKLFKLQKDUGZDUHLVQOHIW
VKLIWV DQG WKH LQWHJHU SDUW LV GURSSHG ZKLFK JLYHV [Q DV D IUDFWLRQDO SDUW IUDF   RI [ DV
VKRZQLQ  

 
[
IUDF  Q  [ 
Q


$V LQ WKH VHFRQG VXEIXQFWLRQ V [  WKH VHFRQG RUGHU SDUDEROLF IXQFWLRQ LV XVHG DV DQ
DSSUR[LPDWLRQRIWKHLQWHUYDORIWKHIXQFWLRQIQ [ DVVKRZQLQ  

 
VQP [Q  FQP  [Q  [Q 

:KHUHWKHFRHIILFLHQWVFQPLVFRPSXWHGDFFRUGLQJWR  
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$IWHUWKHDSSUR[LPDWLRQSDUWWKHUHVXOWLVWUDQVIRUPHGLQWRLWVGHVLUHGIRUP


*CTFYCTG+ORNGOGPVCVKQP


)RUWKHKDUGZDUHLPSOHPHQWDWLRQWZR·VFRPSOHPHQWUHSUHVHQWDWLRQ 3DUKDPL LVXVHG
7KH LPSOHPHQWDWLRQ LV GLYLGHG LQWR WKUHH KDUGZDUH SDUWV SUHSURFHVVLQJ SURFHVVLQJ DQG
SRVWSURFHVVLQJ DV VKRZQ LQ )LJ  ZKLFK ZDV LQWURGXFHG E\ 373 7DQJ   0XOOHU
 



)LJ7KHKDUGZDUHDUFKLWHFWXUHRIWKHPHWKRGRORJ\


2TGRTQEGUUKPI
,Q WKLV SDUW WKH LQFRPLQJ RSHUDQG Y LV QRUPDOL]HG WR SUHSDUH WKH LQSXW WR WKH SURFHVVLQJ
SDUWDFFRUGLQJWRVHFWLRQ
,I WKH DSSUR[LPDWLRQ LV LPSOHPHQWHG DV D EORFN LQ D V\VWHP WKH SUHSURFHVVLQJ SDUW FDQ EH
WDNHQ LQWR FRQVLGHUDWLRQ LQ WKH SUHYLRXV EORFNV ZKLFK LPSOLHV WKDW WKH SUHSURFHVVLQJ SDUW
FDQEHH[FOXGHG


2TQEGUUKPI
,Q WKH SURFHVVLQJ SDUW WKH DSSUR[LPDWLRQ RI WKH RULJLQDO IXQFWLRQ LV GLUHFWO\ FRPSXWHG LQ
HLWKHULWHUDWLYHRUSDUDOOHOKDUGZDUHDUFKLWHFWXUH
7KH WKUHH HTXDWLRQV     DQG   KDV WKH VDPH VWUXFWXUH ZKLFK JLYHV WKDW WKH
DSSUR[LPDWLRQFDQEHLPSOHPHQWHGDVDQLWHUDWLYHDUFKLWHFWXUHDVVKRZQLQ)LJ
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)LJ7KHSULQFLSOHRIDQLWHUDWLYHKDUGZDUHDUFKLWHFWXUH

7KH EHQHILW RI WKH LWHUDWLYH DUFKLWHFWXUH LV WKH VPDOO FKLS DUHD ZKHUHDV WKH GLVDGYDQWDJH LV
ORQJHUFRPSXWDWLRQWLPH
7KHDGYDQWDJHVZLWKSDUDOOHOKDUGZDUHDUFKLWHFWXUHDUHWKDWLWJLYHVDVKRUWFULWLFDOSDWKDQG
IDVW FRPSXWDWLRQ WR WKH SUL]H RI D ODUJHU FKLS DUHD 7KH SULQFLSOH RI WKH SDUDOOHO KDUGZDUH
DUFKLWHFWXUHIRUIRXUVXEIXQFWLRQVLVVKRZQLQ)LJ



)LJ7KHDUFKLWHFWXUHSULQFLSOHIRUIRXUVXEIXQFWLRQV
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)LJ6TXDULQJDOJRULWKPIRUWKHSDUWLDOSURGXFWV[Q

7R LQFUHDVH WKH WKURXJKSXW HYHQ PRUH SLSHOLQH VWDJHV FDQ EH LPSOHPHQWHG LQ WKH SDUDOOHO
KDUGZDUHDUFKLWHFWXUH
,QWKHVXEIXQFWLRQV    DQG  [DQG[QDUHUHRFFXUULQJRSHUDWLRQV6LQFHWKHVTXDUH
RSHUDWLRQ[QLQWKHSDUDOOHOKDUGZDUHDUFKLWHFWXUHLVDSDUWLDOUHVXOWRI[DXQLTXHVTXDUHU
KDVEHHQGHYHORSHG,Q)LJWKHDOJRULWKPWKDWSHUIRUPVWKHVTXDULQJDQGGHOLYHUVSDUWLDO
SURGXFWRI[QLVGHVFULEHG
7KHVTXDULQJDOJRULWKPIRUWKHSDUWLDOSURGXFWV[QFDQEHVLPSOLILHGDVVKRZQLQ)LJ
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)LJ6LPSOLILHGVTXDULQJDOJRULWKPIRUWKHSDUWLDOSURGXFWV[Q

,Q )LJ  DQG )LJ  WKH VTXDULQJ DOJRULWKP WKDW SHUIRUPV WKH SDUWLDO SURGXFWV [Q VKRZQ
7KHILUVWSDUWLDOSURGXFWSLVWKHVTXDULQJRIWKHOHDVWVLJQLILFDQWELWLQ[7KHVHFRQGSDUWLDO
SURGXFWTLVWKHVTXDULQJRIWKHWZROHDVWVLJQLILFDQWELWVLQ[7KHSDUWLDOSURGXFWULVWKH
UHVXOWRIWKHVTXDULQJRIWKHWKUHHOHDVWVLJQLILFDQWELWVLQ[DQGVLVWKHUHVXOWRIWKHVTXDULQJ
RI [ 7KH VTXDULQJ RSHUDWLRQ LV SHUIRUPHG ZLWK XQVLJQHG QXPEHUV :KHQ DQDO\]LQJ WKH
VTXDUHULQ)LJDQG)LJLWZDVIRXQGWKDWWKHUHVHPEODQFHWRDELWVHULDOVTXDUHU ,HQQH 
9LUHGD]  3HNPHVW]HWDO LVODUJH%\LQWURGXFLQJUHJLVWHUVLQWKHGHVLJQRIWKH
ELWVHULDO VTXDUHU WKH SDUWLDO UHVXOWV RI [Q LV HDVLO\ H[WUDFWHG 7KH VTXDULQJ DOJRULWKP FDQ
WKXVEHVLPSOLILHGWRRQHDGGLWLRQRQO\ZKHQFRPSXWLQJHDFKSDUWLDOSURGXFW
)URP     DQG   LW LV IRXQG WKDW RQO\ WKH FRHIILFLHQWV YDOXHV GLIIHUHQWLDWH ZKHQ
LPSOHPHQWLQJGLIIHUHQWXQDU\IXQFWLRQV7KLVLPSOLHVWKDWGLIIHUHQWXQDU\IXQFWLRQVFDQEH
UHDOL]HG LQ WKH VDPH KDUGZDUH LQ WKH SURFHVVLQJ SDUW MXVW E\ XVLQJ GLIIHUHQW VHWV RI
FRHIILFLHQWV
6LQFHWKHPHWKRGRORJ\LVFDOFXODWLQJDQDSSUR[LPDWLRQRIWKHRULJLQDOIXQFWLRQWKHHUURUWR
WKH GHVLUHG SUHFLVLRQ FDQ EH ERWK SRVLWLYH DQG QHJDWLYH (VSHFLDOO\ LI WKH YDOXH RI WKH
DSSUR[LPDWLRQLVOHVVWKDQWKHGHVLUHGSUHFLVLRQWKHZRUGOHQJWKFDQKDYHWREHLQFUHDVHG
FRPSDUHGZLWKWKHZRUGOHQJWKQHHGHGWRDFFRPSOLVKWKHGHVLUHGSUHFLVLRQ,IWKHRUGHURI
WKH ODVW XVHG VXEIXQFWLRQ LV Q! DQ LPSURYHPHQW RI WKH SUHFLVLRQ FDQ EH GRQH E\
RSWLPL]LQJ RQH RU PRUH FRHIILFLHQWV F LQ   RU FQP LQ   7KH RSWLPL]DWLRQ RI WKH
FRHIILFLHQWVZLOOPLQLPL]HWKHHUURULQWKHODVWXVHGVXEIXQFWLRQDQGWKHUHE\LWFDQUHGXFH
WKHZRUGOHQJWKQHHGHGWRDFFRPSOLVKWKHGHVLUHGDFFXUDF\&RPSXWHUVLPXODWLRQVSHUIRUP
VXFKFRHIILFLHQWRSWLPL]DWLRQQXPHULFDOO\


2QUVRTQEGUUKPI
7KHSRVWSURFHVVLQJSDUWWUDQVIRUPVWKHYDOXHWRWKHRXWSXWUHVXOW],IWKHDSSUR[LPDWLRQLV
LPSOHPHQWHGDVDEORFNLQDV\VWHPWKHSRVWSURFHVVLQJSDUWFDQEHWDNHQLQWRFRQVLGHUDWLRQ
LQWKHIROORZLQJEORFNVZKLFKLPSOLHVWKDWWKHSRVWSURFHVVLQJSDUWFDQEHH[FOXGHG
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+ORNGOGPVCVKQPQHVJGUKPGHWPEVKQP


$Q LPSOHPHQWDWLRQ RI WKH IXQFWLRQ VLQ Y  XVLQJ WKH SURSRVHG PHWKRGRORJ\ +HUW]
1LOVVRQ LVGHVFULEHGLQWKLVVHFWLRQDVDQH[DPSOH




2TGRTQEGUUKPI


)LJ7KHIXQFWLRQI Y EHIRUHQRUPDOL]DWLRQDQGWKHRULJLQDOIXQFWLRQIRUJ [ 

7R VDWLVI\ WKDW WKH YDOXHV RI WKH LQFRPLQJ RSHUDQG [ LV LQ WKH LQWHUYDO [ D ʌ LV
PXOWLSOLHGZLWKWKHRSHUDQGDVVKRZQLQ  

 
S
Y
[ 



7R QRUPDOL]H WKH I Y VLQ Y  IXQFWLRQ Y LV VXEVWLWXWHG ZLWK [ ZKLFK JLYHV WKH RULJLQDO
IXQFWLRQIRUJ [   

 
§S ·
I RUJ [ VLQ ¨  [ 
©

¹̧


,Q)LJWKHI Y IXQFWLRQLVVKRZQWRJHWKHUZLWKWKHRULJLQDOIXQFWLRQIRUJ [ 
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2TQEGUUKPI
)RU WKH SURFHVVLQJ SDUW VXEIXQFWLRQV DUH GHYHORSHG DFFRUGLQJ WR WKH SURSRVHG
PHWKRGRORJ\ )RU WKH ILUVW VXEIXQFWLRQ V [  WKH FRHIILFLHQW F LV GHILQHG DFFRUGLQJ WR  
7KHGHWHUPLQHGYDOXHRIWKHFRHIILFLHQWLVVKRZQLQ  

 
§§ S ·
·
V [ [  ¨ ¨    [  [  ¸ 
©© 

¹̧

¹


7KHILUVWIXQFWLRQI [ LVFRPSXWHGDVVKRZQLQ  

I [

I RUJ [
V [



 


7RGHYHORSWKHVHFRQGVXEIXQFWLRQV [ WKHFRHIILFLHQWFLVGHILQHGDFFRUGLQJWR  7KH
GHWHUPLQHGYDOXHRIWKHFRHIILFLHQWLVVKRZQLQ  

 
V [    [  [  



7KHVHFRQGIXQFWLRQI [ LVFRPSXWHGDVVKRZQLQ  

I [

I [

V [

 


7R GHYHORS WKH WKLUG VXEIXQFWLRQV V [  WKH VHFRQG IXQFWLRQ I [  LV GLYLGHG LQWR LWV WZR
SDUWLDO IXQFWLRQV DV VKRZQ LQ   7KH WKLUG RUGHU RI VXEIXQFWLRQV LV WKHUHE\ GLYLGHG LQWR
WZR VXEIXQFWLRQV ZKHUH V [  LV UHVWULFWHG WR WKH LQWHUYDO [ DQG V [  LV
UHVWULFWHGWRWKHLQWHUYDO[DFFRUGLQJWR  $QRUPDOL]DWLRQRI[WR[LVGRQHWR
VLPSOLI\LQWKHLPSOHPHQWDWLRQLQKDUGZDUHZKLFKLVGHVFULEHGLQ  
)RU HDFK VXEIXQFWLRQ WKH FRUUHVSRQGLQJ FRHIILFLHQWV F DQG F LV GHWHUPLQHG 7KHVH
FRHIILFLHQWV DUH GHWHUPLQHG DFFRUGLQJ WR   ZKHUH KLJKHU RUGHU VXEIXQFWLRQV FDQ EH
GHYHORSHG7KHGHWHUPLQHGYDOXHVRIWKHFRHIILFLHQWVDUHVKRZQLQ  

 
V [    [  [  d [  

V [

   [  [  d [  


7KHWKLUGIXQFWLRQI [ LVFRPSXWHGDVVKRZQLQ  

I [

I [

V [

 


7R GHYHORS WKH IRXUWK VXEIXQFWLRQV V [  WKH WKLUG IXQFWLRQ I [  LV GLYLGHG LQWR LWV IRXU
SDUWLDOIXQFWLRQVDVVKRZQLQ  7KHIRXUWKRUGHURIVXEIXQFWLRQVLVWKHUHE\GLYLGHGLQWR
IRXUVXEIXQFWLRQVZKHUHV [ LVUHVWULFWHGWRWKHLQWHUYDO[V [ LVUHVWULFWHG
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WR WKH LQWHUYDO [ V [  LV UHVWULFWHG WR WKH LQWHUYDO [  DQG V [  LV
UHVWULFWHGWRWKHLQWHUYDO[DFFRUGLQJWR  $QRUPDOL]DWLRQRI[WR[LVGRQHWR
VLPSOLI\WKHKDUGZDUHLPSOHPHQWDWLRQZKLFKLVGHVFULEHGLQ  
)RU HDFK VXEIXQFWLRQ WKH FRUUHVSRQGLQJ FRHIILFLHQWV F F F DQG F LV GHWHUPLQHG
7KHVH FRHIILFLHQWV DUH GHWHUPLQHG DFFRUGLQJ WR   ZKLFK DFFRPSOLVK WKDW KLJKHU RUGHU RI
VXEIXQFWLRQVFDQEHGHYHORSHG7KHGHWHUPLQHGYDOXHVRIWKHFRHIILFLHQWVDUHVKRZQLQ  

 

V [

  [  [  d [  

V [

  [  [  d [  

V [

   [  [  d [  

V [



  [  [  d [  


1RSRVWSURFHVVLQJLVQHHGHGVLQFHWKHUHVXOWRXWIURPWKHSURFHVVLQJSDUWKDVWKHULJKWVL]H


1RVKOK\CVKQP
,I QR PRUH VXEIXQFWLRQV DUH WR EH GHYHORSHG WKH SUHFLVLRQ RI WKH DSSUR[LPDWLRQ FDQ EH
IXUWKHU LPSURYHG E\ RSWLPL]DWLRQ RI FRHIILFLHQWV F F F DQG F $V VKRZQ LQ )LJ 
VXEIXQFWLRQ V [  LQ WKH LQWHUYDO [ KDV WKH ODUJHVW UHODWLYH HUURU :KHQ
SHUIRUPLQJDQRSWLPL]DWLRQRIVXEIXQFWLRQV [ LQWKHLQWHUYDO[LWZDVIRXQG
WKDWWKHZRUGOHQJWKLQWKHFRPSXWDWLRQVFRXOGEHUHGXFHGIURPELWVWRELWV


#TEJKVGEVWTG
,Q )LJ  DUFKLWHFWXUH RI WKH DSSUR[LPDWLRQ RI WKH VLQH IXQFWLRQ XVLQJ WKH SURSRVHG
PHWKRGRORJ\LVVKRZQ
7KH[EORFNLQ)LJLVWKHVSHFLDOGHVLJQHGPXOWLSOLHUGHVFULEHGLQ)LJDQG)LJWKDW
GHOLYHUV WKH SDUWLDO UHVXOWV T T DQG T XVHG LQ WKH IROORZLQJ EORFNV ,Q WKH [T EORFN [ LV
VXEWUDFWHGZLWKWKHSDUWLDOUHVXOWTIURPWKH[EORFN7KHUHVXOWUIURPWKH[TEORFNLVWKHQ
XVHGLQWKHWZRIROORZLQJEORFNVDVVKRZQLQ)LJ,QWKH[ FÃU EORFNLVV [ SHUIRUPHG
LQ  FÃU  LV V [  SHUIRUPHG LQ  FÃ [T  LV V [  SHUIRUPHG DQG LQ  FÃ [T  LV V [ 
SHUIRUPHG1RWHWKDWLQWKHEORFNVIRUVXEIXQFWLRQV [ DQGV [ WKHLQGLYLGXDOLQGH[PLV
DGGUHVVLQJWKH08;WKDWVHOHFWVWKHFRHIILFLHQWVLQWKHEORFN


1RVKOK\CVKQPQH9QTF.GPIVJ
$V VKRZQ LQ   DQG   WKH DEVROXWH YDOXH RI WKH FRHIILFLHQWV GHFUHDVHV LQ VL]H ZLWK
LQFUHDVLQJLQGH[QXPEHURIWKHFRHIILFLHQW,QVLPLODULW\WRWKHZRUGOHQJWKRIWKHFRHIILFLHQWV
WKH ZRUG OHQJWK RI WKH [QTQ  SDUW VKRZQ LQ )LJ  ZLOO GHFUHDVH LQ VL]H ZLWK LQFUHDVLQJ
LQGH[QXPEHU7KHGHFUHDVHGZRUGOHQJWKZLOOFRXUVHWKDWWKHVL]HRIWKHPXOWLSOLHUXVHGLQ
DVXEIXQFWLRQWRGHFUHDVDFFRUGLQJO\WRWKHKLJKHVWYDOXHELWLQWKHFRHIILFLHQWVDQGRIWKH
[QTQ SDUW,QUHVHPEODQFHWRDERYHWKHVL]HRIWKHPXOWLSOLHUVFRPSXWLQJWKHPXOWLSOLFDWLRQ
RI WKH VXEIXQFWLRQV FDQ EH DQDO\]HG 7KLV DQDO\VLV ZLOO DOVR UHVXOW LQ WKDW VRPH RI WKH
IROORZLQJPXOWLSOLHUVDFFRUGLQJO\FDQEHGHFUHDVHLQVL]H
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)LJ7KHDUFKLWHFWXUHRIWKHLPSOHPHQWDWLRQRIWKHVLQHIXQFWLRQ


2TGEKUKQP
,Q )LJ  WKH UHVXOWLQJ SUHFLVLRQ ZKHQ XVLQJ RQH WR IRXU VXEIXQFWLRQV LV VKRZQ 'HFLEHO
VFDOH LV XVHG WR YLVXDOL]H WKH SUHFLVLRQ VLQFH WKH FRPELQDWLRQ RI ELQDU\ QXPEHUV DQG G%
ZRUNVYHU\ZHOOWRJHWKHU,QG%VFDOHLVHTXDOWRORJ   Ã   G%DQGVLQFHG%
FRUUHVSRQGVWRELWWKLVZLOOPDNHLWVLPSOHUWRXQGHUVWDQGWKHUHVXOW$VVKRZQLQ)LJ
WKHUHODWLYHHUURUGHFUHDVHVZLWKWKHQXPEHURIXVHGVXEIXQFWLRQV:LWKVXEIXQFWLRQVZH
FDQ VHH WKDW ZH KDYH DFFXUDF\ EHWWHU WKDW  ELWV WKDW ZLOO UHVXOW LQ DW OHDVW D ODWHQF\ RI 
DGGHUVLQWKH&25',&DOJRULWKPLVXVHG
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)LJ(VWLPDWLRQRIWKHUHODWLYHHUURUEHWZHHQWKHRULJLQDOIXQFWLRQDQGGLIIHUHQWQXPEHUV
RIVXEIXQFWLRQV

$V VKRZQ LQ )LJ  WKH UHODWLYH HUURU GHFUHDVHV ZLWK WKH QXPEHU RI VXEIXQFWLRQV XVHG
+RZHYHULQFUHDVHVWKHGHOD\ZLWKWKHQXPEHURIVXEIXQFWLRQDVVKRZQLQ7DEOH

1XPEHURIVXEIXQFWLRQV


WR
WR

'HOD\
PXOWDGG
PXOWDGG
PXOWDGG
PXOWDGG

7DEOH'HOD\UHODWLYHWKHQXPEHURIVXEIXQFWLRQV

7KHGHOD\RIRQHPXOWLSOLHULVDERXWWZRDGGHUV


%QORCTKUQP


7KHPRVWFRPPRQPHWKRGVXVHGZKHQLPSOHPHQWLQJDSSUR[LPDWLRQRIDXQDU\IXQFWLRQV
LQ KDUGZDUH DUH ORRNXS WDEOHV SRO\QRPLDOV WDEOHEDVHG PHWKRGV ZLWK SRO\QRPLDOV DQG
&25',& &RPSXWDWLRQ E\ WDEOH ORRNXS LV DWWUDFWLYH VLQFH PHPRU\ LV PXFK GHQVHU WKDQ
UDQGRP ORJLF LQ 9/6, UHDOL]DWLRQV +RZHYHU VLQFH WKH VL]H RI WKH ORRNXS WDEOH JURZV
H[SRQHQWLDOO\ZLWKLQFUHDVLQJZRUGOHQJWKVERWKWKHWDEOHVL]HDQGH[HFXWLRQWLPHEHFRPHV
WRWDOO\ LQWROHUDEOH &RPSXWDWLRQ E\ SRO\QRPLDOV LV DWWUDFWLYH VLQFH LW LV 520OHVV 7KH
GLVDGYDQWDJHV DUH WKDW LW FDQ LPSRVH ODUJH FRPSXWDWLRQDO FRPSOH[LWLHV DQG GHOD\V
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&RPSXWDWLRQ E\ WDEOHEDVHG PHWKRGV FRPELQHG ZLWK SRO\QRPLDOV LV DWWUDFWLYH VLQFH LW
UHGXFHVWKHFRPSXWDWLRQDOFRPSOH[LW\DQGGHFUHDVHVWKHGHOD\V6LQFHWKHVL]HRIWKHORRN
XS WDEOHV JURZV ZLWK WKH DFFXUDF\ WKH H[HFXWLRQ WLPH DOVR LQFUHDVHV ZLWK WKH QHHGHG
DFFXUDF\&RPSXWDWLRQE\XVLQJ&25',&LVDWWUDFWLYHVLQFHLWLVXVLQJDQDQJXODUURWDWLRQ
DOJRULWKP WKDW FDQ EH LPSOHPHQWHG ZLWK VPDOO ORRNXS WDEOHV DQG KDUGZDUH ZKLFK LV
OLPLWHGWRVLPSOHVKLIWVDQGDGGLWLRQV7KH&25',&DOJRULWKPLVDQLWHUDWLYHPHWKRGZLWK
KLJK ODWHQF\ DQG ORQJ GHOD\V 7KLV PDNHV WKH PHWKRG LQVXIILFLHQW IRU DSSOLFDWLRQV ZKHUH
VKRUWH[HFXWLRQWLPHLVHVVHQWLDO
,Q DOO PHWKRGV LQFOXGLQJ WKH SURSRVHG PHWKRG LW LV D WUDGHRII EHWZHHQ FRPSOH[LW\ DQG
PHPRU\ VWRUDJH %\ XVLQJ SDUDOOHOLVP LQ WKH FRPSXWDWLRQ DQG SDUDEROLF V\QWKHVLV LQ WKH
UHFRPELQDWLRQSURFHVVWKHSURSRVHGPHWKRGRORJ\WKHUHE\JHWVDVKRUWFULWLFDOSDWKZKLFK
DVVXUHVIDVWFRPSXWDWLRQ


7UKPIVJG/GVJQFQNQI[


,WKDVEHHQVKRZQWKDWWKHPHWKRGRORJ\RISDUDEROLFV\QWKHVLVFDQGLUHFWO\FRPSXWHWKHVLQH
IXQFWLRQ EXW WKH PHWKRGRORJ\ LV DOVR DEOH WR FRPSXWH RWKHU WULJRQRPHWULF IXQFWLRQV
ORJDULWKPV DV ZHOO DV VTXDUH URRW DQG GLYLVLRQ ,Q WKH IROORZLQJ SDUWV DOJRULWKPV IRU
HOHPHQWDU\IXQFWLRQVZLOOEHVKRZQ
:KHQ GHVFULELQJ WKH LPSOHPHQWDWLRQ RI HDFK IXQFWLRQ WKH GLIIHUHQW SDUWV DUH VKRZQ LQ D
WDEOH7KHILUVWURZLQWKHWDEOHVKRZVWKHIXQFWLRQWREHLPSOHPHQWHGDQGLQZKLFKLQWHUYDO
WKH IXQFWLRQ LV LPSOHPHQWHG ,Q WKH VHFRQG URZ LW LV GHVFULEHG KRZ WR SHUIRUP WKH
QRUPDOL]DWLRQ RI WKH IXQFWLRQ 7KH WKLUG URZ VKRZV WKH RULJLQDO IXQFWLRQ WR EH XVHG ZKHQ
GHYHORSLQJWKHDSSUR[LPDWLRQ7KHODVWURZGHVFULEHVKRZWRSHUIRUPWUDQVIRUPDWLRQRIWKH
DSSUR[LPDWLRQLQWRGHVLUHGLQWHUYDO


6JG5KPG(WPEVKQP
:KHQ GHYHORSLQJ WKH DOJRULWKP WKDW SHUIRUPV WKH DSSUR[LPDWLRQ RI WKH VLQH IXQFWLRQ WKH
QRUPDOL]DWLRQLQWKHSUHSURFHVVLQJSDUWLVSHUIRUPHGDVDVXEVWLWXWLRQDFFRUGLQJWR7DEOH
6LQFHWKHRXWFRPHRIWKHDSSUR[LPDWLRQKDVWKHGHVLUHGIRUPQRSRVWSURFHVVLQJLVQHHGHG


)XQFWLRQ

$OJRULWKP

I Y

3UHSURFHVVLQJ
3URFHVVLQJ
3RVWSURFHVVLQJ

[
\

5DQJH

S

VLQ Y 

dY



 d [ 

S

Y 





§S ·
VLQ ¨  [ 
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\

 d ] 

]

7DEOH7KHDOJRULWKPVIRUWKHVLQHIXQFWLRQ
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%QPENWUKQPU


$ QRYHO PHWKRGRORJ\ IRU LPSOHPHQWLQJ DSSUR[LPDWLRQV RI XQDU\ IXQFWLRQV VXFK DV
WULJRQRPHWULFIXQFWLRQVORJDULWKPLFIXQFWLRQVDVZHOODVVTXDUHURRWDQGGLYLVLRQIXQFWLRQV
HWFLQKDUGZDUHLVLQWURGXFHG7KHDUFKLWHFWXUHRIWKHSURFHVVLQJSDUWDXWRPDWLFDOO\JLYHVD
KLJK GHJUHH RI SDUDOOHOLVP 7KH PHWKRGRORJ\ WR GHYHORS WKH DSSUR[LPDWLRQ DOJRULWKP LV
IRXQGHG RQ SDUDEROLF V\QWKHVLV 7KLV FRPELQHG ZLWK WKDW WKH PHWKRGRORJ\ LV IRXQGHG RQ
RSHUDWLRQVWKDWDUHVLPSOHWRLPSOHPHQWLQKDUGZDUHVXFKDVDGGLWLRQVKLIWVPXOWLSOLFDWLRQ
FRQWULEXWHV WR WKDW WKH LPSOHPHQWDWLRQ LQ KDUGZDUH LV VLPSOH WR SHUIRUP %\ XVLQJ WKH
SDUDOOHOLVPDQGSDUDEROLFV\QWKHVLVRQHRIWKHPRVWLPSRUWDQWFKDUDFWHULVWLFVZLWKWKHRXW
FRPLQJKDUGZDUHLVWKHSDUDOOHOLVPWKDWJLYHVDVKRUWFULWLFDOSDWKDQGIDVWFRPSXWDWLRQ7KH
VWUXFWXUH RI WKH PHWKRGRORJ\ ZLOO DOVR DVVXUH DQ DUHD HIILFLHQW KDUGZDUH LPSOHPHQWDWLRQ
7KHPHWKRGRORJ\LVDOVRVXLWDEOHIRUDXWRPDWLFV\QWKHVLV


4GHGTGPEGU


% 3DUKDPL   &RPSXWHU $ULWKPHWLF 2[IRUG 8QLYHUVLW\ 3UHVV ,QF ,6%1 
0DGLVRQ$YHQXH1HZ<RUN1HZ<RUN86$
(+HUW]31LOVVRQ  $0HWKRGRORJ\IRU3DUDEROLF6\QWKHVLVRI8QDU\)XQFWLRQVIRU
+DUGZDUH ,PSOHPHQWDWLRQ 3URF RI WKH QG ,QWHUQDWLRQDO &RQIHUHQFH RQ 6LJQDOV
&LUFXLWVDQG6\VWHPV6&6BSGISS,6%1+DPPDPHW
7XQLVLD1RY,QVWRI(OHFDQG(OHF(QJ&RPSXWHU6RFLHW\+RHV/DQH
32%R[3LVFDWDZD\1-8QLWHG6WDWHV
( +HUW] 3 1LOVVRQ   3DUDEROLF 6\QWKHVLV 0HWKRGRORJ\ ,PSOHPHQWHG RQ WKH 6LQH
)XQFWLRQ3URFRIWKH,(((,QWHUQDWLRQDO6\PSRVLXPRQ&LUFXLWVDQG6\VWHPVSS
,6%17DLSHL7DLZDQ0D\
( 0HLMHULQJ   $ &KURQRORJ\ RI ,QWHUSRODWLRQ )URP $QFLHQW $VWURQRP\ WR 0RGHUQ
6LJQDODQG,PDJH3URFHVVLQJ3URFHHGLQJVRIWKH,(((YROQR0DUFKSS
,661,QVWLWXWHRI(OHFWULFDODQG(OHFWURQLFV(QJLQHHUV,QF
-(9ROGHU  7KH&25',&7ULJRQRPHWULF&RPSXWLQJ7HFKQLTXH,5(7UDQVDFWLRQVRQ
(OHFWURQLF&RPSXWHUVYRO(&QRSS²
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-)RXULHU  7KpRULH$QDO\WLTXHGHOD&KDOHXU3DULV)UDQFH
-0 0XOOHU   (OHPHQWDU\ )XQFWLRQV $OJRULWKP ,PSOHPHQWDWLRQ VHFRQG HG %LUNKDXVHU
,6%1%LUNKDXVHU%RVWRQFR6SULQJHU6FLHQFH%XVLQHVV0HGLD,QF
6SULQJ6WUHHW1HZ<RUN1<86$
. = 3HNPHVW]L 3 .DOLYDV DQG 1 0RVKRSRXORV   /RQJ XQVLJQHG QXPEHU V\VWROLF
VHULDO PXOWLSOLHUV DQG VTXDUHUV ,((( &LUFXLWV DQG 6\VWHPV ,, YRO  QR  0DUFK
SS,661
3 ,HQQH 0 $ 9LUHGD]   %LWVHULDO PXOWLSOLHUV DQG VTXDUHUV ,((( 7UDQVDFWLRQV RQ
&RPSXWHUYROQR'HFSS,661
373 7DQJ   7DEOHORRNXS DOJRULWKPV IRU HOHPHQWDU\ IXQFWLRQV DQG WKHLU HUURU
DQDO\VLV 3URF RI WKH WK ,((( 6\PSRVLXP RQ &RPSXWHU $ULWKPHWLF SS  ² 
,6%1*UHQREOH)UDQFH-XQH
5$QGUDWD  $VXUYH\RI&25',&DOJRULWKPVIRU)3*$EDVHGFRPSXWHUV3URFRIWKH
 $&06,*'$ 6L[WK ,QWHU 6\PS RQ )LHOG 3URJUDPPDEOH *DWH $UUD\ )3*$· 
SS,6%10RQWHUH\&$)HE$&0,QF
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A VLSI Implementation of Logarithmic and Exponential
Functions Using a Novel Parabolic Synthesis Methodology
Compared to the CORDIC Algorithm
Peyman Pouyan, Erik Hertz, and Peter Nilsson, Member, IEEE
Department of Electrical and Information Technology,
Faculty of Engineering, Lund University, Lund, Sweden,
sx07pp6@ student.lth.se, Erik.Hertz@ eit.lth.se, and Peter.Nilsson@ eit.lth.se

Abstract– High performance implementations of unary
functions are important in many applications e.g. in the
wireless communication area. This paper shows the
development and VLSI implementation of unary functions like
the logarithmic and exponential function, by using a novel
approximation methodology based on parabolic synthesis,
which is compared to the well known CORDIC algorithm. Both
designs are synthesized and implemented on an FPGA and as
an ASIC. The results of such implementations are compared
with metrics such as performance and area. The performance
in the parabolic architecture is shown to exceed the CORDIC
architecture by a factor 4.2, in a 65 nm Standard-VT ASIC
implementation.
Index Terms: Logarithmic, Exponential, CORDIC, Parabolic
Synthesis, VLSI, FPGA.

I.

INTRODUCTION

There is a high demand for accelerating the computation time of
unary functions like the logarithmic and exponential functions.
These functions are frequently used in applications like wireless
systems, computer graphics, digital signal processing, etc. In order
to decrease the computation time of such functions a hardware
implementation is needed in many cases.
The easiest method of hardware implementation of such functions
is by using a single look-up-table [1][2], which is appropriate and
easy for low precision applications. However, as the need for
accuracy increases this method becomes inappropriate due to big
table sizes and long execution times.
Another method is by using the CORDIC (Coordinate Rotation
Digital Computer) [3] algorithm, which is an iterative method for
hardware computations of unary functions. This algorithm is based
on simple shift-and-add operations and it does not use any
multipliers.
The CORDIC algorithm generally produces one additional bit of
accuracy per iteration. Therefore, the iterative property of CORDIC
is often too slow for high speed applications.
Recently a novel methodology, named parabolic synthesis is
proposed by Erik Hertz and Peter Nilsson [4][5]. This method is
based on developing functions that performs approximations of
original unary functions in hardware. The parallel architecture
based on this methodology increases the performance compared to
the CORDIC algorithm among others. The parabolic synthesized
implementations are also fairly easy to realize in hardware.
Characteristic for the parabolic architecture is that the same
hardware can be used for a large number of different unary
functions. They only differ by the use of different coefficient sets.
The hardware, for the processing part, is thus very flexible. Since
the architecture is fixed, for all the unary functions, the design work

is only needed to be done once. The design can thus be directly
reused for many different applications, without any changes.
In this paper, the logarithmic and exponential functions are
implemented and compared by using both methods, i.e. the
parabolic synthesis methodology and the CORDIC algorithm.

II.

THE PARABOLIC SYNTHESIS METHODOLOGY

The parabolic synthesis methodology is based on second order
parabolic functions, here called sub-functions si(x). The original
function forg(x), e.g. log2(x) and 2x, is approximated by multiplying
these sub-functions together, as shown in (1), where the accuracy
and precision depends on the number of sub-functions. It should be
noted that (1) is presented in “serial” form, which would imply a
long critical path. However, the algorithm is highly parallelizable,
which leads to high performance.

f org ( x ) ≈ s1 ( x ) × s2 ( x ) × ..... × sn ( x )

(1)

The complete methodology for developing the sub-functions is
described in [4][5] but without any hardware realizations and
without comparisons to other methods to realize unary functions. In
this paper the methodology is used to compute approximations of
logarithmic and exponential functions. The parabolic
approximation has been studied up to fourth order sub-functions,
i.e. up to s4(x) (1).
In Table I, a summary of the pre-defined sub-functions and their
corresponding coefficients are shown. A complete procedure for
development of these sub-functions can be found in [4][5].
The main part of the parabolic synthesis hardware is the
processing part, based on (1). However, the parabolic synthesis is
only defined in the range 0
1, which means that
normalization and post-processing is sometimes needed, which also
is the case for the CORDIC algorithm. The logarithmic function,
log2(υ), needs to be normalized to y = log2(1 + x), while the
exponential 2υ function yields, y = 2x – 1, which needs to be postprocessed by z = 1 + y.
Table I, shows that for the sub-functions s1(x) and s2(x), only one
function is needed. However, for s3(x) we need two sub-functions,
s30(x) and s31(x), which are identical but operating with two
different coefficients, c30 and c31. The reason is that the subfunctions must be strictly convex or concave, which they are not
after the second sub-function. The interval 0
1, for s3(x),
must thus be split into two convex and/or concave fractions,
0
0.5 and 0.5
1 to get convex or concave functions.
These functions can be seen as piecewise parabolic approximations.
The same is valid for s4(x), where the interval is split into four
parts.
Note that the factors in (1) are all pre-defined, which is similar to
e.g. the terms in a Taylor expansion. The difference is in the

coefficient, which is developed for different unary functions. It can
also be seen that all sub-functions, except the first, s1(x), are
identical. The only difference is the fixed coefficients. This will
simplify the hardware development.

In vectoring mode µi depends on the sign of yi, and its value is
calculated as shown in (4)

TABLE I. SUMMARY OF THE SUB-FUNCTIONS AND COEFFICIENTS
Sub-function

Corresponding coefficient

f org ( x )

s1 ( x ) = x + (c1 × ( x − x ))

c1 = lim

s2 ( x ) = 1 + (c2 × ( x − x ))

c2 = 4 × ( f1 (0.5) − 1)

2

x→0

2

s30 ( x ) = 1 + ( c30 × ( x3 − x32 ))
s31 ( x ) = 1 + (c31 × ( x3 − x ))
2
3

x3 = 2 × x − ⎢⎣ 2 × x ⎥⎦

s40 ( x ) = 1 + (c40 × ( x4 − x42 ))
s41 ( x ) = 1 + (c41 × ( x4 − x42 ))
s42 ( x ) = 1 + (c42 × ( x4 − x42 ))
s43 ( x ) = 1 + (c43 × ( x4 − x ))
2
4

x

−1

c30 = 4 × ( f 2 (0.25) − 1)
c31 = 4 × ( f 2 (0.75) − 1)
c40 = 4 × ( f30 (0.125) − 1)
c41 = 4 × ( f31 (0.375) − 1)
c42 = 4 × ( f32 (0.625) − 1)
c43 = 4 × ( f33 (0.875) − 1)

x4 = 4 × x − ⎣⎢ 4 × x ⎦⎥
The coefficient values for the logarithmic and exponential
functions are pre-calculated and shown in Table II. Their values are
determined by simulation, which can be compared to the
methodologies to find the coefficients in a digital filter. The
coefficients can thus be stored in a look-up-table if the flexibility is
needed or be hardwired if the design is fixed.
TABLE II. COEFFICIENTS VALUES FOR THE

µi = –1 if

zi < 0

and µi = +1 otherwise.

(3)

µi = +1 if

yi < 0

and µi = –1 otherwise.

(4)

For convergence reasons, a hyperbolic coordinate system has a
certain number of iterations (4, 7, 10 .... 3k+1) that must be
repeated [6]. In Table III, the functions that can be computed by a
CORDIC in a hyperbolic coordinate system for both vectoring and
rotation modes are given.
TABLE III. CORDIC OUTPUT IN A HYPERBOLIC COORDINATE SYSTEM
Rotation mode z n → 0

Vectoring mode y n → 0

xn = An

xn = An [ x0 cosh z 0 + y0 sinh z 0 ]

∏

1− 2

−2 i

2

−1

2

⎡ y0 ⎤
⎥
⎣ x0 ⎦

z n = z 0 + tanh ⎢

y n = An [ y0 cosh z 0 + x0 sinh z 0 ]
An =

x0 − y 0

≈ 0.80

An =

n

∏

1− 2

−2 i

n

The logarithmic function in base 2 can be achieved by (5), which
is the result of the CORDIC vectoring mode in a hyperbolic
coordinate system multiplied by a constant,

log 2 ( w) =

log( w)
log(2)

=

2
log(2)

where x = w + 1 and y = w – 1, 0
the function input range is 0

× tanh

1.

−1

⎡ y⎤
⎢⎣ x ⎥⎦

(5)

1 and z0 = 0. In this case

LOGARITHMIC AND EXPONENTIAL FUNCTIONS
x

Logarithmic
C1 = 0.442695
C2 = –0.168395
C30 = –0.00669, C31 = 0.003242
C40 = –0.00183, C41 = 0.00150
C42 = 0.00012, C43 = –0.00030

Exponential
C1 = –0.306852
C2 = –0.085741
C30 = –0.00346, C31 = 0.00270
C40 = –0.00061, C41 = 0.00055
C42 = –0.00022, C43 = 0.00018

Note that the coefficient precision will gradually be more
relaxed in higher level sub-functions, which saves area.

III.

xn = cosh( z 0 ) + sinh( z 0 ) = e

z0

(6)
(7)

Furthermore, the exponential function can be derived by (6),
which is the result of the CORDIC rotation mode in a hyperbolic
coordinate system. By initializing x0 and y0 to 1/An, the equation in
the CORDIC output will change to (7) [7].

IV. HARDWARE IMPLEMENTATIONS
A. The Parabolic architecture

THE CORDIC ALGORITHM

It is shown by Walther [6] that the CORDIC algorithm can be
used to compute hyperbolic functions. The logarithmic and the
exponential functions are derived from the hyperbolic
computations. The CORDIC equations for hyperbolic rotations in
the rotation and vectoring mode are shown in (2).

xi +1 = xi + yi × μi × 2− i
yi +1 = yi + xi × μi × 2− i

e = cosh( x ) + sinh( x )

(2)

z i +1 = z i − μ i × α i
where αi = arctanh(2-i) are micro rotations in radians. In rotation
mode, µi depends on the sign of zi, which value is calculated as
shown in (3).

A hardware mapped architecture is studied due to its high
throughput and fast computation but to the cost of a larger chip
area. In Fig. 1, the architecture for computing approximations of
logarithmic and exponential functions using the parabolic synthesis
methodology is shown, compare with Table I. The four subfunctions si(x), from (1), is multiplied together in a tree multiplier
structure. Squaring and coefficient selection is done in the stage
before.
In the architecture, the terms x32 and x42 are partial products of
x2. Only one squarer is thus needed. This is further described in
[4][5]. In the higher level sub-functions, in Fig. 1, reduced versions
of x are used, which implies a lower required input precision and
lower hardware cost. The x3 and x4 signals are given by the
fractional part of 2x and 4x respectively. This is achieved by simple
hardwired operations based on shifts, with no extra hardware cost,
see also [4][5]. To control the MUXes, in Fig. 1, one or two MSB

bits of x are used, which sets the operating interval, see column 2 in
Table I.

leads to more area and power consumption in an ASIC. Fig. 2
shows a CORDIC architecture in rotation mode.

x + c1 × ( x − x 2 )
x2
2
3

x − x2

V.

c1

For the hardware implementation, the hardware description
language VHDL is used for simulation. FPGA and ASIC synthesis
is used for the implementation. The digital computations are based
on two’s complement representation.

1 + c2 × ( x − x 2 )

2
4

x x

x32

c3i

y

MSB

x

2 × x − ⎣⎢ 2 × x ⎦⎥

x3

-80

1 + c3 × ( x3 − x )
2
3

20 log[abs(original function - Parabolic hardware output result)]

x42

c4i
4 × x − ⎢⎣ 4 × x ⎥⎦

x4

-90

-100

1 + c4 × ( x4 − x42 )

Fig. 1. Global architecture for approximation of unary functions
using the parabolic synthesis methodology.

dB
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RESULTS AND COMPARISON

A. The Parabolic architecture

c2

-110

-120

An important observation, in contrast to (1), is that the
architecture is highly parallel. High performance operations can
thus be expected.

-130

B. The CORDIC architecture
The CORDIC algorithm can be implemented by using a bitserial or a bit-parallel architecture. The architecture can also be
iterative or unfolded. Here, a bit-parallel unfolded, hardware
mapped, architecture is chosen. This architecture will be compared
with the parabolic architecture, which also is bit-parallel and
hardware mapped. The bit-parallel unfolded architecture contains n
stages of CORDIC units, where each stage is a basic CORDIC
engine.
This architecture does not need a look-up-table since the values
for the angle accumulator are fixed and hardwired as constants to
each adder and subtractor in the angle accumulator chain. Also the
barrel shifters can be eliminated, since non-combinatorial
hardwired shifts can be applied to the adder and subtractor in each
stage [8][9].
arctanh(1/4)

arctanh(1/n)

ADD
SUB

ADD
SUB

ADD
SUB

sgn

1
0
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ADD
SUB
1

x

ADD
SUB

2
ADD
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1

B. The CORDIC architecture
-80
20 log[abs(original function - CORDIC hardware output result)]

-90

ADD
SUB

n
+/-

0.75

-/+

ADD
SUB

2

0.5

In Fig. 3, regarding the logarithmic approximation, the absolute
error from the difference between the original function and the
hardware result for the output when using four sub-functions, is
shown. Fig. 3 shows a –92dB absolute error. In dB scale, one
hardware bit corresponds to 20log10(2) ≈ 6.02 dB. The accuracy, in
Fig. 3, will thus correspond to 92/6 > 15 bits of accuracy. If only
the first two sub functions, s1 and s2, are used, the parabolic
methodology shows an absolute error at –64 dB, which corresponds
to an accuracy of 10 bits.

sgn
-/+

0.25

Fig. 3. The absolute error between the original function and the
parabolic synthesis hardware output after using four sub-functions.

y(n)

-100

dB

α

arctanh(1/2)

-140
0

n

-110

+/ADD
SUB

x(n)

Fig. 2. A bit-parallel unrolled CORDIC architecture.
The unfolded CORDIC architecture will thus only consist of
combinatorial units. There is no need for a controller in the design
either. This architecture can reach a higher throughput by being
pipelined between the stages, by putting registers between the
adders and subtractors [10]. However, the increase in hardware size

-120

-130

-140
0

0.25

0.5

0.75

Fig. 4. The absolute error between the original function and the
hardware output from the CORDIC architecture.

1

In Fig. 4, the absolute error from the difference between the
original function and the hardware result using the CORDIC
architecture is shown, for the logarithmic approximation.
The CORDIC method requires n + 1 iterations to give an n bit
precision at the output. In order to have the same number of bits of
accuracy as for the four sub-function parabolic synthesis
methodology, there is a need of n+1+4 = 20 iterations, where the
iterations 4, 7, 10, and 13 are repeated.

large number of multiplexers to switch the CORDIC between
rotation and vectoring mode, which will increase the area and cost.
Since the parabolic architecture is fixed, for all the unary
functions, the design work is only needed to be done once. The
design can thus be directly reused in many different applications,
without any changes.

C. Comparison

The hardware development and implementation of the
logarithmic and exponential functions using the CORDIC and
parabolic synthesis methodology is studied in this paper. Both
designs benefit from being simple to implement and from using
basic arithmetic operations, only.
The CORDIC algorithm has major drawbacks in delay of the
computations because there is not efficient architecture for parallel
implementation. On the contrary, the parabolic synthesis
methodology, the use of parallelism in the computations leads to a
shorter critical path and fast computation.
The performance in the parabolic architecture is shown to
exceed the CORDIC architecture by a factor 4.2, in a 65 nm
Standard-VT ASIC implementation.

The parabolic synthesis methodology shows 15 bits of accuracy
with a 13 bit input wordlength and an 18 bit output word length,
while the CORDIC method needs a word length of n+2+log2(n) for
the x and y data path and n+log2(n) bits for the computation of the
angle z in fixed point arithmetic [11]. The x, y and z input
wordlengths used in the CORDIC are thus 21, 21, and 19 bits
respectively.
The two designs have been imported and synthesized to one of
the low cost Altera FPGAs, the Cyclone II 2C20 with the synthesis
results, shown in Table IV. The FPGA synthesis result show that
the non-pipelined parabolic synthesis methodology is efficient to
implement on an FPGA, with hardware multipliers mapped inside.
The critical path delay of the parabolic synthesis design is 2 times
lower than for the non-pipelined CORDIC design.
TABLE IV. FPGA SYNTHESIS RESULT OF THE TWO DESIGNS
Implementation
Method
CORDIC
Algorithm
Parabolic
Synthesis

Total Logic
Elements
1873/18752
10%
481/18752
3%

Embedded
9-bit Multipliers
0/52
0%
31/52
60%

Performance
140.74 ns
7.1 MHz
70.41 ns
14.2 MHz

Furthermore, the designs have been synthesized and mapped to
an ASIC with the synthesis result using a 65 nm Standard-VT
technology library, shown in Table V. The ASIC implementation
shows even better results. The synthesized non-pipelined parabolic
architecture is running faster than the CORDIC non-pipelined
implementation, as well. The maximum frequency for the parabolic
architecture is 48.0/11.5 = 4.2 times higher in the ASIC
implementation.
TABLE V. ASIC SYNTHESIS RESULT OF TWO DESIGNS
Implementation
Methodology
CORDIC Algorithm
Parabolic Synthesis

Area mm2
0.01915
0.02640

Max Frequency
without pipelining
86.0 ns
11.5 MHz
20.8 ns
48.0 MHz

Both designs can run faster by being pipelined with registers
between the stages. However, the CORDIC needs a large number
of registers to come close to the speed of the parabolic architecture.
Fully pipelined, the CORDIC architecture will require in the order
of 3×(n+4) = 57 n-bit registers. The CORDIC will in that case
occupy a larger area than the parabolic design.
The parabolic synthesis methodology can be used to implement
many unary functions, not only logarithmic and exponential
functions. By using exactly the same architecture for the processing
part, as in Fig. 1, unary functions such as sine, cosine, arcsine,
arccosine, tangent, arctangent, division, and square root functions
can easily be implemented, just by using a look-up-table containing
different sets of coefficients. The parabolic architecture is thus very
flexible. Using different sets of coefficients in a CORDIC require a

VI. CONCLUSION
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Abstract—This paper presents hardware implementations
of Taylor series. The focus will be on the exponential function
but the methodology is applicable on any unary function. Two
different architectures are investigated, one, original, straight
forward and one modified structure. The outcomes are higher
performance, lower area, and lower power consumption for the
modified architecture compared to the original.
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INTRODUCTION

The exponential function, together with other unary
functions such as logarithm, sine, and cosine functions, is often
used in in signal processing and baseband wireless
communication. ASIC solutions are often used if there are
special requirements like high performance, small form factor,
and low power consumption. There are different algorithms to
solve the tasks such as look-up tables [1], CORDIC [2],
interpolation, parabolic synthesis [3][4] etc. Another method is
the well-known Taylor expansion [5], which is the focus for
this paper. Two different Taylor architectures are compared
and evaluated.



cos( a )( x  a )

A Taylor series is a series expansion of a function around a
point. With an increasing number of terms in the expansion, the
approximation accuracy will increase. A one-dimensional
Taylor series is defined as in (1), where the function f(x) is
expanded around the point x = a.

 ...

6

2.8

Original function
After one stage
After two stages

2.6
2.4
2.2

BACKGROUND

3

A. Approximation of the exponential function
If a = 0, i.e. the Maclaurin series, we get a good
approximation close to x = 0. However, it is better to do the
approximation around a value a, as illustrated in Fig. 1. The
figure shows the 1st and 2nd order exponential approximation as
well as the original function. The value a = 0.510 = 0.12 is
chosen in the figure. It can be seen that the approximations are
better in the middle. In this case, a is chosen to give an error
that is about equal in both ends.
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If a = 0, the expansion is known as a Maclaurin series.
Taylor series of some common functions, e.g. for the
exponential and logarithmic functions as well as for sine and
cosine functions, are shown in (2). This paper will concentrate
on the exponential function but the method is applicable to
other functions as well.
 f (3)
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Taylor expansion around a = 0.5.

III.

ARITHMETIC

A. The exponential function for the original architecture
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A sixth order expansion, corresponding to 15 bits, of the
exponential approximation is shown in (3), where q = x-a. The
original architecture is based on the lower part of (3), which is
a well-known method to reduce the number of multiplications
in Tailor series.
There are six factors, q = x-a, in (3). The input value x is a
15-bit positive fractional word and the coefficient a only have
1 bit. However, a appears negative but since a is a fixed
constant, it can be converted to its two’s-complement number
by taking the complement and adding an LSB one as illustrated
in (4). The result from x-a need two integer bits, where one is a
sign bit, if x is allowed to be in the span ^0 d x d 1` . However,
if x is not allowed to reach the number 1, i.e. the number
interval is ^0 d x  1` , only one integer bit is needed.

a 0.5
one's complement
a LSB one
two's complement of a

0.10000
1.01111
1
1.10000

x {x0 , x1, x2 , x3 , x4}

(5)

THE BIT-WISE ADDITION OF MINUS 1/2

x0

x

0

Table II shows the fixed coefficient values used in Fig. 3. It
can be noted that the values get smaller and smaller, which
might save some area. Adding a one or a half, for c1, c2, and c3,
can also lead to simplifications similar to (4).
TABLE II.

Coefficient
c0
c1
c2
c3
c4
c5
c6

(4)

The subtraction, q = x-a, can be done fairly easy. Let say
that a five bit word, x, as the word in (5), is to be added. The
subtraction x-a will thus be an addition q = x+(-a) in the
hardware as shown in Table I.

TABLE I.

Fig. 3 shows such an architecture. The adder from Fig. 2a
can be seen as q = x-a to the left.All multipliers must be able to
handle two’s-complement numbers. However, the adders
always give a positive output.
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Fig. 2.

The adder in a), at bit level in b), and an example in c).

Using (3), the original architecture for the exponential
approximation is shown, in Fig. 3. Unfortunately, it is not
possible to do a parallel architecture of (3) and (5). It has to be
serial architectures.
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c0 ea
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Fig. 3.

s 12

m1

q

c4

The original architecture for the exponential function

ex

Numerical value
1.000000000000000
1.000000000000000
0.500000000000000
0.166666666666667
0.041666666666667
0.008333333333333
0.001388888888889

B. Architecture at bit level
Both the coefficients and the data signals in Fig. 3 are also
shown in Fig. 4, for the first four stages. In the figure, the
active bits in both the coefficients and the data signal are
shown. It can be noted that the numbers often have zeroes both
at the end and in the beginning, which are not shown in the
figure. There is therefore no use to process those, which gives
reduced sizes in the adders and multipliers. It can be noted that
the left adder is very small, only with 2x1 input bits. How to
design the adder is shown in Fig. 2.
1

1

1011011

-0.5

1000100010001
m0
m-1
m-2

1/720
sa0
sa-1

However, since x is a positive number x0 = 0, the result
from the addition of the MSB bits will be 1+x-1, i.e. a copy of
the MSB-1 bit is used, as shown in Fig. 2b. The subtraction is
thus done by using two half adders only

1
1
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1/6
1/24
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1/720
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1/120
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THE COEFFICIENTS USED IN FIG. 3
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x-1
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x-3
x-15

Fig. 4.

The first four stages in the architecture shown in Fig. 3

C. The exponential function for the modified architecture
To reach the modified architecture (3) can be expressed as
shown in (6), where di are coefficient substitutes that can be
hardwired.

e x e a (d0  x(d1  x(d 2  x(d3  x(d 4  d5 x))))) (6)
In Fig. 5, the modified architecture for the exponential
approximation is shown.

d5 d4
x
Fig. 5.
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d0 e

ex
The modified structure for the exponential approximation

The left adder used in Fig. 3, is not needed. The
architecture has one multiplier and one adder less than the
architecture in Fig. 3. It can also be noted that all coefficients
and signals are positive. There is thus no need for two’scomplement numbers, which reduces the complexity.
TABLE III.

THE COEFFICIENTS USED IN (6)

Coefficient
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IV.

APPROXIMATION ERROR

The target is 15 bits at the output. Fig. 6 shows the
approximation error for structures using 5 and 6 Taylor stages.
The figure also shows the 15 bit limit as the -90.3 dB line. It
can be seen that five stages is not enough to reach the 15 bits at
the output. Six stages will therefore be used.
-80

A. Area
The area has been estimated for the two architectures using
the “minimum area constraint” in Design Vision.
TABLE IV.

Architecture
Original
Modified

-90.3 dB (15 bit limit)
5 Taylor stages
6 Taylor stages
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Fig. 6.
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The approximation error for 5 and 6 Taylor stages

If 17 bits are used for the ea coefficient, 17.6 output bits are
given, when six Taylor stages are used. This gives some room
to play around in the architecture. The graph is plotted with the
coefficient a = 0.510 corresponding to 0.12.

Number of Bits

Error
Error
|
20 u log10 (2) 6.02

(7)

Area
22400
20700
92

LPHVT LIBRARY

Unit
μm2
μm2
%

B. Performance
The propagation delay, tp, using the “maximum speed
constraint” is shown in Table V.

-110
-120

THE AREA USING THE

Table IV shows the simulated area for the original and
modified architecture. The modified architecture occupies
about 92% of the area compared to the original architecture,
which could be expected since it has fewer arithmetic units.

Architecture
Original
Modified

-100

RESULTS

The synthesis is carried out by using Synopsys Design
Compiler, for the area and performance. The power
consumption is investigated by using Synopsys Design Vision
and the Synopsys Prime Time PX tool together with Modelsim.
A 65 nm CMOS technology including cell libraries is provided
by STMicroelectronics. A Low Power High Threshold Voltage
(LPHVT) cell library is used and the supply voltage is 1.2V

TABLE V.

-90

Error (dB)

From the figures, it can be noted that the gain for adding a
new Taylor term is around 3 bits.
V.

Numerical value

2
3
4
5
6
d0 1  a  a  a  a  a  a

To conclude, we have one trivial one-bit a coefficient and
one huge 17 bit coefficient ea. The latter coefficient leads to a
large multiplier, which fortunately only appears once. The
figures, in dB, can be transferred to bits by using (7).

THE CRITICAL PATH USING THE LPHVT LIBRARY

Propagation delay
49.8ns
40.3ns
81%

Max frequency
20.1MHz
24.8MHz
123%

It is shown that the minimum critical path for the modified
architecture is reduced to 81% compared to the original
architecture. In other words, the maximum frequency is 23%
larger. The reduction of the critical path is expected since the
path in the modified architecture has one adder and one
multiplier less
C. Power consumption
Low power consumption is an important design criterion in
a hardware design. The power results, using Synopsys Design
Vision is presented in Table VI.
TABLE VI.

Architecture
Original
Modified

POWER CONSUMPTION USING THE

Dynamic power at 10 MHz
0.060 mW
0.058 mW

LPHVT LIBRARY

Static power
75.4 nW
66.4 nW

The dynamic power consumption for the modified
architecture is reduced to 97% compared to the original
architecture. The static power consumption is reduced to 88%
when the modified architecture is used. According to these
results, the static power consumption can be neglected at the
frequency 10 MHz. However, the static power consumption is
rather constant when the frequency is varied, i.e. at lower
frequencies, the dynamic power consumption becomes lesser
and lesser dominant.
To see the behavior towards the frequency, the power
consumption for the modified architecture is plotted, as
illustrated in Fig. 7. Synopsys PrimeTime has been used for the
simulations.
Fig. 7 shows the power consumption in log-log scale. The
graph shows the total power consumption for frequencies from
1Hz to 100MHz.
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CONCLUSIONS

The paper shows some improvements in hardware
implementation when using different architectures for Taylor
expansion. An original straight forward structure is compared
to a modified architecture. The modified architecture shows
better results regarding performance, area and power
consumption. The paper also demonstrates different frequency
regions where dynamic and static power consumption
dominates.
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Abstract—This paper shows a novel methodology to
improve unrolled CORDIC architectures. The methodology is based on removing adder stages starting from
the first stage. As an example, a 19-stage CORDIC is used
but the methodology is applicable on CORDICs with an
arbitrary number of stages. The CORDIC is implemented,
simulated, and synthesized into hardware. In the paper,
the performance is shown to be increased by 23% and that
the dynamic power can be reduced by 27%.

I.

INTRODUCTION

To compute non-linear functions is in most cases a
demanding task to do in hardware. Look-up tables are
useful if the precision is low but the size of the table
grows exponentially with increasing accuracy, which
make them unfeasible for high-precision hardware.
Taylor expansion is another methodology for unary
functions [1]. A novel methodology is to use parabolic
functions to compute unary functions [2].
The focus of this paper is on the CORDIC
algorithm [3]. Traditionally, iterative CORDICs [4]
have been used due to their small area, which give low
silicon cost. In today’s downscaled technologies e.g.
below 40nm, the static power consumption tends to
override the dynamic power consumption, in low-speed
architectures. Iterative small-area CORDICs is
therefore still important.
For high-speed designs, other parameters such as
dynamic power consumption and performance are
important. A relaxed focus on silicon area will thus
make it feasible to use fast unrolled CORDICs. This
paper shows a novel methodology to reduce the power
consumption in unrolled CORDIC architectures.
However, the methodology is, to a large extent,
applicable to iterative CORDICs as well.

II.

i.e. a vector between origin and the unit circle. A
starting point at 1/R will thus outcome in a result that is
as close to the unit circle as possible when the last stage
is computed. R is a fixed coefficient for the chosen
number of CORDIC stages. It can thus be hardware
wired into the implementation. When the last rotation is
done, the coordinates give the approximate cosine and
sine values for the input angle, i.e. (x4, y4) in the figure.

THE CORDIC ALGORITHM

The CORDIC algorithm is based on vector
rotations to find an approximation of a non-linear
function. The main advantage with the algorithm is that
it is multiplier less. It uses additions and subtractions
only. The CORDIC is built up with a number of stages.
By increasing the number of stages the accuracy is
improved. Fig. 1 shows an example with four vector
rotations, corresponding to a four-stage CORDIC. The
(blue) dashed vector is the vector with an angle α of
which, in this case, the approximate cosine and sine
values are searched for.
There are many ways to choose where to start the
rotations. In this paper, the starting point is chosen to be
at the coordinates (x = 1/R, y = 0), where R is the last
vector length if the starting vector has the length R = 1
978-1-4673-6576-5/15/$31.00 ©2014 IEEE

Fig. 1. Four CORDIC rotations.

The figure shows four rotations. The first is
positive and detected to be too large. The second does a
negative rotation, the third a positive and finally the
fourth will be negative again. The angles of the
rotations, ci in Fig. 1, are fixed coefficients, which are
done in the order c1 = 45, c2 = 27, c3 = 14, c4 = 7
degrees etc. The reason is that arctan(1) = 45,
arctan(1/2) = 27, arctan(1/4) = 14, and arctan(1/8) = 7.
That is, they correspond to binary shifts.

III. THE ORIGINAL UNROLLED CORDIC
A 19 stage CORDIC is chosen to demonstrate the
methodology. However, the methodology is valid for
any size of the CORDIC. Fig. 2a shows the architecture
of the first five stages of the 19-stage CORDIC. In the
four adders at the top, the remaining angle is computed
for each stage. The input signal α is the angle for the
cosine and sine value that is searched for. At the top,
the fixed coefficient angle values ci for each rotation are
delivered. These are added or subtracted from α in each
stage. That is, the remaining angle v0 = α ± c0, v1 = α ±
c0 ± c1, etc.
The coefficients are, in this architecture, chosen to
be 23 bits long, which after synthesis becomes much
shorter due to many zeros. They are fixed coefficients
that can be hard wired or stored in a ROM. In the
middle and the lower adder rows, the approximation of
the x5 ≈ cos(α) and y5 ≈ sin(α) is computed, which is
provided to the right.
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There are also divisions of the vector coordinates
by a factor corresponding to 2i where i ∈{1, 2, 3 …} . That
is, division by 1, 2, 4, 8 …, which are the right shifts,
discussed in section II that are done by shifting the
busses between the stages. There is thus no extra cost in
hardware for the divisions.

IV. THE IMPROVED CORDIC ARCHITECTURES
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addition or subtraction of the vector coordinates, as
shown in (1).
The vector rotations, in each stage of the top row of
adders, depend on the sign bits di, which is the MSB bit
of the remaining angle vi. That is, each sign bit
determine if it should be an addition or a subtraction.

x5

Fig. 2. The first 5 stages of the 19-bit CORDIC.

The initial vector value with x-axis and y-axis
coordinates is delivered to the left. In each stage, new
intermediate vectors are determined, in order to
converge towards the vector that approximates the
vector that approximates the coordinates of the angle α.
In each vector rotation stage there is a crosswise

To simplify the architecture in Fig. 2a, the
architecture in Fig. 2b can be used. Two 19-bit adders
at the left can be removed, since the x0 and y0 values are
fixed. The methodology is valid for any chosen input
vector. Here in this example, the coordinates x0 = 1/R
and y0 = 0 is chosen. That means that the output from
the first stage is y1 = x0 and x1 = x0 in the middle
respectively the lower adder row, as shown in (1).
To eliminate the second adder stage, the
architecture in Fig. 2c can be used. The removal of the
two 19-bit adders require two 19-bit MUXes, where the
input signals is pre-calculated as fixed coefficient
values as shown in (1). The gain will then be lower
power consumption and a shorter critical path since
there is no ripple in the MUXes.
In Fig. 2d, another adder stage is removed, the third
stage in the middle and lower adder row. Now, six
MUXes are needed to replace the adders and all of the
input signals are fixed as before, see (1). Note that the
two last indices of the input coefficients stand for the
sign-bit values d1 and d2.
The adder stage reduction from Fig. 2d can be
expanded to a reduction in the fourth stage, fifth stage,
and so on. The removal of the fourth stage will require
8+4+2 = 14 MUXes with a wordlength of 19 bits and
the elimination of five adder stages will require 30
MUXes. However, now the power consumption and
silicon area begin to increase but the delay, the critical
path, will be shorter. This paper stops with three
eliminated adder stages in the middle and lower adder
rows, but there is potential for more reductions.
Until now, the upper adder row has been left intact.
However, it is possible to eliminate adder stages in the
upper row, as well. In (2), the sign-bit d1 can be
detected by the logic function d1-catch, which also is used
in the architecture in Fig. 2e. The sign-bit detection can
for instance be realized with two inverters, three 2-input
NANDs and one 3-input NAND. One adder stage is
removed by that operation. An extra MUX is also
needed to select between coefficient angle values c0+c1

and c0–c1, that is, if the vector rotation should be
positive or negative for the c1 rotation.
d1−catch = α bit19 + α bit18α bit17 + α bit18α bit16α bit15α bit14

(2)

The achievement is realized by replacing adder cells
with MUXes.
0.14

This operation can be extended to the sign-bit
detection of the function d2-catch, d3-catch, and so on.
However, the design will be more complex but still
there will be a gain in shorter delay. Here, the
investigation stopped with the first sign-bit detection.

0.12

V. RESULTS

0.04

A low power high VT (LPHVT) 65nm technology is
used for the simulations. The designs are implemented
in VHDL and STMicroelectronics has provided the cell
library. Design Compiler and PrimeTime are the used
tools. For the simulations, a supply voltage at 1.2V at a
25 degree temperature is chosen.
TABLE I. THE SILICON AREA WITH MAXIMUM SPEED AND
MINIMUM AREA CONSTRAINT SET

Architecture
Fig. 2a
Fig. 2b
Fig. 2c
Fig. 2d
Fig. 2e

Maximum speed
constraint (mm2)
0.1010 (100%)
0.1005 (99%)
0.1098 (109%)
0.1195 (118%)
0.1352 (134%)

Minimum area
constraint (mm2)
0.0361 (100%)
0.0360 (100%)
0.0340 (94%)
0.0334 (93%)
0.0332 (89%)

Table I shows the silicon area for two different
cases, when the tools are set with a maximum speed
constraint and when they are set with a minimum area
constraint.
Maximum speed is the frequency when there is a
zero slack in the critical path, e.g. at 76.7MHz for the
original design and 99.6MHz for the final. To find the
minimum area, it is appropriate to find a suitable
frequency where the area is not decreasing any more.
Table II shows the area for the architectures,
synthesized for different frequencies.
TABLE II. THE SYNTHESIZED AREA FOR THE
ARCHITECTURES AT DIFFERENT OPERATING FREQUENCIES
Architecture
Fig. 2a
Fig. 2b
Fig. 2c
Fig. 2d
Fig. 2e

1MHz
(mm2)
0.0355
0.0354
0.0337
0.0331
0.0331

10MHz
(mm2)
0.0355
0.0354
0.0337
0.0334
0.0334

20MHz
(mm2)
0.0358
0.0357
0.0340
0.0334
0.0334

30MHz
(mm2)
0.0361
0.0360
0.0340
0.0334
0.0332

50MHz 76.7MHz
(mm2) (mm2)
0.0401 0.1010
0.0405 0.1005
0.0397 0.1033
0.0394 0.1026
0.0405 0.1019

Fig. 3 shows a plot of the synthesized area towards
the frequency. The figure shows the area vs. frequency
with the solid (red) line for the original architecture and
the area for the final architecture with the dashed (blue)
line. It can be seen that below 30MHz, there is almost
no change in the area. The minimum area constraint can
thus be set to the area at 30MHz.
As shown in Table II, when the minimum area
constraint is set to 30MHz, an (361-332)/361 = 8%
reduction can be seen, when the original architecture in
Fig. 2a is compared to the final architecture, in Fig. 2e.
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Fig. 3. Area vs. the frequency

However, the change in area above 30MHz, when
changing architectures, is almost zero at each specific
frequency, as illustrated in Fig. 3. Above 30MHz, the
synthesizer starts to replace adder cells with random
logic. The number of available adder cells in the cell
library is however limited; especially there are no adder
cells with high driving capability. Library cells like
inverters, NAND, NOR, AOI, OAI, etc. that have large
driving strengths are used instead of the adder cells. A
change from single adder cells to synthesized adder
functions, generated by a number of logic cells, cost
area. If the constraint is set to maximum speed, a
dramatic change can be noted. The area increases with
34% between the original and the final architecture as
shown in Table I.
TABLE III. THE CRITICAL PATH DELAY WITH
MAXIMUM SPEED CONSTRAINT SET
Architecture Max. speed constraint (ns) Frequency (MHz)
Fig. 2a
13.03 (100%)
76.75
Fig. 2b
13.03 (100%)
76.75
Fig. 2c
12.03 (92%)
83.13
Fig. 2d
11.03 (85%)
90.66
Fig. 2e
10.04 (77%)
99.60

The timing improvement for the five architectures
is shown in Table III, when the maximum speed
constraint is set. For the maximum speed constraint, the
delay is reduced by up to 23%. The better performance
is thus paid by the larger area, as previously shown in
Table I.
TABLE IV. THE POWER CONSUMPTION AT MAXIMUM SPEED
Architecture
Fig. 2a
Fig. 2b
Fig. 2c
Fig. 2d
Fig. 2e

Frequency
(MHz)
76.7
76.7
83.1
90.7
99.6

Dynamic Power
(mW)
2.852 (100%)
2.802 (98%)
2.687 (94%)
2.319 (81%)
2.044 (72%)

Static Power
(nW)
291.8 (100%)
296.2 (102%)
319.2 (109%)
308.8 (106%)
316.1 (108%)

The power consumption, when the maximum speed
constraint is set, is shown in Table IV. In Table IV it
can be seen that the dynamic power is lowered by 28%

and that the static power is increased by 8%. The
increase in static power is expected since the area is
increased.
However, it is not so interesting to compare the
power consumption when the frequencies are different,
since the power changes linearly with the frequency. In
Table V, the power consumption at 10MHz is shown.
The table shows that the dynamic power is decreased by
27% and the static power is 6% lower. The decrease in
static power is expected since the area is decreased, due
to the replacement of adder cells with MUXes.
TABLE V. THE POWER CONSUMPTION AT 10 MHZ
Architecture
Fig. 2a
Fig. 2b
Fig. 2c
Fig. 2d
Fig. 2e

Frequency
(MHz)
10
10
10
10
10

Dynamic Power
(mW)
0.2399 (100%)
0.2263 (94%)
0.2124 (89%)
0.1864 (77%)
0.1748 (73%)

Static Power
(nW)
131.5 (100%)
131.5 (100%)
126.2 (96%)
123.5 (94%)
123.5 (94%)

In Fig. 4, the power consumption P vs. the
frequency f is illustrated for the final architecture, i.e.
the architecture displayed in Fig. 2e.

It can be noted that when the frequency comes
close to the limit, the switching power is not linearly
increasing with respect to the frequency, i.e. it is
increasing more than expected. The same phenomena
can be seen for the static power, which is not constant
any more.
When the three power components are added, the
total power, the upper solid (red) line in Fig. 4, will be
the result. Two asymptotic regions turn up, where the
static power dominates to the left and the dynamic to
the right. It can be seen that the switching and internal
power is increasing linearly towards the frequency and
that the static power is unaffected regarding the
frequency. To the left in the diagram, the dynamic
power can be ignored compared to the static power and
to the right the static power can be neglected when
relating to the dynamic. Somewhere around 10 kHz, the
dynamic power becomes larger than the static power.
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VII. CONCLUSIONS
A methodology to improve unrolled CORDIC
architectures is presented. The methodology is based on
removing stages to the cost of a number of MUXes. It is
shown that the performance can be increased by 23%
and that the dynamic power consumption can be
reduced by 27%, by interchanging adders by MUXes.
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a b s t r a c t
The Parabolic Synthesis methodology is an approximation methodology for implementing unary functions, such as trigonometric functions, logarithms and square root, as well as binary functions, such as
division, in hardware. Unary functions are extensively used in baseband for wireless/wireline communication, computer graphics, digital signal processing, robotics, astrophysics, ﬂuid physics, games and many
other areas. For high-speed applications, as well as in low-power systems, software solutions are not sufﬁcient and a hardware implementation is therefore needed. The Parabolic Synthesis methodology is a way
to implement functions in hardware based on low complexity operations that are simple to implement in
hardware. A difference in the Parabolic Synthesis methodology compared to many other approximation
methodologies is that it is a multiplicative, in contrast to additive, methodology. To further improve the
performance of Parabolic Synthesis based designs, the methodology is combined with Second-Degree
Interpolation. The paper shows that the methodology provides a signiﬁcant reduction in chip area,
computation delay and power consumption with preserved characteristics of the error. To evaluate this,
the logarithmic function was implemented, as an example, using the Parabolic Synthesis methodology
in comparison to the Parabolic Synthesis methodology combined with Second-Degree Interpolation. To
further demonstrate the feasibility of both methodologies, they have been compared with the CORDIC
methodology. The comparison is made on the implementation of the fractional part of the logarithmic
function with a 15-bit resolution. The designs implemented using the Parabolic Synthesis methodology
– with and without the Second-Degree Interpolation – perform 4x and 8x better, respectively, than
the CORDIC implementation in terms of throughput. In terms of energy consumption, the CORDIC
implementation consumes 140% and 800% more energy, respectively. The chip area is also smaller in the
case when the Parabolic Synthesis methodology combined with Second-Degree Interpolation is used.
© 2016 Elsevier B.V. All rights reserved.

1. Introduction
Computation of elementary functions is legio in a multitude of
applications, such as digital signal processing (DSP), control applications, 2D and 3D computer graphics, computer aided design
(CAD), virtual reality and physical simulation. The accuracy of the
functions is of course important. Software routines can be designed
to provide extremely accurate results, but software is often too
slow for numerically intensive and real-time applications. There
is therefore a signiﬁcant interest in hardware implementations of
function generators.
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Hardware computation of elementary functions can be performed by employing many different algorithms [1,2], such
as table-based methods, polynomial and rational approximation
methods, and functional iteration methods.
Table-based methods remain manageable for low precision
computation when the input operand is up to 12–16 bits, corresponding to table sizes of 4–64 K words. The size of the table
grows exponentially with the addressing length and becomes unacceptably large when operating with higher precision. An alternative way of making approximations is based on polynomials.
Since polynomials involve only additions, subtractions and multiplications, using them is a natural way to approximate elementary
functions. A number of schemes are available for polynomial approximations, such as Taylor, Maclaurin, Legendre, Chebyshev, Jacobi and Laguerre [1]. For a given precision, the chosen polynomial
scheme affects the number of terms included, and thus the computational complexity. Two development strategies are available in

E. Hertz et al. / Microprocessors and Microsystems 42 (2016) 142–155

developing an approximation, one to minimize the average error,
called least squares approximation, and one to minimize the worst
case error, called least maximum approximation [1]. An example of
when least squares approximation is favorable is when the approximation is used in a series of computations. On the other hand,
least maximum approximation is favorable when it is important
that the maximum error to the function to be approximated is kept
small. An example of when least maximum approximation is favorable is when the error from the approximation has to be within
a limit from the true function value. An advantage of polynomials is that they are table-less, but their drawback is that they impose large computational complexities and delays [1]. A reduction
in computational complexity can be accomplished by combining
table-based methods with polynomial based methods, and the delays can also, to some extent, be decreased [1].
For implementation of elementary functions in hardware, the
sum of bit-products methodology [3] can be beneﬁcial, since it can
give an area eﬃcient implementation with a high throughput at a
reasonable accuracy.
The commonly used COordinate Rotation DIgital Computer
(CORDIC) algorithm [4,5] is an iterative algorithm. The beneﬁt of
the algorithm is that the hardware for the basic elementary functions requires only a small look-up table, simple shifts and additions. The CORDIC algorithm is used in applications where aspects
such as high speed, low power and low area have to be considered.
However, since it is an iterative method, it is inherently somewhat
slow and therefore often insuﬃcient for very high performance applications. The Parabolic Synthesis methodology [6–9] has a parallel architecture, which signiﬁcantly reduces the propagation delay
and thus provides an advantage over the serial CORDIC algorithm.
The reduction in propagation delay also allows a lower clock frequencies and thereby a signiﬁcant reduction in power consumption.
To further reduce chip area, critical path delay and power consumption, an extension of the Parabolic Synthesis methodology has
been developed, which is described in this paper. The extension is
achieved by combining Parabolic Synthesis with Second-Degree Interpolation [2,10,11]. In contrast to the Parabolic Synthesis methodology, which is a synthesis of second-order functions and thus provides an accuracy that depends on the number of second-order
functions, the accuracy of the combined methodology depends on
the number of intervals in the Second-Degree Interpolation part.
The architecture of the Parabolic Synthesis methodology is characterized by a high degree of parallelism, which ensures low execution times. Like the Parabolic Synthesis methodology, the Parabolic
Synthesis methodology combined with Second-Degree Interpolation utilizes only low complexity operations, again ensuring simple
implementation in hardware. The extension admits that the characteristics can to a great extent be tailored. This enables making
a rough internal error compensation of the approximation, which
improves the distribution of the error.
The feasibility of the Parabolic Synthesis methodology has been
veriﬁed for implementation on a vast range of unary functions, as
shown in [8]. The extended methodology described in this paper
has the same broad applicability.
The remaining part of this paper is organized as follows:
Section 2 describes the Parabolic Synthesis methodology; Section 3
describes the Parabolic Synthesis Combined with Second-Degree
Interpolation; Section 4 describes the general structure of the
hardware architecture of both methodologies; Section 5 proposes
a general optimization strategy for both methodologies, using the
sine function as an illustrative example; Section 6 describes tools
for characterization of the error when approximations are made;
Section 7 presents the implementation of the logarithm function in both Parabolic Synthesis and Parabolic Synthesis Combined with Second-Degree Interpolation; Section 8 gives a compar-
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ison of implementations performed in the different approximation
methodologies, CORDIC, Parabolic Synthesis and Parabolic Synthesis Combined with Second-Degree Interpolation, where the comparison is made with respect to chip area, critical path delay
and power consumption; and Section 9 closes the paper with
conclusions.
2. Parabolic synthesis
The Parabolic Synthesis methodology [6–9] is an approximation
methodology for implementing unary functions, such as trigonometric functions, logarithms and the square root, as well as binary functions, such as division, in hardware. The methodology
is mainly intended for use in computation intensive applications
such as computer graphics, digital signal processing, communication systems, robotics, astrophysics and ﬂuid physics.
The methodology is founded on multiplications of subfunctions, sn (x), n = 1,2, . . . , each sub-function being a secondorder parabolic function. When multiplying these sub-functions, as
shown in (1), the original function, forg (x), is obtained. Note that,
in the Parabolic Synthesis methodology, the function is based on
multiplication of factors, unlike most other methodologies that are
based on summation of terms. This is the key to the possibility
to parallelize the architecture. Note that forg (x) is almost always
a transformation of the function to be approximated, to satisfy
the Parabolic Synthesis methodology. The accuracy of an approximation with this methodology depends on the number of subfunctions used.

forg (x ) = s1 (x ) · s2 (x ) · · · · · s∞ (x )

(1)

Using inﬁnitely many factors in (1) will recreate forg (x). The
procedure for obtaining sub-functions is to develop help functions
from which sub-functions are developed. To compute the ﬁrst help
function, f1 (x), the ratio function between the original function,
forg (x), and the ﬁrst sub-function, s1 (x) is computed. This division
generates the ﬁrst help function, f1 (x), as shown in (2).

f 1 (x ) =

forg (x )
= s2 ( x ) · s3 ( x ) · · · · · s∞ ( x )
s1 ( x )

(2)

The following help functions, fn (x), are generated in the same
manner, as shown in (3).

f n (x ) =

fn−1 (x )
= sn+1 (x ) · sn+2 (x ) · · · · · s∞ (x )
sn ( x )

(3)

2.1. First sub-function
To facilitate the development of the ﬁrst sub-function, s1 (x), the
original function, forg (x), must cut the function x in (0,0) and (1,1)
as shown in Fig. 1.
Thus, the function to be approximated has to be normalized
and must satisfy the requirement that the values are in the interval 0 ≤ x < 1 on the x-axis and 0 ≤ y < 1 on the y-axis and have
the starting point in (0,0). The normalization of the function to be
approximated creates the original function, forg (x).
To satisfy the demands of the methodology, the original function, forg (x), must fulﬁll three additional criteria.
1. It must be strictly concave or convex through the interval in
which it is approximated. The original function, forg (x), has to
be strictly concave or convex through the interval since the approximation used is a second-order parabolic function.
2. The original function, forg (x), after it is divided by the ﬁrst subfunction, s1 (x), must have a limit value when x goes towards 0.
If the function has no limit value, it implies that a help function, f1 (x), is not deﬁned when x = 0.
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Fig. 1. The conditions for the original function.

Fig. 2. Example of the ﬁrst help function, f1 (x), compared with the second subfunction, s2 (x).

3. The limit value according to criterion 2, subtracted with 1, must
be smaller than or equal to 1 or larger than or equal to −1.
If the limit value in criterion 2 is outside this interval, the gradient of the ﬁrst sub-function, s1 (x), will not be positive through
the entire interval and therefore not be deployable as an approximation of the original function. Fortunately, for almost all interesting functions, criterion 3 is fulﬁlled. Examples of original functions
that do not fulﬁll criterion 3 are higher order roots than cube roots.
2.1.1. Developing the ﬁrst sub-function
The ﬁrst sub-function, s1 (x), is a second-order parabolic function, as shown in (4).



s1 ( x ) = l1 + k1 · x + c1 · x − x2



(4)

It is then found from Fig. 1 that the starting point for the ﬁrst
sub-function, s1 (x), is in (0,0). This gives the start value, l1 , to be
0. Furthermore, the gradient, k1 , is 1 since the gradient starts in
(0,0) and ends in (1,1) and the range of x is therefore 1. The ﬁrst
sub-function, s1 (x), can therefore be rewritten according to (5).

s1 ( x ) = x + c1 · ( x − x2 )

(5)

The second sub-function, s2 (x), shall start in (0,1) and end in
(1,1). Based on the start criterion, the coeﬃcient c1 in (4) can be
computed from the limit in (6).

1 = lim

x→0

forg (x )
x + c1 · ( x − x2 )

(6)
x2

The limit in (6) is rewritten according to (7) since the
term
in (6) goes faster towards 0 than x and the x2 term can therefore
be excluded as shown in (7).

1 = lim

x→0

forg (x )
x · ( 1 + c1 )

(7)

The limit in (7) is rewritten according to (8) and the coeﬃcient
c1 can be pre-calculated from this.

c1 = lim

x→0

forg (x )
−1
x

(8)

2.2. Second sub-function
The second sub-function, s2 (x), is developed as an approximation of the ﬁrst help function, f1 (x). The computing of f1 (x) is performed according to (2), and the result of this operation is a concave or convex function. The appearance of this function is similar
to a parabolic function, as illustrated in Fig. 2.
As an approximation of the ﬁrst help function, f1 (x), the second sub-function, s2 (x), is chosen as a second-order function [2]

Fig. 3. Example of the second help function, f2 (x).

for which the start value, l2 ,start, is 1 and the end value, l2 ,end, is 1,
as shown in Fig. 2. Since the interval on the x-axis is normalized
to 1, as shown in Fig. 2, the denominator when computing the gradient, k2 , is 1. The gradient k2 is computed as k2 = l2 ,end −l2 ,start . It
is found from Fig. 2 that both l2 ,end and l2 ,start are 1, which leads
to the gradient k2 being equal to 0. This implies that the secondorder function can be reduced according to (9).

s2 (x ) = l2,start + k2 · x + c2 · (x − x2 ) = 1 + c2 · (x − x2 )

(9)

In (9) the coeﬃcient c2 is chosen so that the quotient between
the ﬁrst help function, f1 (x), and the second sub-function, s2 (x), is
equal to 1 for f1 (0.5), according to (10), which is also shown in
Fig. 2.

c2 = 4 · ( f 1 ( 0 .5 ) − 1 )

(10)

2.3. Sub-functions, sn (x), when n > 2
When calculating the second help function, f2 (x), according to
(3), the result is a pair of opposite, strictly concave or convex functions. The ﬁrst function is in the interval 0 ≤ x < 0.5 and the second
function is in the interval 0.5 ≤ x < 1.0, as shown in Fig. 3.
The third sub-function, s3 (x), is an approximation of the second
help function, f2 (x). As shown in Fig. 3, the help function is divided
into two opposite, strictly concave or convex functions. The ﬁrst
function is restricted to the interval 0 ≤ x < 0.5 and the second
function is thus restricted to the interval 0.5 ≤ x < 1.0. When the
third sub-function, s3 (x), is developed, it is divided into two partial
functions, one for each interval.
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A general approach when developing help functions, fn (x), when
n > 1, is to develop in each interval a strictly concave or strictly
convex function as a partial help function. When developing the
higher order sub-functions, sn (x), when n > 2, each partial strictly
concave or convex function is divided into two separate parabolic
functions. For each sub-interval, a parabolic sub-function is developed as an approximation of the help function, fn (x), in the subinterval. To show the sub-interval for which the partial functions
are valid, the subscript index is extended with the index m, which
gives the partial help function, fn,m (x), according to (11). It is shown
in Eq. (11) how the help function, fn (x), is divided into partial help
functions, fn,m (x), when n > 1.

⎧
⎪
⎪
fn,0 (x ),
⎪
⎪
⎪
⎨
fn,1 (x ),
f n (x ) =
⎪
···
⎪
⎪
⎪
⎪
⎩ fn,2n−1 (x ),

1
0 ≤ x < n−1
2
1
2
≤ x < n−1
2n−1
2

(11)

2n−1 − 1
≤x<1
2n−1

Fig. 4. Description of the development of the Second Degree Interpolation.

As shown in (11), the number of partial help functions is doubled for each order of n > 2, i.e., the number of partial help functions is 2n −1 .
The corresponding sub-functions are developed from these partial help functions. Analogous to the help function, fn (x), the subfunction, sn +1, m (x), will have partial sub-functions, sn +1, m (x). It is
shown in Eq. (12) how the sub-function, sn (x), is divided into partial functions when n > 2.

⎧
⎪
⎪
sn,0 (xn ),
⎪
⎪
⎪
⎨
sn,1 (xn ),
sn ( x ) =
⎪
⎪· · ·
⎪
⎪
⎪
⎩sn,2n−1 −2 (xn ),

1
0 ≤ x < n−2
2
1
2
≤ x < n−2
2n−2
2
2

(12)

n−2

−1
≤x<1
2n−2

Note that, in (12), the input variable x has been changed to xn .
The change to xn is a normalization to the corresponding interval, which simpliﬁes the hardware implementation of the parabolic
function.
To simplify the normalization of the interval of xn , it is chosen as an exponentiation by 2 of x where the integer part is removed. The normalization of x is therefore done by multiplying x
with 2n −2 , which in hardware is n−2 left shifts. The integer part is
thus dropped, which gives xn as a fractional part of x, as shown in
(13).

xn = f rac (2

n−2

· x)

(13)

The dropped integer part from the normalization is used as an
identiﬁer for the interval in which the sub-function is performed,
which is equal to the index m in the sub-function.
As in the second sub-function, shown in (9), the second-order
function is used as an approximation in each interval of a partial
help function, fn−1 ,m (x). The start value for each partial help function is 1, which implies that the constant term, ln,m, in the subfunction (14) is 1. The end value in each partial help function’s interval is also 1, which implies that the gradient, kn,m, becomes 0
for each interval in the sub-function, sn,m (x), (14). The range of xn
in each interval of the partial help function, fn −1 ,m (x), is 1, which
allows the sub-functions, sn,m (x), to be reduced according to (14).







sn,m (x ) = ln,m + kn,m · xn + cn,m · xn − x2n = 1 + cn,m · xn − x2n


(14)

In (14) the coeﬃcients, cn,m , are chosen so that the quotients
between the help functions, fn- 1 ,m (x), and the sub-sub-functions,

sn,m (x), are equal to 1 when xn is equal to 0.5. This is given by
(15).



cn,m = 4 ·



fn−1,m

2 · (m + 1 ) − 1
2n−1

−1

(15)

3. Parabolic synthesis combined with second-degree
interpolation
A side effect in the Parabolic Synthesis methodology is that,
to increase the accuracy of the approximation, the number of
sub-functions has to be increased, which will increase the size
of the hardware. By combining Parabolic Synthesis and SecondDegree Interpolation, the structure is similar to the Parabolic Synthesis methodology in that a synthesis of sub-functions is done
(1). However, never more than two sub-functions are required (16).
The sub-function developed with Parabolic Synthesis gives a rough
approximation, while the approximation is enhanced by increasing the number of intervals in the sub-function developed with
Second-Degree Interpolation.

forg (x ) = s1 (x ) · s2 (x )

(16)

Other beneﬁts are:
1. The Second-Degree Interpolation part relaxes criteria 1 and 3
described in Section 2.1. These are demands on the original
function, forg (x), that must be fulﬁlled to enable that an approximation can be performed. However, it is an advantage if the
criteria are fulﬁlled since this will imply an eﬃcient implementation.
2. The reduction to two sub-functions enables a reduction
in hardware and, with that, a reduction of the power
consumption.
3. With the combination of the methodologies, a shortening of the
critical path can be predicted since the number of sub-function
values to be multiplied is reduced.
4. An advantage of using the Second-Degree Interpolation is that a
rough internal error compensation to improve the distribution
of the error can be accomplished.
3.1. Second sub-function
As in the Parabolic Synthesis methodology, the second subfunction, s2 (x), is developed as Second-Degree Interpolations, as
shown in (17) and Fig. 4.



s2 (x ) = l2,i + k2,i · xw + c2,i · xw − x2w



(17)
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To simplify the decoding of the intervals, i, in hardware, the
number of equal range intervals in the second sub-function, I, is
chosen as 2 to the power of w, where w is a natural number (18).

I = 2w

(18)

To simplify the normalization of the interval of xw , the interval
is selected as an exponentiation by 2 of x where the integer part is
removed. The normalization of x is therefore done by multiplying x
with 2w , which in hardware is w left shifts. Thereafter, the integer
part is dropped, which gives xw as a fractional part of x, as shown
in (19).

xw = f rac (2w · x )

(19)

This truncation performs normalization to the interval, as
shown in Fig. 4. The dropped integer part from the normalization
is used as an identiﬁer for the interval in which the second subfunction is performed, which is therefore synonymous with the index i in the sub-function, as shown in Fig. 4.
The index i is deﬁned as the number of the interval, starting
with 0 and ending with I − 1. In (17), l2 ,i is the starting point
of an interval of the interpolation. This is computed by inserting
the starting point value of the interval, xstart,i, in the help function,
f1 (x), (2), as shown in (20) and Fig. 4.

l2,i = f1 (xstart,i )

(20)

In (17), k2 ,i is the gradient for an interpolation interval. The gradient k2 ,i for an interval is computed as the end point value of the
help function, f1 (xend,i ), subtracted with the start point value of the
help function, f1 (xstart.i ). Since the interval is normalized to 1, this
excludes the denominator, as shown in (21) and Fig. 4.





k2,i = f1 xend,i − f1 (xstart,i )

Fig. 6. The principle of iterative hardware architecture.

4.1. Preprocessing

(21)

(23)

In the preprocessing part, the incoming operand, v, is transformed in order to prepare the input to the processing part. In
most cases this means a normalization of the operand, v, but the
transformation of the operand can also be more comprehensive,
such as converting a ﬁxed-point number into a ﬂoating-point number. If the approximation is implemented as a block in a larger
system, the preprocessing part can be integrated in the previous
blocks, which implies that the preprocessing part can be reduced
or even be excluded.

(24)

4.2. Processing

In (17), c2 ,i is pre-computed so that the second sub-function for
an interval, s2 ,i (xw ), cuts the help function, f1 (x), in the middle of
interval i when xw = 0.5, which satisﬁes the point xmiddle,i for the
help function, f1 (x), as shown in (22) and Fig. 4.

 

Fig. 5. The three parts of the architecture.





c2,i = 4 · f1 xmiddle,i − l2,i − k2,i · 0.5

(22)

The sub-function in (17) can be simpliﬁed according to (23).

s2 (x ) = l2,i + j2,i · xw − c2,i · x2w
In (23), ji is predetermined according to (24).

j2,i = k2,i + c2,i

It is shown in Eq. (25) how the sub-function, s2 (x), is divided
into partial functions.

⎧
⎪
s2,0 ( xw ) ,
⎪
⎪
⎪
⎪
⎨
s2,1 ( xw ) ,
s2 ( x ) =
⎪
⎪· · ·
⎪
⎪
⎪
⎩
s2,I−1 (xw ),

0≤x<

1
2w

1
2
≤x< w
2w
2

The approximation of the original function, forg (x), is computed
in the processing part. Two approaches for the processing part
will be described: ﬁrst the processing part according to Parabolic
Synthesis and then according to the Parabolic Synthesis Combined
with Second-Degree Interpolation.

(25)

I−1
≤x<1
2w

Note that, in (25), x has been changed to xw . The change to xw
is made because the intervals for the sub-sub-functions, s2, i (x), in
(25) have equal ranges.
4. Hardware architecture
The hardware architecture resulting from the methodologies
can be divided into three parts as shown in Fig. 5, and as introduced by Tang [12]. In the preprocessing part, the incoming
operand is transformed to ﬁt the processing part, where the approximation is performed. The output from the processing part is
the incoming operand to the postprocessing part, where it is transformed to the desired output format.

4.2.1. Parabolic synthesis
The computation of the original function, forg (x), can be performed in either an iterative or a loop unrolled hardware architecture. According to the three equations (5), (9) and (14), the
Parabolic Synthesis methodology has the same structure in each
step, which makes it possible for the approximation to be implemented as an iterative architecture, as shown in Fig. 6.
The beneﬁt of the iterative architecture is the small chip area,
whereas the disadvantage is a longer computation time. The advantages of loop unrolled hardware architectures are that they give
faster computation, albeit at the price of a larger chip area. The
principle of the loop unrolled hardware architecture for four subfunctions is shown in Fig. 7.
Fig. 8 shows a more detailed description of the loop unrolled
architecture of four sub-functions, which are implemented by using the Parabolic Synthesis methodology.
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Fig. 7. The principle of the loop unrolled hardware architecture.

Fig. 9. The hardware architecture of the design based on the Parabolic Synthesis
Combined with Second Degree Interpolation containing two sub-functions and with
pipeline stages.

coeﬃcient c3 ,i . The index i is the most signiﬁcant bit in x and indicates in which of the two intervals x is, i.e. if i = 0, x is in the ﬁrst
interval and, if i = 1, x is in the second interval. The index i also
gives the address in the look-up table for c3 ,i . In the fourth subfunction, the result of (x4 −x4 2 ) is multiplied with the coeﬃcient
c4 ,h . The index h is deﬁned by the two most signiﬁcant bits in x
and gives in which of the four intervals x is. If h = 00, x is in the
ﬁrst interval, if h = 01, x is in the second interval, and so forth. The
index h also gives the address in the look-up table for c4 ,h . When
the sub-functions are computed, the ﬁrst and second sub-functions
are multiplied in parallel with the third and fourth sub-functions.
The results of these two multiplications are in turn multiplied with
each other.

Fig. 8. The hardware architecture of the design based on the Parabolic Synthesis
methodology containing four sub-functions.

As seen in (5) and (9), the (x−x2 ) parts are common for the
ﬁrst and second sub-functions, which is taken into account in the
hardware architecture shown in Fig. 8. The result of the (x−x2 ) part
is then multiplied with c1 in the ﬁrst sub-function and with c2
in the second sub-function. After the multiplication with c1 in the
ﬁrst sub-function, x is added, whereas a 1 is added in the second
sub-function after the multiplication with c2 . In (14), for the third
and fourth sub-functions, the partial products of x3 2 and x4 2 must
be computed. A special squaring unit, termed x2 , has been developed to carry out this computation, which is described in [6,8,9].
An advantage of the squaring unit is that its chip area, as well as
the latency, is halved compared to a corresponding multiplier. In
the third sub-function, the result of (x3 −x3 2 ) is multiplied with the

4.2.2. Parabolic synthesis combined with second-degree interpolation
The architecture of the Parabolic Synthesis Combined with
Second-Degree Interpolation contains two sub-functions implemented in parallel. The ﬁrst sub-function is implemented using the
Parabolic Synthesis methodology and the second sub-function is
implemented using the Second-Degree Interpolation methodology.
Fig. 9 shows the complete architecture.
In the ﬁrst sub-function, the result of the (x−x2 ) part is multiplied with c1 and, after that, x is added. The second sub-function
is implemented as a Second-Degree Interpolation, consisting of a
look-up table containing the coeﬃcients j2 ,i from (24) for each interval i. The coeﬃcient j2 ,i is multiplied with xw, which is the remaining part of x when the index part i is removed. The value of
xw is also the normalized value of x for the interval. After the multiplication, the start value of the interval l2 ,i is added. The third
branch of the second sub-function consists of a look-up table containing the coeﬃcients c2 ,i from (22) for each interval i. The coeﬃcient c2 ,i for the interval i is multiplied with xw 2 , which is the
partial product of x2 for the interval i. The result of the multiplication of c2 ,i with xw 2 is then subtracted from the result of the
previous addition, as shown in Fig. 9. When the ﬁrst and second
sub-functions have been computed, they are multiplied with each
other.
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4.3. Postprocessing
In the postprocessing part, the incoming operand, y, is transformed to the desired output format. In many cases, no or very
little transformation is needed, since the output from the processing part is in the right format. In some cases, the postprocessing
can be more comprehensive, such as in converting a ﬂoating-point
number into a ﬁxed-point number.
4.4. Pipelining
It is feasible for both methodologies to introduce pipelining in
the architectures. An example of where pipeline stages can be introduced in the Parabolic Synthesis Combined with the SecondDegree Interpolation architecture is shown in Fig. 9. As seen, the
introduction of pipeline stages is simple since it is easy to ﬁnd
natural cuts in the architecture. The introduction of data pipelining stages in the architectures will have a low impact on the size
of the hardware, since the data paths are few.
4.5. Reuse
As shown in [8], many implementations of approximations use
the same architecture of the processing part. A result of this is that
this part of the architecture can be reused by only replacing the set
of coeﬃcients.
5. Optimizing
To increase the accuracy of the approximation, an optimization
can be performed of the coeﬃcients in the last sub-function. This
optimization is carried out in a trial and error manner and should
be performed in parallel with the evaluation of the word length,
because the truncation error effects inﬂuence the performance of
the calculations in the design. The strategy is to systematically vary
coeﬃcients and word lengths in the design for best accuracy and
distribution of the error. To simplify the understanding of the optimization strategy, the effects of the truncation error will not be
taken into consideration in this section. In the text below, the optimization strategy will be illustrated using the sine function since
this function is commonly used and has a simple implementation
for both methodologies. The target accuracy for the implementations is chosen to be around 15 bit.
For the optimization, a bit-accurate C model has been developed for evaluations of the approximations, and MatLab has been
used to analyze the performance of the approximations.
5.1. Parabolic synthesis
The optimization strategy for the Parabolic Synthesis methodology is demonstrated on a design with four sub-functions. Four
sub-functions are chosen since this will give an accuracy of around
15 bit for the sine function. When optimizing a design, the optimization is only performed on the sub-function with the highest
index. The sub-function with the highest index in this case is the
fourth sub-function, shown in (26).



s4,m (x4 ) = 1 + c4,m · x4 − x24



(26)

The initial values of the coeﬃcients are calculated using (8) and
(15). The optimization is then performed by varying the four coeﬃcients c4,0 through c4,3 for a minimum error in each interval.
To minimize the error, the coeﬃcients are chosen in such a way
that the error is leveled out between the intervals, as illustrated in
Fig. 10.
In Fig. 10, the largest error in the interval 0 ≤ x < 0.25 is reduced by nearly one bit in resolution after the optimization. In

Fig. 10. Optimizing Parabolic Synthesis. The absolute accuracy of the approximation
before and after optimization, measured in number of bits.

terms of the largest error of the approximation, the result of the
optimization is negligible.

5.2. Parabolic synthesis combined with second-degree interpolation
The optimization strategy for the Parabolic Synthesis methodology when combined with Second-Degree Interpolation is to perform the optimization on the second sub-function, s2 (x). Four intervals in the second sub-function, s2 (x), are chosen for the sine
function since this will give an accuracy of around 15 bit in resolution. The second sub-function, s2 (x), is shown in (27).

s2 (x ) = l2,i + j2,i · xw − c2,i · x2w

(27)

The initial values of the coeﬃcients are calculated by using
(8), (20), (21), (22) and (24). The optimization is performed by
systematically varying the 12 coeﬃcients, l2,0 through l2,3 , j2,0
through j2,3 , and c2,0 through c2,3 . Note the dependency of j2 ,i according to (24). To facilitate the optimization of the second subfunction, it should be performed on the non-simpliﬁed second subfunction shown in (28).



s2 (x ) = l2,i + k2,i · xw + c2,i · xw − x2w



(28)

The optimization is mainly performed by varying the four coefﬁcients c2,0 through c2,3 since these coeﬃcients adjust the height
of the parabolic part of the second sub-function. To minimize the
error, these coeﬃcients are chosen in such a manner that the
largest error in the lower and upper range of the interval is leveled out as shown in Fig. 11.
The largest error in the interval 0 ≤ x < 0.25 is reduced in
Fig. 11 by nearly half a bit in resolution after the optimization. In
terms of the largest error of the approximation, the result of the
optimization is negligible.

5.3. Optimization strategy
The optimization is performed as a bit-accurate model simulation. Since the effects of truncations in the design are diﬃcult to
anticipate, the optimization procedure is to be considered as a trial
and error strategy. In this strategy, optimizing the coeﬃcients and
the word lengths is done in parallel, since the truncation error effects inﬂuence the performance of calculations in the design. To
obtain the desired performance, the strategy is to adjust the word
lengths and the coeﬃcients in a bit-accurate model. This process is
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Fig. 11. Optimization Parabolic Synthesis Combined with Second-Degree Interpolation. The absolute accuracy in bits of the approximation before and after optimization.
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Fig. 12. The error in the approximation of the sine function, measured as the difference between the approximation and the original function.

iterative and is ongoing until the desired performance is obtained
in terms of the accuracy and distribution of the error.
6. Characterization and distribution of the error
The characteristics of the error of an approximation are important for the performance of the algorithm in which the approximation is included. It is therefore important to have metrics by which
the error and its distribution can be characterized. Five metrics are
used to characterize the error. These are the maximum absolute error, the mean error, the median error, the standard deviation and
the Root Mean Square (RMS) error [13].
- The maximum absolute error gives the largest error possible in
the approximation.
- The mean error gives the average error over the approximation’s sample space.
- The median error gives the skewness in the error distribution,
if there is any.
- The standard deviation is a measure of the variation from the
mean error.
- The RMS error is a measure of the magnitude of a varying
quantity of the error.
In addition, the evenness of the error distribution is obtained
by comparing the standard deviation with the RMS error. If the
standard deviation and the RMS are equal, this indicates that the
error distribution is even around zero.
An advantage of the two methodologies is that the probability
of obtaining an evenly distributed error around zero is very high.
The sine function is chosen to illustrate the error distribution of
the methodologies since it is commonly used and is interesting for
direct digital synthesis (DDS). Another reason why the sine function is chosen is that it illustrates well the error characteristics of
a function implemented using the two methodologies.

Fig. 13. The distribution of the error measured as the difference between the
approximation and the original function.

distributed around zero, which is conﬁrmed by the distribution of
the error shown in Fig. 13.
6.2. Parabolic synthesis combined with second-degree interpolation
The appearance of the distribution of the error of Parabolic
Synthesis combined with Second-Degree Interpolation is nearly
a copy of the distribution of the error of the Parabolic Synthesis
methodology shown in Figs. 12 and 13. An advantage of Parabolic
Synthesis combined with Second-Degree Interpolation is that the
second sub-function, s2 (x), offers greater opportunities to tailor the
error of an approximation, since the second sub-function, s2 (x),
has more adjustability than the sub-function with the highest
order in the Parabolic Synthesis methodology. When truncation
effects and error tailoring are taken into account, the more extensive opportunities to optimize the result are a major advantage of
Parabolic Synthesis combined with Second-Degree Interpolation.
7. Implementation of the logarithm

6.1. Parabolic synthesis
To illustrate the distribution of the error, an implementation is
carried out according to the Parabolic Synthesis methodology using four sub-functions. The error, computed as the approximation
subtracted with the original function, is shown in Fig. 12.
As shown in Fig. 12, the approximate value oscillates around
the original function in a desirable manner, and the error is evenly

The implementation of the algorithm that will now be demonstrated performs an approximation of the logarithm function on
a binary ﬂoating-point number. The approximation is performed
on the mantissa only, since the exponential part is just a scaling of the mantissa [14,15]. Approximation of the binary logarithm in the interval from 1.0 to 2.0 will be implemented using
the two methodologies, Parabolic Synthesis and Parabolic Synthesis
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Fig. 14. The function f(v) before normalization and the normalized function, forg (x).

Fig. 15. The ﬁrst help function, f1 (x), for the approximation of the logarithm.

Combined with Second-Degree Interpolation. The target accuracy
of the implementations is around 15 bit.
7.1. Parabolic synthesis
The approximation of the logarithm using the Parabolic Synthesis methodology will need four sub-functions in order to achieve
an accuracy of around 15 bit.
7.1.1. Preprocessing
As described in Section 2.1, to facilitate the hardware implementation of the approximation, normalization must be performed
to satisfy the requirement that the values are in the interval
0 ≤ x < 1 on the x-axis and 0 ≤ y < 1 on the y-axis. The result of
the binary logarithm satisﬁes that the values are in the interval
0 ≤ y < 1. To ensure that the incoming operand, x, is within the interval 0 ≤ x < 1, a 1 must be added to the operand, as shown in
(29).

v=1+x

(29)

To normalize the f(v) = log2 (v) function, v is substituted according to (29), which gives the original function forg (x) shown in (30).

forg (x ) = log2 (1 + x )

(30)

Fig. 14 shows the function, f(v), together with the normalized
function, forg (x).
7.1.2. Processing
For the processing part, the sub-functions are developed according to the Parabolic Synthesis methodology. In the ﬁrst subfunction, s1 (x), coeﬃcient c1 is deﬁned according to (6). The determined value of the coeﬃcient is shown in (31).





s1 ( x ) = x + c1 · x − x2 = x +



1
− 1 · x − x2
ln(2 )

(31)

The ﬁrst help function, f1 (x), is computed as shown in (32).

f 1 (x ) =

forg (x )
log2 (1 + x )

 

=
s1 ( x )
x + ln1(2) − 1 · x − x2

(32)

Fig. 15 shows the ﬁrst help function, f1 (x).
To develop the second sub-function, s2 (x), coeﬃcient c2 is deﬁned according to (10). The determined value of the coeﬃcient c2
in (9) is shown in Table 1.
The second help function, f2 (x), is computed as shown in (33).

f 1 (x )
f 1 (x )


f 2 (x ) =
=
s2 ( x )
1 + c2 · x − x2

(33)

Fig. 16. The second help function, f2 (x), for the approximation of the logarithm.
Table 1
Coeﬃcients c.
Coeﬃcient

Value

c1
c2
c3,0
c3,1
c4,0
c4,1
c4,2
c4,3

0.442695040888963
−0.168412407251477
−0.006968374520540
0.003241263125913
−0.0 01650 0 0 0 0 0 0 0 0 0
0.0 015250 0 0 0 0 0 0 0 0
0.0 0 01230 0 0 0 0 0 0 0 0
−0.0 0 032650 0 0 0 0 0 0 0

Fig. 16 shows the second help function, f2 (x).
To develop the third sub-function, s3 (x), the second help function, f2 (x), is divided into its two partial functions, as shown in
(11). The third sub-function is thereby split into two sub-functions,
of which s3,0 (x3 ) is restricted to the interval 0 ≤ x < 0.5 and s3,1 (x3 )
is restricted to the interval 0.5 ≤ x < 1.0, according to (12). A normalization of x to x3 is carried out to simplify the implementation
in hardware, which is described in (13).
For each sub-function, the corresponding coeﬃcients, c3,0 and
c3,1 , are determined according to (15). The partial sub-functions of
the third sub-function are shown in (34) and the coeﬃcients in
Table 1.









s3,0 (x ) = 1 + c3,0 · x3 − x23 ,

0 ≤ x < 0.5

s3,1 (x ) = 1 + c3,1 · x3 − x23 ,

0.5 ≤ x < 1

(34)

To develop the fourth sub-function, s4 (x), the third help function, f3 (x), is split into its four partial functions as shown in
(11). The fourth sub-function is thereby obtained as the four
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Fig. 17. The difference between the approximation and the original function, forg (x).
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Fig. 19. The distribution of the error of the approximation of the logarithm.
Table 2
Error statistics.

Max absolute error
Mean error
Median
Standard deviation
Root mean square

Fig. 18. The absolute accuracy of the approximation, measured in number of bits.

sub-functions speciﬁed in (35). To simplify the implementation in
hardware, a normalization of x to x4 is carried out, which is described in (13).
For each sub-function, the corresponding coeﬃcients, c4,0
through c4,3 , are determined according to (15). They are shown in
Table 1.
















2

s4,0 (x ) = 1 + c4,0 · x4 − x24 ,

0 ≤ x < 0.25

s4,1 (x ) = 1 + c4,1 · x4 − x24 ,

0.25 ≤ x < 0.5

s4,2 (x ) = 1 + c4,2 · x4 − x24 ,

0.5 ≤ x < 0.75

s4,3 ( x ) = 1 + c4,3 · x4 − x4 ,

0.75 ≤ x < 1

(35)

After the coeﬃcients, c4,0 through c4,3 , are determined, an optimization, as described in Section 5, Section 5.1, is performed to
minimize the error of the approximation. The values of the coeﬃcients are shown in Table 1.
No postprocessing is needed since the result from the processing part has the right output format.
7.2. Characterization and distribution of the error
Analysis of the error for the implementation using the Parabolic
Synthesis methodology shows that the difference between the approximation and the original function oscillates around zero, see
Fig. 17.
As shown in Fig. 18, the accuracy of the approximation is nearly
16 bit.
The error distribution of the approximation is, as shown in
Fig. 19, even around zero. This is a preferred distribution of the

Value

Expressed in bits

0.0 0 0 016784429
0.0 0 0 0 0 0134704
0.0 0 0 0 0 0 0 0 0 0 0 0
0.0 0 0 0 09162631
0.0 0 0 0 09163481

> 15
> 22

error in most algorithms since it normally reduces the size of accumulation errors in the result.
Table 2 shows statistics of the implementation.
The conclusion from Table 2 is that the maximum absolute accuracy is near 16 bit, the mean error is very small, and the median conﬁrms that the error distribution is not skewed. Comparison of the standard deviation value with the root mean square
value shows that they are nearly identical, which conﬁrms that the
error of the approximation is evenly distributed around zero.
7.3. Parabolic synthesis combined with second-degree interpolation
When the logarithm is implemented using the Parabolic Synthesis Combined with the Second-Degree Interpolation methodology, the ﬁrst sub-function is implemented using the Parabolic
Synthesis methodology and the second sub-function as a SecondDegree Interpolation. The coeﬃcient c1 is retrieved from the implementation done exclusively with Parabolic Synthesis, as shown earlier in this section. The second sub-function is implemented as a
Second-Degree Interpolation of the ﬁrst help function, f1 (x), shown
in Fig. 15.
7.3.1. Developing the second sub-function
When investigating the number of intervals needed in the second sub-function, simulations were made of the error using different numbers of intervals. The simulations showed that, with two
intervals, the accuracy was better than 12 bit; with four intervals it
was better than 15 bit; and, with eight intervals, the accuracy was
better than 18 bit. Since the target accuracy is around 15 bit four
intervals were chosen. The sub-functions for the Second-Degree Interpolation with four intervals are shown in (36).

s2,0 (x ) = l2,0 + j2,0 · x2 − c2,0 · x22 ,

0 ≤ x < 0.25

s2,1 (x ) = l2,1 + j2,1 · x2 − c2,1 · x22 ,

0.25 ≤ x < 0.5

s2,2 (x ) = l2,2 + j2,2 · x2 − c2,2 · x22 ,

0.5 ≤ x < 0.75

s2,3 (x ) = l2,3 + j2,3 · x2 − c2,3 · x22 ,

0.75 ≤ x < 1

(36)
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Table 3
Coeﬃcients l2,0 through l2,3 .
Coeﬃcient

Value

l2,0
l2,1
l2,2
l2,3

1.0 0 0 0 0 0 0 0 0 0 0 0
0.966735590669
0.957896898187
0.969207401815

Table 4
Coeﬃcients k2,0 through k2,3 .
Coeﬃcient

Value

k2,0
k2,1
k2,2
k2,3

−0.033264409330
−0.008838692482
0.011310503628
0.030792598184
Fig. 20. Difference between the approximation and the original function, forg (x).

Table 5
Coeﬃcients c2,0 through c2,3 .
Coeﬃcient

Value

c2,0
c2,1
c2,2
c2,3

−0.013880 0 0 0 0 0 0
−0.010710 0 0 0 0 0 0
−0.0 096410 0 0 0 0 0
−0.010 02770 0 0 0 0

Table 6
Coeﬃcients j2,0 through j2,3 .
Coeﬃcient

Value

j2,0
j2,1
j2,2
j2,3

−0.047144409330
−0.019548692482
0.001669503628
0.020764898184

Fig. 21. The absolute accuracy of the approximation, measured in number of bits.

The coeﬃcients, l2,0 through l2,3 , are computed according to
(20), the coeﬃcients, k2,0 through k2,3 , are computed according to
(21), and the coeﬃcients, c2,0 through c2,3 , are computed according to (22). This gives the coeﬃcients, j2,0 through j2,3 , according
to (24). After the coeﬃcients, c2,0 through c2,3 , are determined, an
optimization is performed to minimize the error of the approximation. The optimization is performed according to Section 5.2, and
the values of the computed coeﬃcients are shown in Tables 3–6.
In Table 5 and Table 6, if the negative signs of the values of
the coeﬃcients are ignored, the most signiﬁcant bits in the coefﬁcients are zeros. This implies that a signiﬁcant reduction of the
word length of the coeﬃcients can be carried out, which reduces
the hardware signiﬁcantly.
No postprocessing is needed since the result from the processing part has the right format.

7.3.2. Characterization and distribution of the error
Fig. 20 shows the error of the implementation.
As shown in Fig. 21, the accuracy of the approximation is nearly
16 bit.
The error of the approximation is, as shown in Fig. 22, evenly
distributed around zero, which, as mentioned, is a preferred distribution of the error in most algorithms.
Table 7 shows statistics for the implementation.
The conclusion from Table 7 is that, also in this case, the accuracy of the approximation is nearly 16 bit, the mean error is small
and the error distribution is even. Again, the standard deviation
value is nearly identical to the root mean square value.

Fig. 22. The distribution of the error of the approximation of the logarithm.

Table 7
Error statistics.

Max absolute error
Mean error
Median error
Standard deviation
RMS error

Value

Expressed in bits

0.0 0 0 015895240
0.0 0 0 0 0 0253845
0.0 0 0 0 0 0183136
0.0 0 0 0 090 03823
0.0 0 0 0 090 030 05

> 15
> 21
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Table 8
Comparison of chip area, critical path delay and energy consumption per sample.
Methodology

Implemented function

Chip area

Critical path delay

100%
12,893 μm2
126%
16,258 μm2
70%

100%
87 ns
24%
21 ns
12%

100%
0.16 nW
41%
0.065 nW
11%

90 0 0 μm2∗

10 ns∗

0.017 nW∗
∗
calculated

CORDIC

log(x)

Parabolic synthesis

log(x)

Parabolic synthesis combined
with second-degree
interpolation

log(x)

8. Comparing methodologies
The performance of different approximation methodologies can
be compared using the metrics described in Section 6. However,
since it is diﬃcult to predict the effects of these metrics in a particular context, a comparison of different approximation methodologies is preferably made in the same context. The reason for this
is that, in a comparison of different approximation methodologies
in the same context, the inﬂuence of the individual characteristics of the error can result in a redesign of the approximation or
the context. These redesigns can often have a huge inﬂuence on
parameters such as chip area, critical path delay and power consumption. Comparing different approximation methodologies, each
with its unique error characteristics, without a given context, can
therefore be misleading. Despite this, the two Parabolic Synthesis
methodologies (which have equivalent error characteristics) will,
without a given context, be compared with the CORDIC methodology. The error can to a much greater extent be tailored to ﬁt the
context with the two Parabolic Synthesis methodologies than with
the CORDIC methodology. This advantage for the two Parabolic
Synthesis methodologies will however not be taken into account
in the comparison with the CORDIC methodology. This comparison
of the methodologies is thus only done to get an indication of the
feasibility of the new methodologies. The CORDIC methodology is
chosen since it is frequently used in applications for which the two
Parabolic Synthesis methodologies are suitable [16].
8.1. Characterization and distribution of the error
The CORDIC methodology has the disadvantage that the error
is not evenly distributed around zero; rather, it is distributed on
one side of zero. This is because, when computing the approximation, the result is computed bit by bit in decreasing order from the
most signiﬁcant bit to the least signiﬁcant bit. This kind of unilateral distribution of the error can lead to severe problems in the
subsequent calculations, in the form of accumulated errors. The
way to reduce the impact of this problem is to increase the accuracy, which leads to an increase in chip area, critical path delay
and power consumption.
For the two Parabolic Synthesis methodologies, the error is
evenly distributed around zero. The distribution of the error can
also be customized to some extent in the Parabolic Synthesis
methodology and, to a broad extent, in the Parabolic Synthesis
combined with Second-Degree Interpolation. This gives the two
Parabolic Synthesis methodologies a great advantage over CORDIC.
8.2. Resource need and performance
As a comparative case study regarding resource needs and performance, an implementation was carried out of the fractional part
of the 2-logarithm in the range from 1.0 through 2.0. The required

Energy consumption per
sample

accuracy for the implementation was set to 15 bit. The methodologies were implemented in their basic versions with no features
such as pipelining. The implementations were performed as an
ASIC with a 65 nm Standard-VT (1.2 V) technology. Synopsys Design Compiler [17], Synopsys Primetime [18] and Mentor Graphics
Modelsim [19] were used for all implementations.
8.2.1. CORDIC implementation
The CORDIC implementation is an unrolled implementation using 20 iterations (15 + 1 for the accuracy and repeating iterations 4,
7, 10 and 13 to ensure convergence) to obtain the desired accuracy
of 15 bit. The implementation is described in [9]. Since the designs
in [9] were implemented with bonding pads, a redesign without
bonding pads has been performed. The new design yields the results shown in Table 8. The results for the CORDIC implementation
are used as a baseline and we therefore refer to them with the
label “100%”.
8.2.2. Parabolic synthesis implementation
Four sub-functions are needed (see Section 7.1) in the implementation using the Parabolic Synthesis methodology, in order to
reach 15-bit precision. Unfortunately, in the design in [9], no optimization of the word lengths was performed; therefore longer
word lengths than needed were used in the design (the word
lengths could have been nearly halved in some parts of the design). This yields a large impact on the chip area and the critical
path delay of the design. Actually, the implementation made with
CORDIC can also be improved – however not as much as the implementation using the Parabolic Synthesis. It is therefore true to say
that the implementation with the Parabolic Synthesis methodology has not been given advantages in the comparison. Again, since
the design in [9] was implemented with bonding pads, this was
also redesigned without bonding pads, yielding the results shown
in Table 8.
8.2.3. Parabolic synthesis combined with second-degree interpolation
implementation
To reach 15 bit precision, four intervals are used in the second
sub-function (see Section 7.3) for the implementation based on
the new methodology described in this paper, Parabolic Synthesis
Combined with Second-Degree Interpolation. In this methodology,
many implementations of approximations use the same architecture, as mentioned in Section 4.5. An example of identical architectures is the logarithm and the sine function. Accordingly, this part
of the architecture can be reused only by replacing the set of coefﬁcients. This equivalence, of course, allows drawing conclusions regarding the chip area, critical path delay and energy consumption
for an implementation of the 2-logarithm from an implementation
of the sine function.
An implementation of the sine and cosine functions using
Parabolic Synthesis Combined with Second Degree Interpolation is
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described in [20], and we can thus use the results of this to estimate chip area and critical path delay of the logarithm implementation with the same number of intervals (in this case, four).
The chip area can be estimated by extracting from [20] one ﬁrst
sub-function, 20 0 0 μm2 , one second sub-function, 50 0 0 μm2 , and
the multiplier that performs the multiplication of the result of the
two sub-functions, 20 0 0 μm2 . By summing the areas of these three
parts, the chip area of the logarithm implementation is calculated
to 90 0 0 μm2 . The delay of the most critical path of the logarithm
implementation cannot be extracted from [20] since the implementation in [20] has extra parts in the critical path compared
to the logarithm implementation. The additional parts in the implementation of the sine or cosine functions are a preprocessing
and a postprocessing part, the lengths of which cannot be determined from the critical path. The critical path delay of the logarithm implementation is therefore conservatively estimated to the
entire critical path delay of the design in [20], which is 10 ns.
The estimation of the energy consumption is based on the implementation of the logarithm performed with Parabolic Synthesis,
because the resemblance to the hardware architecture of Parabolic
Synthesis Combined with Second-Degree Interpolation is close. The
energy consumption per sample can roughly be estimated to correlate linearly with the area and linearly with the delay of the critical path. As shown in Table 8, compared to the Parabolic Synthesis, the area is reduced by 45% (from 16,258 to 90 0 0 μm2 )
and the delay of the critical path is reduced by 52% (from 21
to 10 ns). A rough estimate of energy consumption is therefore
0.55 × 0.48 × 0.065 nW=0.017 nW.
Table 8 summarizes the comparison between the three methodologies regarding the chip area, critical path delay and energy consumption per sample, all implemented with an accuracy of 15 bits.
The indication from Table 8 is that the Parabolic Synthesis Combined with Second-Degree Interpolation is clearly superior to the
others. For example, its energy eﬃciency is more than six times
better than CORDIC and more than two times better than Parabolic
Synthesis.

ture of Parabolic Synthesis combined with Second-Degree Interpolation is, like Parabolic Synthesis, very suitable for pipelining. Further, the architecture of both methodologies can easily be reused
for approximations of other unary functions by simply changing
the set of coeﬃcients.
It was found when analyzing the hardware architecture for implementing the logarithm that, by combining the Parabolic Synthesis methodology with Second-Degree Interpolation, the complexity
of the architecture could be signiﬁcantly reduced. From the implementation of the logarithm with the two methodologies, it can
also be concluded that, to achieve higher accuracy in the Parabolic
Synthesis Combined with Second-Degree Interpolation, only the
word length in the computations and the number of coeﬃcients
need to be increased. However, for implementations carried out
with Parabolic Synthesis only, increasing the accuracy also requires
the introduction of an additional number of sub-functions. When
analyzing the distribution of the error for the implementation of
the logarithm, it was found that the Parabolic Synthesis Combined
with Second-Degree Interpolation has a mean error that is near
zero and a median that is zero or near zero. This implies that only
a minimum of skewness is present in the error distribution and
that the difference between the standard deviation and the root
mean square value is very small.
To get an indication of the implementation performance of
the two methods, implementations based on these methodologies were compared with an implementation carried out with the
CORDIC methodology. Such a comparison - even though it is done
on implementations with the same accuracies - actually has multiple dimensions since the error distribution for CORDIC differs signiﬁcantly from the others. The comparison shows that, with the
Parabolic Synthesis Combined with Second-Degree Interpolation,
the chip area will be smaller than that of CORDIC. The throughput is also better for both implementations carried out with the
methodologies containing Parabolic Synthesis. In addition, the energy consumption per sample is less than with CORDIC.
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Abstract
The Harmonized Parabolic Synthesis methodology is a further development of the Parabolic
Synthesis methodology for approximation of unary functions such as trigonometric functions,
logarithms and the square root, as well as binary functions such as division, in hardware. These
functions are extensively used in computer graphics, digital signal processing, communication
systems, robotics, astrophysics, fluid physics and many other application areas. For these highspeed applications, software solutions are in many cases not sufficient and a hardware
implementation is therefore needed. The Harmonized Parabolic Synthesis methodology has two
outstanding advantages: it is parallel, thus reducing the execution time, and it is based on low
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complexity operations, thus is simple to implement in hardware. A notable difference in the
Harmonized Parabolic Synthesis methodology compared to many other approximation
methodologies is that it is a multiplicative and not an additive methodology. Without harming the
favorable distribution of the approximation error presented in earlier described Parabolic
Synthesis methodologies it is possible to significantly enhances the performance of the
Harmonized Parabolic Synthesis methodology, in terms of reducing chip area, computation delay
and power consumption. Furthermore it increases the possibility to tailor the characteristics of the
error, which improves the conditions for subsequent calculations. It also extends the set of unary
functions that approximations can be performed upon since the possibilities to elaborate with the
characteristics and distribution of the error increases. To evaluate the proposed methodology, the
fractional part of the logarithm has been implemented and its performance is compared to the
Parabolic Synthesis methodology. The comparison is made with 15-bit resolution. The design
implemented using the Harmonized Parabolic Synthesis methodology performs 3x better than the
Parabolic Synthesis implementation in terms of throughput. In terms of energy consumption, the
new methodology consumes 90% less. The chip area is 70% smaller than for the Parabolic
Synthesis methodology. In summary, the new technology presented in this paper further increases
the advantages of Parabolic Synthesis.

Keywords
Approximation, parabolic synthesis, unary functions, elementary functions, second-degree
interpolation, arithmetic computation, look-up table, VLSI.

1. Introduction
Computation of elementary functions, such as trigonometric functions, logarithms and the square
root, as well as binary functions, such as division, are numerous in a multitude of applications. A
trend in wireless communication systems is handheld applications with very high data rates. With
such applications follows also requirements on small chip area and low power consumption. Such
an emerging application is wireless communication systems with multiple antennas on the
transmitter and receiver, known as Multiple-Input Multiple-Output (MIMO). The great interest in
MIMO falls back on its ability to cost-effectively improve transmission performance. To
accomplish the high data rates these systems are performing an extensive amount of computation.
An essential part of the computation is spent on matrix inversions, which are often executed as
QR decompositions in which very high throughput is needed. An example of the required levels
of performance for a QR decomposition is described in [1] for an Ordered Successive Interference
Cancellation (OSIC) detector. The computation needed in the OSIC detector is 1.56 million
inversions of complex-valued 4×4 channel matrices per second. Since each inversion uses 12
computations of trigonometric functions this implies that 121560000=18.72 million
computations per second of the trigonometric functions sine and cosine have to be executed. For
these numerically intensive real-time applications, software routines - although they capable of
providing extremely accurate results - are too slow. Therefore, for the future of high-speed
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wireless communication, there is a significant interest for new development regarding hardware
implementations of function generators.
Hardware computation of elementary functions can be performed by employing many different
algorithms [2,3], such as table-based methods, polynomial and rational approximations and
functional iteration methods. Table-based methods remain manageable for low precision
computations as long as the input operand is up to 12-16 bits, corresponding to table sizes of 4K64K words. The size of the table grows exponentially with the word length and becomes
unacceptably large when operating with higher precision. An alternative way of making
approximations is based on polynomials. Since polynomials only involve additions, subtractions
and multiplications, using them is a natural way to approximate elementary functions. There are a
number of polynomial schemes available for polynomial approximations, such as Taylor,
Maclaurin, Legendre, Chebyshev, Jacobi, and Laguerre. For a given precision, the chosen
polynomial scheme affects the number of terms included and thus the computational complexity.
Two development strategies are available in developing an approximation, one to minimize the
average error, called least squares approximation, and one to minimize the worst case error, called
least maximum approximation [2]. An example of when least squares approximation is favorable
is when the approximation is used in a series of computations. On the other hand, least maximum
approximation is favorable when it is important that the maximum error to the function to be
approximated is kept small. An example of when least maximum approximation is favorable is
when the error from the approximation has to be within a limit from the true function value. An
advantage of polynomials is that they are table-less, but their drawback is that they impose large
computational complexities and delays [2]. A reduction in computational complexity can be
accomplished by combining table-based methods with polynomial based methods and the delays
can also, to some extent, be decreased [2].
For implementation of elementary functions in hardware, the approximation methodology of sum
of bit-products [4] can be beneficial since it can give an area efficient implementation with a high
throughput at a reasonable accuracy.
The commonly used COordinate Rotation DIgital Computer (CORDIC) algorithm [5,6] is an
iterative algorithm. The benefit of the algorithm is that when implementing approximations of
basic elementary functions, these only require a small look-up table, simple shifts and addition
operations. However, since it is an iterative method, it is inherently slow and therefore insufficient
for very high performance applications.
The Parabolic Synthesis methodology [7-10] is founded on a multiplicative synthesis of factors of
second-order functions. In fact, the most fundamental difference in the Parabolic Synthesis
methodology compared to many other approximation methodologies, like polynomial and
CORDIC, is that it is multiplicative and not an additive methodology. With the introduction of the
Parabolic Synthesis methodology, the following improvements were accomplished compared to
CORDIC. First, due to a highly parallel architecture, a significant reduction of the propagation
delay was achieved, which also led to a significant reduction of the power consumption. Second,
a further improvement of the Parabolic Synthesis methodology was developed by combining it
with second-degree interpolation [3,11,12] specifically shown in [13].
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When developing a multiplicative approximation based on such a combination of the
methodologies the first factor is computed using the Parabolic Synthesis methodology. It is a
rough approximation of the target function. The second factor is computed using a SecondDegree Interpolation methodology where the number of intervals in the interpolation decides the
accuracy of the approximation. An attractive feature with the Parabolic Synthesis methodology
combined with Second-Degree Interpolation [13] is that it enables a rough internal error
compensation as part of the approximation. The error compensation can be performed in order to
improve the distribution of the error to suit the properties required of the approximation.
Compared to the Parabolic Synthesis methodology the Parabolic Synthesis methodology
Combined with Second-Degree Interpolation accomplishes the following [13]: A reduction in
chip area because the number of second-order functions is reduced to two. A reduction of the
critical path delay because the number of second-order functions is reduced to two. A reduction in
power consumption because of reduced chip area and critical path delay. And, last, improved
possibilities to tailor the distribution of the error.
This paper proposes an extension of the Parabolic Synthesis methodology Combined with
Second-Degree Interpolation. This extension is named the Harmonized Parabolic Synthesis
methodology because the two parts in this new methodology are developed as a unity in order to
improve and optimize performance such as chip area, critical path delay and power consumption.
The feasibility of Parabolic Synthesis has been verified by implementing a vast range of unary
functions, as shown in [9]. With the Harmonized Parabolic Synthesis the range of unary functions
is extended even further since the boundary conditions for the functions to be approximated are
relaxed.
The remaining part of this paper is organized as follows: Section 2 describes the Harmonized
Parabolic Synthesis methodology; Section 3 describes the general structure of the hardware
architecture resulting from the methodology; Section 4 proposes a general strategy for truncation
as well as optimization, which, if combined, can have a positive impact on the characteristic of the
error; Section 5 presents the implementation of the logarithm in Harmonized Parabolic Synthesis
and the distribution of its error; Section 6 gives a comparison of implementations performed in
the methodologies Parabolic Synthesis and Harmonized Parabolic Synthesis. The comparison is
made with respect to chip area, critical path delay and power consumption; and Section 7 closes
the paper with conclusions.

2. Harmonized parabolic synthesis
The Harmonized Parabolic Synthesis methodology is founded on two factors, both in the form of
second-order parabolic functions, called the first sub-function, s1(x), and the second sub-function,
s2(x). When recombined, as shown in (1), they equal the original function forg(x).
f org x = s 1 x  s 2 x

(1)

In (1) the first sub-function, s1(x), is a second-order parabolic function, which in conjunction with
the second sub-function, s2(x), develops an approximation of the original function, forg(x). The
second sub-function is a second-degree interpolation [3,11,12] specifically shown in [13], where
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the number of intervals in the interpolation decides the final accuracy of the approximation and
allows the distribution of the error to be tailored. When developing an approximation with the
proposed methodology, an empirical design methodology is the only feasible approach since the
sub-functions are designed as a complete unity to fulfill the design criteria.
2.1. Requirements on the original function
To facilitate the development it is required that the function to be approximated is being
normalized. When normalized the function has to satisfy the requirement that the values are in the
interval 0dx 1.0 on the x-axis and 0dy 1.0 on the y-axis as well as have the starting point at
(0,0), as illustrated in Fig. 1. The normalization of the function to be approximated creates the
original function, forg(x).
1.00
(1,1)

0.50

forg(x)

0dy1

f(x)

0.75

0.25

0dx1

(0,0)
0.00
0.00

0.25

0.50
x

0.75

1.00

Fig. 1. The conditions for the original function

In addition, since the approximation used through the interval is a second-order parabolic
function, it is advantageous for an efficient implementation if the original function is strictly
concave or convex through the interval in which it is approximated. If the original function is not
strictly concave or convex through the interval it is still possible to perform an implementation,
albeit with a limited efficiency. The limited efficiency comes from that the complexity of the
implementation will increase.
Finally, the original function, forg(x), divided by the first sub-function, s1(x), must have a limit
value when x goes towards 0. If the function has no limit value it implies that the help function,
f1(x), to be, described in Section 2.3, is not defined when x = 0.
Compared to Parabolic Synthesis, the number of criteria that a function to perform an
approximation on has decreased from three to one and where two of the criteria are transformed
into recommendations. Thereby, the number of functions that can be approximated with the
methodology is increased. The third criterion which limits the absolute gradient of forg(x), divided
by x when x goes towards 0 to 1 is eliminated because the Harmonized Parabolic Synthesis
methodology can handle cases where the absolute gradient is higher.
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2.2. The first sub-function
The first sub-function, s1(x), is a second-order parabolic function as shown in (2).
s1 x = l1 + k1  x + c1  x – x

2

(2)

It can be seen that the two terms on the left form a linear function with a constant l1 and a gradient
k1, while the rightmost term is the nonlinear part. As described above, the starting point for the
first sub-function, s1(x), is in (0,0). This gives the start value, l1, to be 0. Furthermore, the
gradient, k1, is 1 since the function starts in (0,0) and ends in (1,1). The first sub-function, s1(x),
can therefore be rewritten according to (3).
s1 x = x + c1  x – x

2

(3)

2.3. The second sub-function
The second sub-function, s2(x), is based on splitting the function in intervals to perform an
interpolation in each of them. The procedure when developing the second sub-function is to
perform a division of the original function, forg(x), with the first sub-function, s1(x). This division
generates the help function, fhelp(x), as shown in (4).
f org x
f help x = ---------------s1 x

(4)

From the help function, fhelp(x), the second sub-function, s2(x), is developed as a second-degree
interpolation, as shown in (5) and Fig. 2, where the number of intervals in the interpolation
decides the order of the accuracy of the approximation.
2

s 2 x = l 2 i + k 2 i  x w + c 2 i  x w – x w

(5)

To simplify the determination of the interval, i, in hardware, the number of equal-range intervals
in the second sub-function, I, is chosen as 2 to the power of w, where w is a natural number, as
shown in (6).
I = 2

w

(6)

To simplify the normalization of the interval of xw , it is selected as an exponentiation by 2 of x
where the integer part is removed. The normalization of x is therefore made by multiplying x with
2w, which in hardware is implemented as w left shifts. Furthermore, the integer part is dropped,
which gives xw as a fractional part of x, as shown in (7).
w

x w = frac 2  x

(7)
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This truncation performs normalization to the interval, as shown in Fig. 2. The dropped integer
part from the normalization is used to decode the interval in which the second sub-function is
performed and is therefore synonymous with the index i in the sub-function, as shown in Fig. 2.
f

help

x

c 2, i = 4  f 1 x middle, i – l 2, i – k 2, i  0.5
2, i

+k

2, i

2
x +c
 §x – x ·
w
2, i © w w¹

f1(x)

l

l

l

2, i

+k

2, i

x

w

2, i
x
0

x

start, i
0.25

x

middle, i

0.5
xw

end, i

0.75

1

Fig. 2. Description of the development of the second-degree interpolation

The index i is defined as the number of the interval, starting with 0 and ending with I 1. In (5), l2,i
is the starting point of an interval of the interpolation. This is computed by inserting the value of x
for the starting point of the interval, xstart,i , of the help function, fhelp(x), (4) as shown in (8) and
Fig. 2.
(8)

l 2 i = f help x start i

Eq. (8) does not apply on the start value of the first interval, which has to be calculated as the limit
according to (9). Since the x2 term in (9) goes faster towards 0 than the x term, it can be excluded
when calculating the limit, as shown in (9).
f org x
f org x
- = lim ------------------------l 2 0 = lim -----------------------------------x o 0 x + c  x – x2
x o 0 1 + c1  x
1

(9)

In (5), k2,i is the gradient for an interpolation interval i. The gradient k2,i for an interval is
computed as the end point value of the help function, fhelp(xend,i ), subtracted with the start point
value of the help function, fhelp(xstart.i ). Since the interval is normalized to 1 the denominator
when computing the gradient, k2,i , is set to 1, and therefore no division is needed, as shown in
(10) and Fig. 2.
(10)

k 2 i = f help x end i – f help x start i

In (5) the coefficient, c2,i, in an interval, i, of the second sub-function, s2(x), is pre-computed so
that the second sub-function in an interval, s2,i(xw), cuts the help function, fhelp(x), in the middle
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of the interval when xw = 0.5. This satisfies the point xmiddle,i for the help function, fhelp(x), as
shown in (11) and Fig. 2.
c 2 i = 4  f help x middle i – l 2 i – k 2 i  0.5

(11)

The sub-function in (5) can be simplified according to (12).
2

s 2 i x = l 2 i + j 2 i  x w – c 2 i  x w

(12)

In (12), j2,i is pre-determined according to (13).
(13)

j 2 i = k 2 i + c 2 i

In Eq. (14), it is shown how the sub-function, s2,i(x), is divided into partial functions.

s 2 i


° s
° 2 0 x w ,
°
°
x ,
° s
x = ® 2 1 w
°
}
°
°
° s 2 I – 1 x w ,
°
¯

1
0 d x  -----w2
2
1----d x  -----ww
2
2

(14)

I–1
----------- d x  1
w
2

Note that, in (14), x has been changed to xw . The change is because the intervals for the partial
sub-functions, s2,i(x), in (14) have equal ranges.
2.4. Simultaneous development of the two sub-functions
The foundation of the Harmonized Parabolic Synthesis methodology is to approach the
development with a more holistic view. This is expressed in that the development of the two subfunctions is made simultaneously. When developing an approximation of an original function,
forg(x), the first and second sub-function are looked upon as one device. While, in the Parabolic
Synthesis methodology, the first sub-function, s1(x), was developed to have as good conformity as
possible with forg(x), the objective of the Harmonized Parabolic Synthesis methodology is rather
to develop the first sub-function in such a way that the product of the two sub-functions gives a
good conformity to the original function. This includes that the distribution of the error is to be
favorable and the hardware implementation as simple as possible. The approach when developing
the first sub-function, s1(x), can, in contrast to the Parabolic Synthesis methodology, not be based
on independent analytical calculations since it is dependent on the performance of the second subfunction, s2(x). Therefore, the coefficient c1 in the first sub-function, s1(x), has to be determined
by, for different values of the coefficients, calculating the maximum absolute error, ferror(x),
between the approximation and the original function according to (15).
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f error x = s 1 x  s 2 x – f org x

(15)

To perform the calculation of the absolute error, ferror(x), the second sub-function, s2(x), has to be
made dependent on the coefficient c1 in the first sub-function, s1(x), as shown in (3) to (5) and (8)
to (11). The calculation is interesting only as an indication of how the absolute error, ferror(x),
depends on the coefficient c1. When choosing the coefficient c1 it has to be made with regard to
both the behavior of the error of the approximation and the efficiency of the hardware
implementation. The number of intervals in the second sub-function, s2(x), needs to be increased
to achieve the intended accuracy; this has also to be taken into account when performing the
calculation of the error. As an example, Fig. 3 shows the bit accuracy for the sine function, shown
when using 1, 2, 4 and 8 intervals in the second sub-function, s2(x) with different values of the
coefficient, c1. In our example implementation of the logarithm later in this paper, further details
of how these calculations are done are given.
20
18
8
Bits of Accuracy

16

15 bit
4

14
12

2
10
1
8
6

0

0.2

0.4

0.6

0.8

1

1.2

1.4

c1

Fig. 3. The bit accuracy depending on c1 for 1, 2, 4 and 8 intervals in the second sub-function, s2(x)

Based on Fig. 3, values of the coefficient c1 are chosen to allow an efficient implementation of the
hardware. As shown in (3), c1 is feed into a multiplier why choosing a value that is a power of two
is desirable. As an example shown in Fig. 3, the desired accuracy is 15 bit. To accomplish this,
least four intervals are necessary. As shown in Fig. 3, only c1 = 1.0 for four intervals is interesting
since it is a power of two. If increasing the number of intervals to eight, the coefficient c1 can be
chosen to 0.0. This is interesting since this will exclude the multiplication in (3). The behavior of
the bit accuracy in Fig. 3 results from the approximation using different values of the coefficient
c1. From this the number of intervals and the value on the coefficient c1 used in the design can be
selected.

3. Hardware architecture
The hardware architecture resulting from the methodology can be divided into three parts as
shown in Fig. 4, following a principle described by Tang [14]. In the preprocessing part the
incoming operand is transformed to fit the processing part, in which the approximation is
performed. In the postprocessing part the result is transformed to the desired output format.
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Operand v
Preprocessing
Operand x
Processing
Operand y
Postprocessing
Result z

Fig. 4. The three parts of the hardware architecture

In most cases preprocessing of the operand means a normalization, but the transformation of the
operand can also be more comprehensive such as converting a fixed-point number into a floatingpoint number. If the approximation is implemented as a block in a larger system, the
preprocessing part can be integrated in the previous blocks, in which case the preprocessing part
can be reduced or even be excluded. For the postprocessing, similar conditions apply.
In the processing part, the approximation of the original function, forg(x), is directly computed in
the way now described.
The architecture of Harmonized Parabolic Synthesis implements two sub-functions computed in
parallel. The first sub-function is implemented as a second-order parabolic function and the
second sub-function is implemented using the Second-Degree Interpolation methodology. Fig. 5
shows the architecture, where the two sub-functions are implemented by the upper and lower half,
respectively, and then combined via a multiplication.
It is worth noting that this, in fact, is a generic architecture, which can be used for approximating
several different functions. The set of parameters defines the function.
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Fig. 5. The hardware architecture of the design based on the Harmonized Parabolic Synthesis containing two subfunctions and with pipeline stages

In the first sub-function, the result of the (xx2) part is multiplied with c1 and then added to x. In
the proposed methodology, the coefficient c1 is chosen as described in conjunction with Fig. 3, to
reduce the hardware consumption. This implies that the algorithm of the first sub-function, s1(x),
can be simplified, which also reduces the complexity of the implementation. The second subfunction is implemented as a second-degree interpolation, consisting of a look-up table
containing, for each interval i, the coefficients j2,i from (13). The coefficient j2,i is multiplied with
xw , which is the remaining part of x when the index part i is removed. The value of xw is also the
normalized value of x for the interval. After the multiplication, the start value of the interval l2,i is
added. The third branch of the second sub-function consists of a look-up table containing the
coefficients c2,i from (11) for each interval i. The coefficient c2,i for interval i is multiplied with
xw2, which is the partial products of x2 for interval i. To simplify this computation, a special
squaring unit to compute x2 has been developed; this unit is described in [7,9]. The benefit of the
squarer is that it computes all the partial products to x2 in the same hardware and that it halves the
chip area and computation time compared to a multiplier. The result of the multiplication between
c2,i and xw2 is subtracted from the result of the previous addition. After the values of the first and
second sub-functions are computed, they are multiplied with each other.
The architecture is suitable for pipelining in order to increase the throughput. An example of
where pipeline stages can be introduced is shown in Fig. 5. Introduction of pipeline stages is
simple since it is easy to find natural cuts in the architecture. The introduction of data pipelining
stages in the architectures will only have little effect on the size of the hardware, since the data
paths are few. However, registers consume power, thus power consumption will increase.
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4. Optimizing
Finding the optimal set of coefficients can be done as an iterative procedure starting from an
initial set. After deciding the initial coefficients in the first and second sub-function the next step
is to start the optimization of the architecture. The method for the optimization is to decide the
word lengths used in the architecture and then optimize the coefficients. This optimization is
performed in an iterative trial and error manner and the evaluation of different coefficient values
should be performed in parallel with the evaluation of the word length, since the truncation error
effects influence the performance of calculations in the design. The strategy is to adjust
coefficients and word lengths in the design for best accuracy and distribution of the error. In the
text below the optimization strategy will be illustrated using the sine function since this function
is commonly used and has a simple implementation, thus making the steps of the optimization
easy to follow. The target accuracy for the implementations is chosen to be around 15 bit.
In practice, the simulation of the approximation is performed with a bit-accurate C model and the
performance of the approximation is analyzed in MatLab.
4.1. Truncation and optimization
Truncation always results in a negative offset of the error compared to the non-truncated value, as
illustrated in Fig. 6. In the figure, the gray curve shows the error before the truncation and the
black is the error after truncation.
2.0e-05
1.5e-05
Error Before Truncation
(grey curve)

1.0e-05

Error

5.0e-06
0.0e+00
-5.0e-06
-1.0e-05
-1.5e-05
-2.0e-05
0.00

0.25

Error Truncated
(black curve)
0.50
x

0.75

1.00

Fig. 6. The error before and after truncation of the approximated value

Fig. 6 shows the errors in both curves winding through the eight intervals. The winding of the
curves is caused by the rightmost term in (5), which is the nonlinear part. This term in each
interval in the second sub-function, s2(x), causes one winding of the curve. To counteract the
negative offset of the error caused by truncation, the coefficients in the second sub-function, s2(x),
can be adjusted. A favorable way to do this is to seek a solution in which the error has a
distribution which is asymptotically normal. An advantage of an asymptotically normal error
distribution is that it is centered around zero and the major part of the errors also are around zero.
This distribution implies that the number range is optimally utilized which has positive effects on
the architecture, in reduced size of hardware and in the subsequent calculations to reduce their
error. In Fig. 7 the gray curve shows the error before the truncation of the word lengths and
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optimization of the coefficients, and the black is the error after truncation and optimization of the
coefficients.
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Fig. 7. The error before and after truncation and optimization

When comparing the two figures it can be seen that the error after truncation and optimization,
i.e., the one in Fig. 7, is more evenly distributed around zero than the one without optimization.
This shows that it is mainly by adjusting the coefficients that the distribution of the error is
determined.
4.2. The characteristic metrics
The error resulting from an approximation can be characterized in several ways [15], the most
important being the following:
-The maximum absolute error denotes the largest error possible using the approximation.
-The mean error denotes the average error over the approximations sample spaces.
-The median error denotes the skewness in the error distribution, if there is any.
-The standard deviation is a measure of the variation from the mean error.
-The Root Mean Square (RMS) error is a measure of the magnitude of a continuously varying
quantity of the error.
Furthermore, the evenness of the error distribution is determined by comparing the standard
deviation with the RMS error. If the standard deviation and the RMS error are equal, it indicates
that the error distribution is symmetric around zero. This is a preferred error distribution. An
advantage of the methodology presented in this paper is that the possibility for obtaining a
symmetrically distributed error around zero is very good. To illustrate the distribution of the error
a histogram is used. Fig. 8 shows the histogram of the distribution of the error that was shown in
Fig. 7. As shown, the error distribution is asymptotically normal and with a mean value near zero.

13

1500

1250

Number of Elements

1000

750

500

250

0
-1.5e-05

-1.0e-05

-5.0e-06

0.0e+00
5.0e-06
Absolute Error

1.0e-05

1.5e-05

Fig. 8. The error distribution after truncation and optimization of the approximation shown in Fig. 7

5. Implementation of the logarithm
As an illustration of the Harmonized Parabolic Synthesis methodology, an implementation is
presented of an algorithm that performs an approximation of the logarithm function. It is
performed on a floating-point number where the mantissa is in the range from 1.0 to 2.0. The
approximation is only performed on the mantissa, since the exponential part of the input value is
directly used as the integer part of the result and scaling the mantissa, [16,17].
The implementation is in hardware using a 14 bit input. The target accuracy is 15 bits and the
target distribution of the error is the normal distribution.
The evaluation of the approximation is analyzed as described in Section 4.
5.1. Preprocessing
As described in Section 2.1, to facilitate the hardware implementation of the approximation, a
normalization to satisfy that the values are in the interval 0dx 1.0 on the x-axis and 0dy 1.0
on the y-axis has to be performed. The result of the binary logarithm satisfies that the values are in
the interval 0dy 1.0. To satisfy that the incoming operand x is within the interval 0 d x < 1, a 1
has to be added to the operand as shown in (16).
(16)

v = 1+x

To normalize the f(v) = log2(v) function, v is substituted according to (17), which gives the
original function, forg(x), shown in (17).
f org x = log 2 1 + x

(17)

Fig. 9 shows the function, f(v), together with the normalized function, forg(x).
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Fig. 9. The function f(v) before normalization and the normalized function, forg(x)

5.2. Processing
For the processing part, the sub-functions are developed according to the description in Section
2.4. Developing the coefficient c1 is made with two aspects in mind: the error distribution of the
approximation, and the simplicity of the hardware implementation. The number of intervals that
the second sub-function, s2(x), needs to be divided into, to achieve the intended accuracy, has also
to be taken into account when performing the calculation of the error. Fig. 10 shows the resulting
minimum number of bits of accuracy for the logarithm function when using 1, 2, 4 and 8 intervals
in the second sub-function, s2(x).
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Fig. 10. The bit accuracy depending on c1 for 1, 2, 4 and 8 intervals in the second sub-function, s2(x), of the
logarithm

The needed accuracy for the implementation was set to 15 bits and the distribution of the error
shall be similar to a normal distribution. Fig. 10 shows that using 4 or 8 intervals will fulfill the
accuracy demand with some specific ranges of coefficient, c1. The requirement to have a
distribution of the error that is similar to the normal distribution implies that using 8 intervals
would be advantageous since this will give greater margin when developing the second sub-
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function, s2(x). Fig. 10 shows that using 8 intervals in the second sub-function will allow the
coefficient c1 to be 0, which in turn will imply that the hardware in the first sub-function, s1(x), is
reduced, as shown in (18).
s1 x = x + c1  x – x

2

= x+0 x–x

2

(18)

= x

The help function, fhelp(x), is computed as shown in (19).
log 2 1 + x
f org x
f help x = ---------------- = --------------------------s1 x
x

(19)

Fig. 11 shows the help function, fhelp(x).
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Fig. 11. The help function, fhelp(x), for the approximation of the logarithm

From the help function, fhelp(x), an initial second sub-function, s2(x), is developed according to
the description in Section 2.3 using 8 intervals.
When the initial second sub-function, s2(x), is developed, the next task is to achieve a distribution
of the error similar to the normal distribution, which is performed as described in Section 4.
Table 1 to Table 3 show the developed coefficients in (12) for 8 intervals.
Table 1 shows the coefficients for the initial value, l2,i, for each interval, i, in (12).
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TABLE 1: Coefficients l2,i

Coefficient

Value

l2,0

1.44268798828125000dec
1.01110001010101000bin

l2,1

1.35939788818359375dec
1.01011100000000011bin

l2,2

1.28771209716796875dec
1.01001001101001111bin

l2,3

1.22514343261718750dec
1.00111001101000110bin

l2,4

1.16991424560546875dec
1.00101011011111111bin

l2,5

1.12069702148437500dec
1.00011110111001100bin

l2,6

1.07646942138671875dec
1.00010011100100111bin

l2,7

1.03644561767578125dec
1.00001001010101001bin

Table 2 shows the coefficients for the gradient, j2,i, for each interval, i, in (12).
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TABLE 2: Coefficient j2,i

Coefficients

Value

j2,0

-0.089294433593750dec
-0.000101101101110bin

j2,1

-0.076629638671875dec
-0.000100111001111bin

j2,2

-0.066589355468750dec
-0.000100010000110bin

j2,3

-0.058471679687500dec
-0.000011101111100bin

j2,4

-0.051849365234375dec
-0.000011010100011bin

j2,5

-0.046447753906250dec
-0.000010111110010bin

j2,6

-0.041900634765625dec
-0.000010101011101bin

j2,7

-0.038085937500000dec
-0.000010011100000bin

It can be seen from Table 2 that the three most significant bits after the binary point in the binary
representation of the coefficients are zeros. As a result of this, the word length of the coefficients
can be reduced from 15 bits to 12 bits.
Table 3 shows the coefficients for the parabolic part, c2,i, for each interval, i, in (12).
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TABLE 3: Coefficients c2,i

Coefficient

Value

c2,0

-0.0060424804687500dec
-0.0000000110001100bin

c2,1

-0.0049438476562500dec
-0.0000000101000100bin

c2,2

-0.0040435791015625dec
-0.0000000100001001bin

c2,3

-0.0032501220703125dec
-0.0000000011010101bin

c2,4

-0.0026397705078125dec
-0.0000000010101101bin

c2,5

-0.0022277832031250dec
-0.0000000010010010bin

c2,6

-0.0018920898437500dec
-0.0000000001111100bin

c2,7

-0.0016479492187500dec
-0.0000000001101100bin

It can be seen from Table 3 that the seven most significant bits after the binary point in the binary
representation of the coefficients are zeros. As a result of this, the word length of the coefficients
can be reduced from 16 bits to 9 bits.
When developing the algorithm for the approximation, it is an interaction between the word
lengths and the values of the coefficients in the architecture. The word lengths of the coefficients
and the data paths in the design are shown in Fig. 12.
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Fig. 12. The hardware architecture of the implementation of the logarithm, with the word lengths

In the process of truncating words in the design and the optimizing coefficients, the size and
distribution of the error is analyzed and adjusted. Fig. 13 shows the error of the final
implementation compared to the error before the truncation of the word lengths in the design and
optimization of the coefficients.
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Fig. 13. The error of the implementation of the logarithm before and after truncation and coefficient optimization

It can be seen that the error is fairly equal over the interval.
Fig. 14 shows the absolute error of the implementation. It shows that the implemented
approximation well meets the requirement of an accuracy of about 15 bits.
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When optimizing the coefficients, the intention has been to achieve a normal distribution of the
error. Such a distribution is beneficial in the calculations in most algorithms. Fig. 15 shows the
distribution of the error in the final, optimized implementation.
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Fig. 15. The error distribution of the implemented approximation

Fig. 15 shows a very high resemblance with the normal distribution.
Table 4 shows the error statistics of the implementation.
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TABLE 4: Error statistics

Value

Expressed
in bits

Max absolute error

0.000015897615

>15

Mean error

0.000000019483

>25

Median error

-0.000000025005

Standard deviation of error

0.000004737796

Root Mean Square error

0.000004737692

The conclusion from Table 4 is that the maximum absolute error corresponds to an accuracy of
more than 15 bits. The mean error is very small and the median confirms that the error distribution
is not skewed. When comparing the standard deviation value with the root mean square value, it
can be seen that the values are nearly identical. The resemblance confirms that the error of the
approximation is symmetrically distributed.
5.3. Postprocessing
No postprocessing is needed since the result from the processing part is in the right format.

6. Comparing methodologies
This section compares implementations of the logarithm using two different methodologies; on
the one hand the Parabolic Synthesis methodology, where the accuracy is decided with the
number of sub-functions, and on the other hand, the Harmonized Parabolic Synthesis
methodology, where the accuracy is decided with the number of intervals. The comparison will be
performed in terms of chip area, critical path delay and power consumption. Both
implementations are performed with the same bit accuracy and so that the error is asymptotically
normally distributed.
The methodologies are implemented in their basic versions, without features like pipelining. The
implementations are realized as an ASIC with a 65nm Standard-VT (1.2V) technology. Synopsys
Design Compiler [18], Synopsys Primetime [19] and Mentor Graphics Modelsim [20] are used
for all implementations.
The comparison is performed for an approximation of the 2 logarithm of a mantissa in the range
from 1 through 2. The required accuracy for the implementation is set to 15 bits.
The results of the implementation carried out with the Parabolic Synthesis are based on [10] after
a redesign without bonding pads. The results for chip area, path delay, and energy consumption
per sample are shown in the upper entry of Table 5. In [10] four sub-functions were used in the
architecture. Unfortunately, in the implementation performed with Parabolic Synthesis in [10], no
optimization of the word lengths was performed; therefore longer word lengths than needed were
used in the design (in some parts of the design the word lengths could have been nearly halved).
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This yields an impact on the chip area and, to some extent, on the critical path delay of the design.
Hence the parameters such as chip area, critical path delay and power consumption are somewhat
larger than they need to be. For the implementation using Harmonized Parabolic Synthesis [21]
eight intervals are used in the second sub-function. In this case, optimization of the word lengths
in the design was fully performed. The results of the implementation are shown in the lover entry
of Table 5.
TABLE 5: Comparison of chip area, critical path delay and energy consumption per sample.

Methodology

Implemented
Function

Chip Area

Critical Path
Delay

Energy
Consumption
per Sample

Parabolic
Synthesis

log(x)

100%
16258 Pm2

100%
21 ns

100%
0.065 nW

Harmonized
Parabolic
Synthesis

log(x)

30%
4865 Pm2

33%
7 ns

9%
0.0061 nW

The conclusion from Table 5 is that the Harmonized Parabolic Synthesis is clearly superior to
Parabolic Synthesis. The chip area is reduced with 70%, mainly because Parabolic Synthesis
requires four sub-functions whereas Harmonized Parabolic Synthesis only needs two. To some
extent also the not fully performed optimization of the Parabolic Synthesis implementation affects
its performance. With full optimization the chip area for the Parabolic Synthesis is estimated to be
reduced with roughly 10%. In computation speed the Harmonized Parabolic Synthesis is 3 times
faster. This is primarily due to that the implementation performed with Parabolic Synthesis in the
critical path has more and larger multipliers. The smaller chip area and the shorter critical path of
the Harmonized Parabolic Synthesis methodology results in an 11 times lower energy
consumption for the Harmonized Parabolic Synthesis.

7. Conclusion
This paper has described the Harmonized Parabolic Synthesis methodology for developing
approximations in hardware of unary functions, such as trigonometric functions, logarithm
functions, exponential functions and square root. The methodology is mainly intended for
computation intensive applications in, e.g., computer graphics, digital signal processing,
communication systems, robotics, astrophysics and fluid physics, as well as in many other
application areas. An emerging computation intensive application that serves as a strong
motivating example is wireless communications systems with multiple antennas on the
transmitter and receiver, known as Multiple-Input Multiple-Output (MIMO). An essential part of
the computation in these systems is performed when computing matrix inversions, which are
often executed as QR decompositions in which very high throughput is needed. The QR
decomposition algorithm mainly requires approximations of trigonometric functions, roots and
inverses. For these computation demands the Harmonized Parabolic Synthesis with its benefits in
terms of small chip area, short critical path and low energy consumption is most favorable.
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When going from Parabolic Synthesis to Harmonized Parabolic Synthesis, the major
attractiveness lies in how increasing the accuracy is done. In Parabolic Synthesis the way to
increase accuracy of the approximation is to introduce more sub-functions. In Harmonized
Parabolic Synthesis, which only uses two sub-functions, it is instead done by increasing the
number of intervals in the second sub-function. The effect of this is that, with increasing accuracy,
the resulting chip area, critical path delay, and energy consumption will show a much slower
increase than for Parabolic Synthesis. The Harmonized Parabolic Synthesis also has more
extensive opportunities to handle truncation effects and to achieve a desired distribution of the
error. The use of second-degree interpolation in the second sub-function also has the positive
effect that the range of functions that can be approximated is significantly expanded compared to
when only using Parabolic Synthesis.
The architecture based on Harmonized Parabolic Synthesis is, like the one based on Parabolic
Synthesis, very suitable for pipelining. Further, both architectures can easily be reused for
approximations of other unary functions by simply changing the set of coefficients.
When analyzing the hardware architecture for implementation of the logarithm, it was found that
Harmonized Parabolic Synthesis reduced the complexity of the architecture significantly, over
Parabolic Synthesis.
When analyzing the characteristics of the error for the implementation of the logarithm, it was
found that the Harmonized Parabolic Synthesis has a mean error that is near zero and a median
that is zero or near zero. This implies that only a minimum of skewness is present in the error
distribution and that the difference between the standard deviation and the root mean square value
is very small, which in turn guarantees that the error is evenly distributed.
To get an indication of the implementation performance of the Harmonized Parabolic Synthesis, it
has been compared to an implementation carried out with the Parabolic Synthesis. The
comparison shows that approximations with the Harmonized Parabolic Synthesis methodology
results in a chip area that is smaller than with Parabolic Synthesis. The throughput is also higher,
and the energy consumption per sample is almost ten times lower.
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Abstract
In applications as in future MIMO communication systems a massive computation of complex
matrix operations, such as QR decomposition, is performed. In these matrix operations, the
functions roots, inverse and inverse roots are computed in large quantities. Therefore, to obtain
high enough performance in such applications, efficient algorithms are highly important. Since
these algorithms need to be realized in hardware it must also be ensured that they meet high
requirements in terms of small chip area, low computation time and low power consumption.
Power consumption is particularly important since many applications are battery powered.
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For most unary functions, directly applying an approximation methodology in a straightforward
way will not lead to an efficient implementation. Instead, a dedicated algorithm often has to be
developed. The functions roots, inverse and inverse roots are in this category. The developed
approaches are founded on working in a floating-point format. For the roots functions also a
change of number base is used. These procedures not only enable simpler solutions but also
increased accuracy, since the approximation algorithm is performed on a mantissa of limited
range.
As a summarizing example the inverse square root is chosen. For comparison, the inverse square
root is implemented using two methodologies: Harmonized Parabolic Synthesis and NewtonRaphson method. The novel methodology, Harmonized Parabolic Synthesis (HPS), is chosen
since it has been demonstrated to provide very efficient approximations. The Newton-Raphson
(NR) method is chosen since it is known for providing a very efficient implementation of the
inverse square root. It is also commonly used in signal processing applications for computing
approximations on fixed-point numbers of a limited range. Four implementations are made; HPS
with 32 and 512 interpolation intervals and NR with 1 and 2 iterations. Summarizing the
comparisons of the hardware performance, the implementations HPS 32, HPS 512 and NR 1 are
comparable when it comes to hardware performance, while NR 2 is much worse. However, HPS
32 stands out in terms of better performance when it comes to the distribution of the error.

Index Terms
Approximation, unary functions, elementary functions, arithmetic computation, root, inverse,
inverse roots, harmonized parabolic synthesis, Newton-Raphson method.

1. Introduction
For most unary functions, directly applying an approximation methodology in a straightforward
way will not lead to an efficient implementation. Instead, a dedicated algorithm often has to be
developed.
The functions roots, inverse and inverse roots are computed in large quantity in many complex
matrix operations, such as QR decomposition, why these functions are particularly interesting. In
applications such as future MIMO communication systems [1] a massive computation of these
functions are needed. Therefore, to obtain high enough performance in such applications, efficient
algorithms are highly important. Since these algorithms need to be implemented in hardware it
must also be ensured that they meet high requirements in terms of small chip area, low
computation time and low power consumption. Among these, low power consumption is
particularly important, since many applications are battery powered.
The remaining part of this paper is organized as follows: Section 2 describes the algorithms for
the functions roots, inverse, and inverse roots; Section 3 presents the implementation of the
inverse square root function using two approximation methods, the Harmonized Parabolic
Synthesis method and the Newton-Raphson method; Section 4 presents the results of the
implementations in terms of both physical characteristics and error characteristics, and Section 5
contains a comparative discussion of the implementations. The comparison is made with respect
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to chip area, critical path delay, power consumption and error distribution; Section 6 closes the
paper with conclusions.

2. Algorithms for roots, inverse, and inverse roots
For the functions roots, inverse and inverse roots, algorithms have been developed founded on
using floating-point numbers. Commonly, algorithms for these functions are developed founded
on using fixed-point numbers. Note that the algorithms are developed without regard to a specific
approximation methodology. The format of the floating-point numbers used in the algorithms is
simplified compared to the IEEE standard for floating-point arithmetic (IEEE 754). The floatingpoint number format is customized for hardware implementation. The floating-point number
consists of a mantissa with the range from 1 to  2 and an exponent where the exponent is a
scaling of the mantissa. By using floating-point numbers as an internal representation the
computation can be divided into separate parts for the mantissa and the exponent. This will reduce
the complexity since the approximation is performed on a mantissa of limited range, and the
computation of the exponent is a very simple operation. In Table 1 a conversion of a fixed-point
number into a floating-point number in base 2 is shown.
TABLE 1: Conversion from fixed-point into floating-point in base 2

Base 10

387

Fixed-point Base 2

0000000110000011

Exponent

0 0 0 0 0 0 0110000011

Index

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

Floating-point Base 2

1.100000110000000·28

As shown in Table 1, the index of the exponent is given by the most significant 1 in the fixedpoint number, which is 8 in this case. In the last line of Table 1 the floating-point number is
shown, in which the mantissa is scaled by the exponent.
When computing the function on the mantissa this is performed as an approximation. As shown in
Fig. 1 the mantissa of the floating-point number is the input v to the approximation and z is the
output from the approximation.
Mantissa
Input v
v
Approximation
Output z
z
Mantissa

Fig. 1. Block diagram of input and output of the approximation.
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2.1. Algorithms for computing roots
Besides that the algorithms for computing roots is founded on floating-point numbers it is also
based on changing the number base of the exponent. The number base used when performing an
approximation of a root depends on the order, d, of the root. The base used in the approximation is
2d. Although the number base is changed, the binary number base is retained in the representation
of the mantissa. The algorithms computing roots can therefore only compute roots of order d,
where d is a natural number. The purpose of changing number base is that after computing the
root the base of the exponent always will be 2, as shown in (1).
d

d

(1)

2 = 2

As shown in (2) the mantissa consists of d integer bits M and h fractional bits m.
(2)

M d – 1 ---M 0 .m – 1 m –2 ---m –h

The range of the mantissa will be 1 d mantissa  2d.
2.1.1. Algorithm for computing the square root
When computing the square root d = 2, which gives that the floating-point uses an exponent with
base 4. Table 2 shows a conversion from a fixed-point number in number base 2 into a floatingpoint number with exponent base 4 and binary number representation of the mantissa.
TABLE 2: Conversion from fixed-point in base 2 into floating-point in base 4

Base 10

387

Fixed-point Base 2

0000000110000011

Exponent
Index

00 00 00 01 10 00 00 11
7 6 5 4 3 2 1 0

Floating-point Base 4

01.10000011000000·44

As shown in Table 2 when deciding the index of the exponent the fixed-point number in number
base 2 is transformed into sequential pairings of number base 2 digits. In Table 2 the most
significant pair of digits is found for index 4. The pair of digits for index 4 is the integer bits in the
mantissa and the remaining pairs of digits are the fractional bits of the mantissa. In the last line of
Table 2 the floating-point number in number base 4 is shown.
The computation to perform when computing the square root, z, is shown in (3).
z =

M 1 M 0 .m –1 m – 2 ---m – h  4

index

(3)

In (4), (3) is simplified to get the exponent in number base 2.
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z =

M 1 M 0 .m –1 m – 2 ---m – h  2

index

(4)

As shown in (4), computing the exponent is made through a simple change of number base.
When computing the approximation of the square root, this is performed only on the range 1 d v 
4, as shown in Fig. 2.
2

z

1.5

1

0.5

0
1

2

3

4

v

Fig. 2. The square root function.

A summary of the algorithm for computing the square root function is shown in the block diagram
in Fig. 3.
Floating-point Base 4
Mantissa
Range 1 d v < 4

Exponent

Approximation
Range 1 d z < 2

Mantissa
Range 1 d z < 2
Floating-point Base 2

Exponent

Fig. 3. Block diagram of the square root algorithm.

As shown in Fig. 3 the starting point is a floating-point number in number base 4. The exponent
and mantissa are computed separately. When computing the exponent the number base is changed
from 4 to 2 without changing the index. When computing the mantissa it is assumed that the
incoming mantissa is in the number base 4. On the incoming mantissa an approximation of the
square root function is performed. After the approximation the result z is in the range 1 d z  2
which is the desired range of the mantissa with the number base 2.
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2.2. Algorithms for computing the inverse
The algorithms for computing the inverse is also founded on using floating-point number.
The computation to perform to compute the inverse, z, is shown in (5).
1
z = --------------------------------------------------------------index
M 0 .m – 1 m – 2 ---m – h  2

(5)

In (6), (5) is simplified to get the exponent in the numerator, thus with negative index.
– i ndex
1
z = ---------------------------------------------  2
M 0 .m – 1 m –2 ---m –h

(6)

As shown in (6), when computing the exponent only the sign of index is changed.
The approximation of the inverse is performed in the range 1 d v  2, as shown in Fig. 4.
1

0.8

z

0.6

0.4

0.2

0

1

1.2

1.4

1.6

1.8

2

v

Fig. 4. The inverse function.

A summary of the algorithm for computing the inverse function is shown in the block diagram of
Fig. 5.
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Floating-point Base 2
Mantissa
Range 1 d v < 2

Exponent

Approximation
Range 0.5 < z d 1

Exponent
Change sign exponent
if z < 1
then (exponent -1)

Mantissa
Range 0.5 < z d 1
if z < 1
then (mantissa·2)
Floating-point Base 2

Fig. 5. Block diagram of the inverse algorithm.

As shown in Fig. 5 the starting point is a floating-point number. The exponent and mantissa are
computed separately. When computing the exponent the sign of the index is changed and
subtracted with 1 depending on the result of the approximation. When computing the mantissa the
range after approximation is 0.5  z d 1. This implies that when z  1 a multiplication with 2 has
to be performed on the mantissa.
2.3. Algorithms for computing inverse roots
The algorithm for computing inverse roots is combining the algorithms for roots and inverse
described in Section 2.1 and 2.2.
The computation to perform to compute the inverse, z, is shown in (7).
1
z = -----------------------------------------------------------------------------------------------d  i ndex
d M
d – 1 ---M 0 .m – 1 m – 2 ---m – h  2

(7)

As shown in (7) the inverse root d is performed on a floating-point number with the number base
2d and in binary number representation. As shown in (7) the mantissa consist of d integer bits M
and fractional bits m where h is the number of bits used in the fractional part.
In (8), (7) is simplified to get the exponent in the numerator, thus in base 2 with negative index.
– d  i ndex
1
z = -----------------------------------------------------------------------  2
d M
---M
.m
m
---m
d–1
0 –1 –2
–h

(8)

As shown in (8), when computing the exponent only the sign of index is changed. Since the
integer part of the mantissa always has to be 1 or larger the range of the mantissa will be 1 d
mantissa  2d.
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When computing the approximation of the inverse square root, this is performed only on the range
1 d v  4, as shown in Fig. 6.
1

0.8

z

0.6

0.4

0.2

0

1

2

3

4

v

Fig. 6. The inverse square root function.

A summary of the algorithm for computing the inverse square root function is shown in the block
diagram of Fig. 7.
Floating-point Base 4
Mantissa
Range 1 d v < 4

Exponent

Approximation
Range 0.5 < z d 1

Exponent
Change sign exponent
if z < 1
then (exponent -1)

Mantissa
Range 0.5 < z d 1
if z < 1
then (mantissa·2)
Floating-point Base 2

Fig. 7. Block diagram of the inverse square root algorithm.

As shown in Fig. 7 the starting point is a floating-point number. Also as shown in Fig. 7 the
exponent and mantissa are computed separately. When computing the mantissa the range after
approximation is 0.5  z d 1. A special case is when z 1, since then the mantissa in the
appropriate format. In most cases, however, when z  1 a multiplication with 2 has to be
performed to get the mantissa in the appropriate format. When computing the exponent, initially
the sign of the index is changed. Depending on the result when computing the approximation of
the mantissa, when z 1 the exponent remains untouched whereas when z  1 the exponent is
subtracted with 1.
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3. Implementations of the inverse square root
As a summarizing example of the three algorithms described the implementation of the inverse
square root is chosen. It is chosen since it includes both the square root and the inverse described
in this paper. For comparison the inverse square root is implemented using two methodologies:
Harmonized Parabolic Synthesis [2] and Newton-Raphson method [3] [4]. The novel
methodology, Harmonized Parabolic Synthesis is chosen since it has been demonstrated to
provide very efficient approximations. The Newton-Raphson method is chosen since it is known
for providing a very efficient implementation of the inverse square root. It is also commonly used
in signal processing applications for computing approximations on fixed-point numbers of a
limited range. To facilitate the correct evaluation of the two methodologies the distribution of the
error for both is set to be a normal distribution.
When implementing the inverse square root algorithm, only an approximation on the mantissa of
the floating-point number is implemented. This is namely the only part that is different for the two
implementations. The approximation is performed in the interval from 1.0 to nearly 4.0. The input
to the approximation is a 15 bit fixed-point number and the output is also a fixed-point number
with a target accuracy of 15 bits and with a normal distributed error. A bit-accurate MatLab model
has been developed for simulations of the approximations and when for analysis of the
performance of the approximations.
The implementations are performed as an ASIC with a ST Microelectronics 65nm General
Purpose Standard-VT (1.1V) technology. For all implementations Synopsys Design Compiler [5],
Synopsys Primetime [6] and Mentor Graphics Modelsim [7] are used.
3.1. Implementation using the harmonized parabolic synthesis methodology
The Harmonized Parabolic Synthesis methodology is founded on multiplication of two factors,
both in the form of second-order parabolic functions, called the first sub-function, s1(x), and the
second sub-function, s2(x). When recombined, as shown in (9), they approximate the original
function forg(x).
f org x | s 1 x  s 2 x

(9)

The first sub-function, s1(x), is shown in (10).
s1 x = x + c1  x – x

2

(10)

In (10), the coefficient c1 determines the amplitude of the non-linear part. The second subfunction, s2(x), is developed as a second-degree interpolation, as shown in (11), where the number
of intervals in the interpolation decides the order of the accuracy of the approximation.
2

s 2 x = l 2 i + j 2 i  x w – c 2 i  x w

(11)
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In (11), the coefficient l2,i is the starting point of an interval, coefficient j2,i is the sum of the
coefficients of the linear and non-linear parts and c2,i is the coefficient of the non-linear part. To
simplify the coding of the interval number, i, in hardware, the number of equal-range intervals in
the second sub-function are chosen as 2 to the power of w, where w is a natural number.
To facilitate the hardware implementation of the inverse square root, a normalization to satisfy the
criterion that the values are in the interval 0dx 1.0 on the x-axis and 0dy 1.0 on the y-axis
has to be performed. As shown in Fig. 8 the inverse square root function, f(v), is in the interval 1.0
dv 4.0 on the v-axis and 1dy 0.5 on the f(v)-axis. This means that a transformation on the
function f(v) has to be performed to generate the normalized function, forg(x), as shown in Fig. 8.
1

1
f v = -----v

f(v), forg(x)

0.75

0.5

2
f org x = ------------------- – 1
3x + 1
0.25

0

0

0.5

1

1.5

2
v, x

2.5

3

3.5

4

Fig. 8. The function f(v) before normalization and the normalized function, forg(x).

To move the function f(v) which is in the interval 1.0dv 4.0 into the normalized interval on the
x-axis 0dx 1.0 is carried out by the substitution of v = 3x + 1. The developed expression of the
preprocessing function is shown in (12).
v–1
x = ----------3

(12)

After the substitution the function f(v) also has to be moved into the normalized interval 0dy 
1.0 on the y-axis. As shown in (13) initially the function has to be multiplied with 2 and then
subtracted with 1 achieve the normalized function, forg(x).
1
2
f org x = -------------------  2 – 1 = ------------------- – 1
3x + 1
3x + 1

(13)

The result y from the processing part is in the interval 0dy 1.0 and the desired output z from the
approximation shall be in the interval 0.5z d1.0. A transformation of y is therefore needed. As
shown in (14), initially 1 is added to y which gives an offset of 1. To get the result into the desired
interval is has to be divided with 2 as shown in (14). The developed expression of the postprocessing function is shown in (14).
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y+1
z = -----------2

(14)

As shown in Fig. 8 the original function, forg(x), starts in (0.0,1.0) and ends in (1.0,0.0). x has
therefore to be substituted with 1-x as shown in (15). The result after the substitution is also
shown in (15).
s1 x = 1 – x + c1 

2

1–x – 1–x

1 – x + c 1  1 – x – 1 – 2x + x
1 – x + c1  x – x

2

=

(15)

=

2

The only modification needed of (10) is to replace x with 1 - x. As shown in (15) will this only
affect the linear part, while the non-linear part remains unchanged.
When proceeding in the development of the algorithm of the processing stage the coefficients in
(15) and (11) have to be decided but before that the number of intervals needed in (11) also have
to be decided. The foundation of the Harmonized Parabolic Synthesis methodology is to approach
the development with a holistic view. This is done by developing the two sub-functions
simultaneously. When developing an approximation of an original function the first and second
sub-functions are looked upon as one device. The methodology is to develop the first sub-function
in such a way that the product of the two sub-functions gives a good conformity to the original
function. The approach when developing the first sub-function, s1(x), is not based on independent
analytical calculations since it is dependent on the performance of the second sub-function, s2(x).
Therefore, the coefficient c1 in the first sub-function has to be determined by, for different values
of the coefficients, calculating the maximum absolute error, ferror(x), between the approximation
and the original function according to (16).
f error x = s 1 x  s 2 x – f org x

(16)

To perform the calculation of the absolute error, ferror(x), the second sub-function, s2(x), has to be
made dependent on the coefficient c1 in the first sub-function, s1(x) as shown in [2]. The
calculation is interesting only as an indication of how the absolute error, ferror(x), depends on the
coefficient c1. When choosing the coefficient c1 it has to be made with regard to both the
characteristics of the error and the efficiency of the hardware implementation. The number of
intervals in the second sub-function, s2(x), needs to be increased to achieve the intended accuracy;
this has also to be taken into account when performing the calculation of the error. In Fig. 9 the bit
accuracy for the inverse square root function is shown when using 2, 4, 8, 16 and 32 intervals in
the second sub-function, s2(x) with different values of the coefficient, c1.

11

18
32

16

15 bit

Bits of Accuracy

14

16

12
8
10
4
8
2
6
4
-0.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

c1

Fig. 9. The bit accuracy depending on c1 for 2, 4, 8, 16 and 32 intervals in the second sub-function, s2(x).

Values of the accuracy in bits for c1 values less than -0.5 are not shown since the results are not
defined because of divisions by numbers near 0 when performing the calculations. Based on Fig.
9, values of the coefficient c1 are chosen to allow an efficient implementation of the hardware. As
shown in (15), c1 is fed into a multiplier; therefore choosing a value that is a power of two is
desirable. In Fig. 9, the desired accuracy at 15 bit as indicated. To accomplish this, at least 32
intervals are necessary. As shown in Fig. 9, choosing c1 = 0.0 for 32 intervals is interesting since
this will exclude the multiplication in (15) and thereby reducing the hardware. In the
implementation study presented later in this paper, we have also included a design with more than
32 intervals. With higher number of intervals the internal word lengths in the architecture can be
shortened. Thereby it is possible to improve chip area and speed in a design. Table 3 shows
preliminary study of chip area and critical path delay dependent of the number of intervals.
TABLE 3: Preliminary study of the dependensy of the number of intervals in the design

Number of Intervals

Chip Area

Critical Path Delay

32

16300 Pm2

4.3 ns

64

15700 Pm2

4.2 ns

128

15900 Pm2

4.3 ns

256

17600 Pm2

4.1 ns

512

19500 Pm2

3.9 ns

Since the implementation using 512 intervals in Table 3 is the fastest and that the increase in chip
area is relatively small, it was used in this survey.
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3.1.1. Architecture
As a comparison, two implementations have been made, one with 32 intervals and one with 512
intervals.
Finding the optimal set of coefficients can be done as an iterative procedure starting from an
initial set. After deciding the initial coefficients in the first and second sub-function the next step
is to optimize the architecture. The method for the optimization is to decide the word lengths used
in the architecture and to optimize the coefficients. The optimization is performed in an iterative
trial and error manner. The evaluation of different coefficient values should be performed in
parallel with the evaluation of the word length, since the truncation error effects have impact on
the performance of calculations in the design. The strategy is to adjust coefficients and word
lengths in the design for best accuracy and distribution of the error. The values of the coefficients
are specified in [8].
In practice, the simulation of the approximation is performed with a bit-accurate C model and the
performance of the approximation is analyzed in MatLab.
The architecture consists of the three parts, preprocessing, processing, and post-processing. The
preprocessing and the post-processing are implementations of (12) and (14) whereas the
processing is implemented as an approximation of (13). Pre- and postprocessing are not
influenced by the number of intervals used in the processing part.
Preprocessing
The preprocessing part is implemented according to (12), as shown in Fig. 10. In Fig. 10 c = 1/3.
1

c
c1

-

v

x
v2

v1

x1

Fig. 10. The preprocessing stage with word lengths annotated with names.

After optimization, the word lengths of the data paths in the preprocessing are as shown in Table
4.
TABLE 4: The word lengths in the preprocessing stage

Data path

Word length

v1

15

v2

15

c1

14

x1

16

13

Processing
The implementation of the processing part is made as a product of the first sub-function (15) and
second the sub-function (11). Since the coefficient c1 = 0.0 the first sub-function is reduced to 1 x as shown in Fig. 11.
x

x1

xs
xw

xw

x2
c2,i
l2,i
j2,i

i

x2

s1(x)

1

c2

y
y1

cx

l2

s2(x)

jx

j2

lj

ljc

i1

xw

xw

Fig. 11. The processing stage with word lengths annotated with names.

After optimization in the way described above, the word lengths of the data paths of the
implementations with 32 and 512 intervals, described in Fig. 11, are as shown in Table 5.
TABLE 5: The word lengths in the processing stage for both 32 and 512 intervals

Word

length

Data path

32 intervals

512 intervals

x1

16

16

xs

17

17

xw

11

7

x2

12

5

i1

5

9

c2

9

9

cx

11

6

l2

18

17

j2

13

10

jx

14

9

jl

18

17

jlc

18

18

y1

16

16

14

Postprocessing
The postprocessing part is implemented according to (14), as shown in Fig. 12. Note that the
division with 2 in (14) was replaced with one right shift. The word lengths of the data paths in Fig.
12 are as shown in Table 6.
1

y

z
z1

y1

>>

z2

Fig. 12. The postprocessing stage with word lengths annotated with names.

TABLE 6: The word lengths in the postprocessing stage for both 32 and 512 intervals

Data path

Word length

y1

16

z1

17

z2

18

3.2. Implementation using the Newton-Raphson method
The Newton-Raphson method is a method to find a root of an arbitrary function, f(y) = 0,
numerically. Successively, through iterations, the method finds an increasingly accurate
approximation. The general iteration formula for the Newton-Raphson method is shown in (17).
f yi – 1
y i = y i – 1 – ------------------f c yi – 1

(17)

In (17), i is the index for the iteration and the iteration is initiated by a presupplied guess y0. To
perform iteration the derivative in (17) must meet the condition that f c(y) z 0.
Initially the function to perform the approximation of the inverse square root of v is developed. In
(18) the expression to the function in (19) is developed.
1
1 2
1
1–v = 0
y i – 1 = ------  v = -----------  v = § -----------·  ---------© y i – 1¹
yi – 1
y i2– 1
v

(18)

1
1
-–v
f § ------· = ---------© v¹
y i2– 1

(19)

In (20) is the derivative (19) computed.

15

2
1
f c §© ------·¹ = – ---------y i3– 1
v

(20)

With (19) and (20) inserted in (17) the iteration formula is developed in (23).
3 – v  y i2– 1
y i = --------------------------2

(21)

The iterations in the Newton-Raphson method are initiated by a presupplied guess of y0. To
improve the convergence, thus reducing the number of iterations, the guess should be as close as
possible to the actual result. To accomplish this, a look-up table storing initial values is used.
Where the addressing is done through using the operand v.
The strategy used for determining the initial values stored in the look-up table is illustrated in Fig.
13.
1.0

0.9

y

0.8

Guess
0.7

1
-----x

0.6

0.5
1.0

1.5

2.0

2.5
v

3.0

3.5

4.0

Fig. 13. The target function together with the strategy for the initial values.

The strategy is trying to solve several problems. As shown in Fig. 13, the range width within
which an initial value is valid depends on the slope of the function on which the approximation is
performed. The steeper the slope the shorter the range within which an initial value is valid. This
is to get a uniform convergence of the different intervals. Besides this, the initial values in the
look-up table are situated both above and below the function. This accomplishes both that the
convergence is improved and that the error is distributed around zero.
A drawback with this strategy is that when the input v = 1 the output y z 1. To solve this the initial
value y = 1 is stored in the look-up table when v = 1.
3.2.1. Architecture
To investigate the influence of the number of iterations on an implementation, two
implementations have been made, one using one iteration and one using two. Also for these
implementations the desired accuracy was 15 bit. After optimization in the way described above,
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it was found that the implementation using one iteration needs 95 entries and the implementation
using two iterations needs 14 entries.
One iteration
The algorithm to implement is shown in (21), giving the architecture shown in Fig. 14. The size of
the look-up table (LUT) is 95 initial values.
l1

x2

LUT

lv

l2

v

s3

-

>>

z
d2

z1

3

v1

Fig. 14. The processing stage with word lengths annotated with names.

After optimization, the word lengths of the data paths marked in Fig. 14 are as shown in Table 7.
TABLE 7: The word lengths in the implementation using one iteration

Data path

Word length

v1

15

l1

15

l2

16

lv

19

s3

19

d2

19

z1

18

Two iterations
The second implementation, uses two iterations of (21) and has a look-up table (LUT) with 14
initial values, as shown in Fig. 14.
l1

x2

LUT

l2

lv

v

s3

-

>>

d2

3

v1

i1

x2

i2

iv

m3

-

>>

z
q2

z2

3

Fig. 15. The processing stage with word lengths annotated with names.
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After optimization, the word lengths of the data paths marked in Fig. 15 are as shown in Table 8.
TABLE 8: The word lengths in the implementation using two iterations

Data path

Word length

v1

15

l1

16

l2

16

lv

16

s3

16

d2

16

i1

16

i2

17

iv

17

m3

18

q2

18

z2

17

4. Results
In this section the results of the implementations of the inverse square root using the Harmonized
Parabolic Synthesis methodology and the Newton-Raphson method are described. Four
implementations are made, two following the Harmonized Parabolic Synthesis methodology
using 32 and 512 intervals, respectively, and two following the Newton-Raphson method with
one and two iterations, respectively. We consider only the results of the approximation of the
mantissa. The characteristics and distribution of the error are compared with respect to maximum
error, symmetric distribution around zero and narrow gravity center around zero of the
distribution. The implementation aspects are compared with respect to chip area, critical path
delay and power consumption.
4.1. Characteristics and distribution of the error
The characteristics and the distribution of the error are studied in the interval from 1.0 to nearly
4.0.
4.1.1. The harmonized parabolic synthesis methodology using 32 intervals
Fig. 16 shows the distribution of the error of the implementation using the Harmonized Parabolic
Synthesis methodology with 32 intervals in the second sub-function.
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Fig. 16. Distribution of the error of the design based on the Harmonized Parabolic Synthesis methodology with 32
intervals.

As shown in Fig. 16, the error is evenly distributed around zero, which is confirmed by the related
histogram of the distribution of the error in Fig. 17. The distribution is well centered around zero,
which is an advantageous characteristic for the following calculations in an algorithm. The
advantageous characteristics of the error are confirmed in Table 9 later in this section by the fact
that the standard deviation and the root mean square value are equal.
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Fig. 17. Histogram of the distribution of the error of the design using the Harmonized Parabolic Synthesis methodology with 32 intervals.

4.1.2. The harmonized parabolic synthesis methodology using 512 intervals
Fig. 18 shows the distribution of the error of the implementation using the Harmonized Parabolic
Synthesis methodology with 512 intervals in the second sub-function.
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Fig. 18. Distribution of the error of the design using the Harmonized Parabolic Synthesis methodology with 512
intervals.

Again, as shown in Fig. 18 the error is evenly distributed around zero. This is also confirmed by
the related histogram in Fig. 19.
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Fig. 19. Histogram of the distribution of the error of the design using the Harmonized Parabolic Synthesis methodology with 512 intervals.

Fig. 19 shows a triangle-like shape of the distribution of the error around zero. This indicates a
synthesis of two rectangular error distributions, probably from the two look-up tables l2,i and j2,i
in Fig. 20. The error is distributed around zero, which is an advantageous characteristic for the
following calculations in an algorithm. The advantageous characteristics of the error are
confirmed in Table 9 by the fact that the standard deviation and the root mean square value are
equal.
4.1.3. The Newton-Raphson method using one iteration
Fig. 20 shows the distribution of the error of the implementation using the Newton-Raphson
method with one iteration and with a look-up table with 95 initial values.
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Fig. 20. Distribution of the error of the design using the Newton-Raphson method with one iteration and with a lookup table with 95 initial values.

As shown in Fig. 20 the error tends not to be evenly distributed around zero which is confirmed
by the related histogram in Fig. 21.
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Fig. 21. Histogram of the distribution of the error of the design using the Newton-Raphson method with one iteration
and with a look-up table with 95 initial values.

Fig. 21 shows that the distribution of the error has a displacement towards the right side of the
histogram. The error is not sufficiently evenly distributed around zero for it not to be a
disadvantage in the following calculations. This distortion is confirmed by the difference between
the standard deviation and the root mean square values, given in Table 9.
4.1.4. The Newton-Raphson method using two iterations
Fig. 22 shows the distribution of the error of the implementation using the Newton-Raphson
method with two iterations and with a look-up table with 14 initial values.
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Fig. 22. Distribution of the error of the design using the Newton-Raphson method with two iterations and with a
look-up table with 14 initial values.

As shown in Fig. 22 there is a very small tendency to the error not to be evenly distributed around
zero. In the related histogram in Fig. 23 however, the tendency is hard to see.
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Fig. 23. Histogram of the distribution of the error of the design using the Newton-Raphson method with two iterations and with a look-up table with 14 initial values.

Fig. 23 shows not clearly that the distribution of the error has a displacement towards the right
side of the histogram. This small distortion is however confirmed by the difference between the
standard deviation and the root mean square values in Table 9. But since the maximum error is so
small this will not have any influence on the following calculations.
4.1.5. Error characteristics
The error characteristics of the four designs are summarized in Table 9.
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TABLE 9: Error characteristics for the four implementations of the inverse square root function

Implementation
Methodology

Maximum
error

Mean error

Median error

Standard
Deviation

Root Mean
Square

Harmonized
Parabolic Synthesis
32 intervals

2.9032e-05

1.2857e-08

2.9354e-08

6.9841e-06

6.9841e-06

Harmonized
Parabolic Synthesis
512 intervals

3.0508e-05

1.5962e-08

9.2308e-08

1.2863e-05

1.2863e-05

Newton-Raphson
method
one iteration

2.9733e-05

1.9028e-06

1.6665e-06

8.9800e-06

9.1794e-06

Newton-Raphson
method
two iterations

1.8403e-05

3.8414e-07

3.6850e-07

5.8901e-06

5.9026e-06

Table 9 shows some general differences between the two implementation methodologies. The
mean error and median error are much smaller for the implementation using the Harmonized
Parabolic Synthesis methodology. Similar there are no differences in the standard deviation and
the root mean square values. The better error characteristics of the designs using the Harmonized
Parabolic Synthesis methodology depends on that this methodology has greater potential in the
optimization of the design depending on its structure. The Newton-Raphson method is lacking
these opportunities to control the error characteristics.
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4.2. Hardware performance
The implementations are made as an ASIC with a ST Microelectronics 65nm General Purpose
Standard-VT (1.1V) technology. Their power consumption at 10 MHz is shown in Table 10
together with chip area and critical path delay.
TABLE 10: Hardware performance of the four implementations

Implementation
Methodology

Chip Area

Critical Path
Delay

Energy
Consumption
per Sample

Harmonized
Parabolic Synthesis
32 intervals

13900 Pm2
100%

4.3 ns
110%

0.002073 nW
129%

Harmonized
Parabolic Synthesis
512 intervals

17100 Pm2
123%

3.9 ns
100%

0.001895 nW
118%

Newton-Raphson
method
1 iteration

15600 Pm2
112%

4.6 ns
118%

0.001610 nW
100%

Newton-Raphson
method
2 iterations

22800 Pm2
164%

6.7 ns
172%

0.006378 nW
396%

As shown in Table 10, the Harmonized Parabolic Synthesis methodology with 32 intervals has the
smallest chip area. The Harmonized Parabolic Synthesis methodology with 512 intervals has the
shortest critical path delay and the energy consumption per sample is smallest for the NewtonRaphson method with one iteration. The Newton-Raphson method with two iterations is
outperformed by the others in all aspects.

5. Comparing implementations
This section summarizes the comparison of the four implementations of the inverse square root
function done. Two of them used the Harmonized Parabolic Synthesis methodology, and two of
them used the Newton-Raphson method. With the Harmonized Parabolic Synthesis methodology
the implementations use 32 (HPS 32) and 512 (HPS 512) intervals in the second sub-function. In
the implementations use the Newton-Raphson method, one (NR 1) and two (NR 2) iteration
stages are used.
Quantitative comparisons of different approximation methodologies should always be done in the
context in which the approximations are going to be used. In the absence of this, the comparison
of the implementations will therefore be made in the form of reasoning.
Chip area
As shown in Table 10 HPS 32 has the smallest chip area, while it is slightly larger for NR 1 and
HPS 512 and additionally larger for NR 2.
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Critical path delay
Table 10 also shows that HPS 512 has the shortest critical path delay while it is slightly larger for
HPS 32 and NR 1 and, again, additionally larger for NR 2.
Energy consumption per sample
When it comes to energy consumption per sample, Table 10 shows that it is best for NR 1 while it
is slightly higher for HPS 512 and HPS 32 and much higher for NR 2.
The overall comparison of the hardware gives that NR 2 is worst-performing in all categories. For
HPS 32, HPS 512 and NR 1 each of them are best in one of the categories. The difference in
performance between these three implementations is generally small; it is therefore difficult to
appoint a winner.
Characteristics and the distribution of the error
In the Sections 4.1.1, 4.1.2 and 4.1.5 it was shown that both HPS 32 and HPS 512 have a
distribution of the error that is centered around zero. It was also shown that the distribution of the
error for HPS 32 is better than for HPS 512 since the standard deviation is smaller. A
comparatively smaller standard deviation implies that the distribution of the error as more narrow
around zero.
The Sections 4.1.3, 4.1.4 and 4.1.5 show that both NR1 and NR 2 have a distribution of the error
that is not well centered around zero. This may in the following calculations result in an
accumulated error which can ruin the computation. Since it is hard to center the distribution of the
error around zero when designing using the Newton-Raphson method. It is common to increase
the accuracy in order to reduce the effects of the accumulated error.
The small maximum error for NR 2 (according to Table 8) comes with the prize of larger chip
area, longer critical path delay and higher power consumption per sample (according to Table 9).
Summary of comparisons
When making a summary of the comparisons of the hardware performance and the distribution of
the error the three implementations HPS 32, HPS 512 and NR 1 are comparable when it comes to
hardware performance. However, HPS 32 distinguishes itself by better performance when it
comes to the distribution of the error. As mentioned initially in this section, the context in which
the implementation is going to be used is decisive for selection. The different performance
parameters need therefore to be weighed against each other.

6. Conclusion
In many future applications, such as in the MIMO communication systems, a massive
computation of complex matrix operations needs to be performed. In these matrix operations,
such as QR decomposition, the functions roots, inverse and inverse roots are computed in large
quantities. For these functions an implementation in a straightforward way applying an
approximation methodology will not lead to an efficient implementation. This paper introduces
novel dedicated algorithm for these functions founded on the use of floating-point format and, for
the roots functions, also a change of number base. Using the floating-point format enables simpler
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solutions but also increased accuracy, since the approximation algorithm is performed on a
mantissa of limited range. Also the change of number base when computing the roots enables
simpler solutions when computing the approximation. The most important characteristics of the
developed dedicated algorithms are fast computation, low power, and simple and efficient
hardware implementation.
In this paper, two implementations of each of two methodologies, the Harmonized Parabolic
Synthesis methodology and the Newton-Raphson methodology, are made. In the Harmonized
Parabolic Synthesis methodology the accuracy is scaling with the number of intervals used in the
interpolation part. In the Newton-Raphson method the accuracy is scaling with the number of
guesses stored in the look-up table and the number of iterations. For each methodology, one of the
two implementations was made allowing higher accuracy than the required. A deduction that
could be made from this was that, with increased accuracy, the size of the hardware is growing
much slower when using the Harmonized Parabolic Synthesis methodology than when using the
Newton-Raphson methodology.
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