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Abstract  

This master thesis is about providing the implementation of synthesis, detection of 
spiral symbols and estimating the pan/tilt angle and position by using camera 
calibration. The focus is however on the latter, the estimation of parameters of 
localization. 
Spiral symbols are used to be able to give an object an identity as well as to locate it. 
Due to the spiral symbol´s characteristic shape, we can use the generalized structure 
tensor (GST) algorithm which is particularly efficient to detect different members of 
the spiral family. Once we detect spirals, we know the position and identity 
parameters of the spirals within an apriori known geometric configuration (on a 
sheet of paper). In turn, this information can be used to estimate the 3D-position 
and orientation of the object on which spirals are attached using a camera 
calibration method.  
 
This thesis provides an insight into how automatic detection of spirals attached on a 
sheet of paper, and from this, automatic deduction of position and pose parameters 
of the sheet, can be achieved by using a network camera. GST algorithm has an 
advantage of running the processes of detection of spirals efficiently w.r.t detection 
performance and computational resources because it uses a spiral image model well 
adapted to spiral spatial frequency characteristic. We report results on how 
detection is affected by zoom parameters of the network camera, as well as by the 
GST parameters; such as filter size. After all spirals centers are located and 
identified w.r.t. their twist/bending parameter, a flexible technique for camera 
calibration, proposed by Zhengyou Zhang implemented in Matlab within the present 
study, is performed. The performance of the position and pose estimation in 3D is 
reported. 
The main conclusion is, we have reasonable surface angle estimations for images 
which were taken by a WLAN network camera in different conditions such as 
different illumination and different distances.  
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1 Introduction 

1.1 Motivation 

Humans use their eyes and brain to get a perceptual model of their environment. 
They learn how to act using the knowledge of their visual perspective. Computer 
vision in 3D is a wide and growing area. In the digital world, computer vision has the 
same challenges as human eyes and brains. Many applications in image processing 
use multiple images to get reasonable measurements about the real world. We 
usually want to know where the object is, what it looks like, and what properties the 
object has. In the thesis, we estimate the pose of an object being tracked by 
constructing a machine based detection and estimation method. 

The thesis focuses on images with symmetry [1]. During the thesis work, those 
artificially generated markers which have a wide range of applications in visual 
image processing areas were considered. Artificially generated markers can be also 
used to track objects. In this project, log-spiral artificial markers were used to be 
able to give an identity to an object and track the object by using only one network 
camera for future work. Using the log-spiral pattern has many advantages in image 
processing, including simultaneous localization and identification.  

We provide the implementation of synthesis, detection of spiral symbols and 
estimation of the pan/tilt angle by using camera calibration. Machine based 
detection of spirals gives us the image coordinates of 3D points. Thereby the pose 
and position of the object can be found by performing a camera calibration 
procedure [2], which delivers the sought parameters, in addition to hardware 
information such as focal length and skew of the camera. The symbols are selected 
from the family of log-spirals. There are at most nine printed symbols as shown 
below in figure 1.1 and these printed labels represent the identity for the tracking 
object. 

All the pictures were taken by using the SONY network camera(SNC-RZ30N/2) 
which is described briefly at the next chapters. We use this camera because it does 
not require any software while taking the picture and the camera also can be 
controlled by using java application which runs on regular internet browser. We 
need to type the IP number of the camera. Since the network camera has its own 
pan/tilt movement, it is possible to take the image from different angle but instead 
the camera has been fixed and just the planar pattern were moved for different 
orientations because to reach our main goal, we would like to know the movement 
of planar object. This situation can be useful to extract the tilt and pan information 
of the object to be tracked.  

Baggage tracing at airport or goods tracing in a factory are example applications. 
One baggage surveillance system is depicted in figure 1.1. The log-spiral pattern (see 
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figure 1.2) has been used for calibration planar pattern. The log-spiral pattern has 
some important advantages whilst detection of each spirals. It eases to construct a 
detection filter using the generalized structure tensor (GST) [3]. Since every log-
spiral has its own identity by means of its twist angle information, combination of 
these nine spirals can give us many identities. However, encoding the planar object 
as identity is considered for further work in whole system. If we compare to barcode 
tracking systems [4], we do not need to be so close to the target and also low-cost 
network camera are more useful and cheaper for large area surveillance systems. 
Additionally, there is no need for a human or a machine-module to locate the 
approximate position of the code, because localization is done simultaneously. 

 

Figure 1.1 Camera surveillance system. [12] 
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Figure 1.2. Image of printed nine log-spiral symbols. [13] 

1.2 Related Works 

Previous studies have focused on detection of patterns because of their advantages. 
In [3] scale invariant feature transform (SIFT) approach is explained by using the 
histogram of gradient direction for different orientation of symmetric pattern. SIFT 
method is generally used to detect salient points. This method uses the differences 
of Gaussians (DoG) by applying the convolution of Gaussian filter to each images and 
subtract two images for detection of local features. In terms of applying SIFT 
method to symmetry pattern, this method is not powerful enough to extract the 
salient points due to the same or similar histograms will be obtained by symmetric 
patterns. Similar problems are encountered by local binary feature (LBF) and 
speeded up robust features (SURF) [19, 20].  

Three different approaches of calibrating a camera is explained in Direct Linear 
Transformation(DLT) [7], Tsai [8] and Zhang [2]). All three approaches give the 
solution for estimation of camera parameters, using the planar patterns and taking 
the images of such patterns. 

In DLT [7] algorithm, linear transformation from world point to image point is 
solved. One needs to build camera matrix by solving Lx=0 where L is 2 x 12 D matrix 
generated by nine 3D points. In this algorithm, we need at least 6 corresponding 
points in the image and in the most of the implementations of this algorithm, 
corresponding points in images are either marked manually or points have no built-
in identities but identified by the geometric constellation of the 3D points of 
calibration pattern. 
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The flexible calibration method [2] uses a pattern on a plane and assumes the plane 
to coincide with the XY plane of the world coordinates with Z = 0 for points of the 
plane. This gives us the flexibility of using planar objects such as log-spiral patterns 
printed on a surface. Since closed form solution for calibration matrix is Vb = 0 
where b is 6D vector and V is in 2n x 6 matrix form where n is an image number, we 
need at least 3 different views of calibration object to solve for all unknown 
calibration parameters. In this algorithm at least 9 corresponding image points need 
to be known to solve closed-form. Detailed explanation of this method is presented 
in the following chapters. Since this method gives flexibility and quite good result 
from the different view of scene, we use it for our camera calibration to detect pose 
and position of the object.  

An older study about calibration is Tsai's [8] work. Since almost every camera 
comes with optical distortion, calculation for camera parameters suffer from these. 
So there is a need for camera calibration dealing with these too. Due to the usage of 
the camera lens which is used to build optical systems, the optic centre is not at the 
point we predict from perspective projection. The displacement at the image can be 
large or small relative to the center of the image. If there is a pin-cushion distortion, 
the difference is bigger. If there is barrel distortion, the difference is smaller and 
wide-angle lenses cause more optical distortion than other type of lenses. According 
to Tsai's study, displacement can be modeled and adjusted to the equation which is 
used for undistorted coordinates of image points. But their model does not 
recognize skewness and lacks ways of obtaining an initial value for parameters. This 
can be a problem for cheap cameras like web cameras. 

1.3 Thesis Outline 

This thesis is organized in six chapters. In the first chapter, we introduce the main 
goal of the thesis and present the contributions. Chapter 2 introduces the 
background and the theory review of GST which is used for symmetry detection 
algorithm. Camera calibration methods used DLT. The third chapter presents the 
frequency characteristic of spiral codes and its application in detection algorithm on 
an image which is taken by a network camera. In the fourth chapter, we introduce 
how to extract the intrinsic parameters by using multiple planes of spirals. The 
chapter details the pose estimation by using intrinsic parameters and image views. 
In the fifth chapter, the application of detection algorithm and camera calibration for 
multiple view of model planes are discussed and pose estimation results are 
represented. In the final chapter, conclusions and future works are discussed. These 
main steps, which allowed us to reach the pose estimation results, are shown as 
follows: 
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Figure 1.3 Flowchart of the pose estimation algorithm 

Main goal of this project is to estimate pose and position of a targeted labeled object 
by means of using log-spiral symbols. Every log-spiral has its own identity so log-
spiral symbols can be used as identity tag in the whole system. 9 log-spirals have 
been detected automatically by machine-based algorithm which is implemented in 
Matlab[21]. Log-spiral symbols can be printed out on a surface which is easy to use 
and gives us the flexible usage for object that we want to find its pose and position. 
After detecting image points of log-spiral symbol, we can calibrate our WLAN 
camera to find out the camera parameters that give us the pose of an object by using 

Image acquisition by network 
camera 

Extract the image points of 
spiral symbols by using 
detection algorithm 

load the image points for 
calibration method 

Extract camera parameters by 
using calibration method 

Establish the rotation angles of 
the model plane carrying 
spirals 
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the same log-spiral surface as calibration object. We used the camera calibration 
technique which is proposed by Zhang[2].  

1.4 Thesis contribution 

The main contribution of this thesis is combining the machine based detection of 
log-spiral pattern with calibration approach. Rotation parameters of an object, by 
using the planar pattern with few image points, have been presented in this thesis. 
We have shown how calibration object surface angles are correctly estimated by 
comparing the computed extrinsic camera parameters (the estimations) with 
ground truth, which is known. A Previous study [3] has focused on showing how 
strongly the log-spiral patterns from multi views and multi scales can be recognized. 
Dereje, and Bigun [3] have investigated the depth rotation and tested the 
localization by using the multi views from different angles using a 3D calibration 
object. In our work, we use, in contrast to [3], spirals that are well adapted to peak 
frequency sensitivity of detection filters to get the position of the spirals. Once the 
image coordinates of the spirals are found, we do not use the information about 
chirality of the spirals when estimating the pose of the object. The chiralities in 
combination will however enable to identify the moving object easily, e.g. a luggage 
at the airport. Nonetheless, the object identification issues are beyond the scope of 
this thesis. Nine different log-spiral patterns on a plane have been used here for 
localization(as well as identification), which is more practical to implement on 
moving object compared to at least 12 different log-spiral on a cube [3]. As a second 
contribution, the proposed calibration method can be used in such a way that the 
camera parameters do not need to be reactivated repeatedly once they are found in 
a stable manner. 
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2 Background 

2.1 Sony Network Camera  

In this project, a network camera (in figure 2.1) which provides pan/tilt/zoom(PTZ) 
functions has been used. PTZ function can be controlled by browser. We did not 
need to write any additional software to run the camera to obtain pictures into 
Matlab. 

 

Figure 2.1. Sony network camera [14] 

Simple system configuration of the camera can be shown as below: 

 

Figure 2.2. Simple system configuration of the camera [15] 
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In this project, only one fixed camera was used to estimate the pose and position of 
an object. We only need to use LAN to connect the camera to the pc. These are some 
main specifications of the Sony network camera; 

-DAY/NIGHT FUNCTION 

-IMAGE TRANSFER USING FTP/SMTP 

-ACTIVITY DETECTION/ALARM TRIGGER 

-HIGH SPEED, QUIET PAN/TILT/ZOOM 

-TWO TYPE OF PC CARD SLOTS 

-RS232C/485 INTERFACE 

2.2 Spiral Codes 

2.2.1 Curvilinear Coordinates by Harmonic Functions 

In this chapter, we introduce the direction in curvilinear coordinates. By using the 
curvilinear coordinates of harmonic functions, we can generate our log-spiral 
patterns. The idea of twisting and bending the image by means of harmonic function 
pairs is to generate patterns that the generalized structure tensor [9] is well suited 
to detect. 

I would like to start with curvilinear coordinates to have a better understanding of 
generalized structure tensor (GST). Let us define f1(x, y, z), f2(x, y, z), f3(x, y, z) as 
function in Cartesian coordinate system ; (x, y, z).u1, u2, u3 defines three surfaces as 
seen in figure 2.3; 

 

Figure 2.3. Curvilinear coordinates [16] 
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The set of equations which are shown in figure 2.3 can described in the form as 
follows; 

u1=f1(x, y, z), u2=f2(x, y, z), u3=f3(x, y, z)  (2.1) 

At that point the position vector of point A can be defined by means of coordinate 
axes of Cartesian system. The displacement of the point A in the space can be 
defined as below; 

Where dr=(𝜕𝒓/𝜕𝑢1).d + (𝜕𝒓/𝜕𝑢2).d + (𝜕𝒓/𝜕𝑢3).d    

r = xux + yuy + zuz , dr=a1.du1 + a2.du2 + a3.du3  (2.2) 

Where a1, a2, a3 is the basis vectors of general curvilinear coordinate systems of a 
point A(u1, u2, u3,). After having an understanding of a curvilinear coordinates, we 
can proceed with harmonic function pairs (HFP) as curvilinear coordinates built in 
2D. 

The pair (ξ,η) is called a harmonic function pair if it satisfies the Cauchy-Riemann 
equation which is 

∂ξ/∂x = ∂η/∂y,  ∂ξ/∂y = -∂η/∂x  (2.3) 
We can see from above equation that gradient of harmonic function pairs are 
orthogonal to each other at every point. Applying appropriate partial derivatives to 
(2.3) yields:  

 ∂2ξ/∂x2 = ∂2η/∂x∂y,  ∂2ξ/∂y2 = -∂2η/∂y∂x (2.4) 
 
Because ∂2η/∂x∂y = ∂2η/∂y∂x (due to continuity of η w.r.t. x, y) eq. (2.4) shows that 
ξ fulfills the Laplace equation: 
Δξ = ∂2ξ/∂x2 + ∂2ξ/∂y2 = 0  
Following a similar procedure, it is possible to show that even η fulfills the Laplace 
equation. Accordingly, the functions of a harmonic pair automatically fulfill the 
Laplace equation. 
 
By using HFP , we can define a locally orthogonal coordinate transformation (CT) 
which can be used to express a function f, even if f is expressed in x and y. This is 
done because ξ is a function of (x,y), and η is a function of (x,y) so that the pair  
( ξ(x,y), η(x,y)) is defined by x,y. The converse is also true, i.e (x,y) can be expressed 
in ξ, η so that that the function f(x, y) can be rewritten as a function of ξ, η by 
substitution of x, and y yielding f(x(ξ, η), y(ξ, η))=f1(ξ, η ). 

The image f(ξ, η) can be said to be a linearly symmetric in the coordinates (ξ, η), if 
there exists an one dimensional function g such that; 
f(ξ, η) = g(aξ + bη) where a and b are real constants. By the same way of 
understanding the linearly symmetric images in Cartesian coordinates, linearly 



 

10 

 

symmetric images in ξ, η coordinates have isocurves that are parallel lines. The 
spectral power of such images has a line through the origin. Now we have enough 
formulation to generate curve families that can be used for detection. We can start 
with the identity coordinate transformation which is; 

z=ξ(x, y) + iη(x, y) = x +iy   (2.5) 

The equation gives us a line constructed by vertically and horizontally lines 
separately which is shown figure 2.4. 

 

Figure 2.4. The identity harmonic function pairs of z=x+iy. [13] 

We need to define a function to generate an image, that function can be one 
dimensional function so we assume that g(τ) is any one dimensional function. It will 
be used to define by coordinate transformation(CT), to produce families of patterns 
having log spirals as iso-curves. When we replace "τ" with "aξ +bη, g(aξ +bη) will 
produce symmetric patterns in Cartesian Coordinates (x, y). 

Now we are able to show log-spiral pattern by using the linear combination of basis 
patterns which has the values as seen below equations; 

w(z)=logz=ξ(x,y) + iη(x,y)  (2.6) 

w(z)=log 𝑥2 + 𝑦2 + itan-1(x, y) these two basis HFP is illustrated in figure 2.5. These 
are generated using g(τ) = cos(w τ), for some fixed w where for circular pattern b=0 
and for spoke pattern a=0 
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Figure 2.5. Two basis HFP of w(z)=log 𝑥2 + 𝑦2 + itan-1(x, y)  [13] 

The linear combination of iso-curves of these two pairs give us a family of log-spiral 
pattern which has many advantages. Every member of this family has a unique twist 
angle that remains the same even if one zooms on the image or rotate it. Any 1D 
function can be used to generate spiral families by using the HFP. To be precise the 
spiral family is obtained by using the following function: 

g(τ) = (1 + cos(τ))/2 

Where replace τ with aξ +bη in which a = w0 cos(θ) and b =w0 sin(θ). The angle θ is 
called group orientation of each member. 

Figure 2.6 shows the log-spirals family by changing the angles between the two 
basis pairs. 
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        θ = 

𝜋
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        θ = 0 

Figure 2.6. Log-spirals family of g(z)=g(alogξ + bη). [13] 

Since each of every spiral has been generated by a unique θ, each θ is also defined 
uniquely by the respective image. 

2.3 Generalized Structure Tensor 

2.3.1 Ordinary Structure Tensor 

Before going through detection by the generalized structure tensor (GST), it is useful 
to give the definition of ordinary structure tensor. The structure tensor of an image 
is a matrix where "tensor" refers to a representation of an array of some physical 
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property. Structure tensor S is generally used to describe gradient of an image or its 
iso-curves. Tensor formation can be thought as a kind of shape property of local 
images. If an image f can be described via 1D function g as f(r)=g(kTr),  where k is 
2D vector representing a constant direction in the image plane, we can define the 
inertia tensor of its power spectrum (J) [9]. 

J=I.Trace(S)-S 

where  

S= 𝒘𝒘𝑇 𝐹 2𝑑𝒘 =  
𝑆(1,1) 𝑆(1,2)
𝑆(2,1) 𝑆(2,2)

   (2.7) 

When S is transformed from Fourier domain to the spatial domain; 

S(i,j)= 𝑤𝑖𝑤𝑗  𝐹 𝒘  2𝑑𝒘=
1

4𝜋2  
𝜕𝑓

𝜕𝑥𝑖
.

𝜕𝑓

𝜕𝑥𝑗
𝑑𝒙 Where i, j are 1 or 2. 

and dx=dx.dy and x1=x, x2=y 

S= 𝒘𝒘𝑇 𝐹 2𝑑𝒘 = 
1

4𝜋2  𝛻𝑓(𝛻𝑇𝑓)𝑑𝒙 

∇f=(Dxf, Dyf)T = ( 
𝜕𝑓 (𝑟)

𝜕𝑥
,
𝜕𝑓 (𝑟)

𝜕𝑦
 )T 

S = 
1

4𝜋2  𝛻𝑓(𝛻𝑇𝑓)𝑑𝑥 =
1

4𝜋2  
 (𝐷𝑥𝑓)2𝑑𝑥   𝐷𝑥𝑓 (𝐷𝑦𝑓)𝑑𝑥

  𝐷𝑥𝑓 (𝐷𝑦𝑓)𝑑𝑥  (𝐷𝑦𝑓)2 𝑑𝑥
  (2.8) 

By means of a complex similarity transformation of the structure tensor [13], we can 
obtain the equivalent of S in complex representation as shown below ; 

Z=
1

2
 

𝐼11( 𝐹 𝜉, 𝜂  )2 −𝑖𝐼20( 𝐹 𝜉, 𝜂  )2

𝐼20( 𝐹 𝜉, 𝜂  2)∗ 𝐼11( 𝐹 𝜉, 𝜂  )2    (2.9) 

Where  

I20 =S(1, 1) - S(2, 2) + i2S(1, 2) and I11 = S(1, 1) + S(2,2) 

I20 is complex moment whereas I11 is real and non-negative. The arg(I20) is sufficient 
to tell the angle of the parameter k  whereas the magnitude of |I20| together with I11 
defines the quality of the estimate. 

2.3.2 Generalized Structure Tensor with Symmetry Derivatives 

Detecting the twist angle of log spirals is the same problem as detecting the angle 
parameter of k by ordinary structure tensor except that r has to be replaced by 
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(log|r|, tan-1(y,x)). Therefore this is called Generalized Structure Tensor since it can 
be any harmonic pair 𝜉, 𝜂 and detect their orientation parameters. As we know that 
I20 and I11 have an important role to determine orientation of log-spiral pattern, we 
need to imagine these in curvilinear coordinate rather than Cartesian coordinates. 
According to the expression of complex structure tensor, we have; 

I20 =(  𝐹(𝑊𝜉  , 𝑊𝜂 ) 
2
) =  (𝐷𝜉𝑓 𝜉, 𝜂 +  𝑖(𝐷𝜉𝑓 𝜉, 𝜂 )2 𝑑𝜉𝑑𝜂 (2.10) 

I11 =(  𝐹(𝑊𝜉  , 𝑊𝜂 ) 
2
) =   (𝐷𝜉𝑓 𝜉, 𝜂 +  𝑖(𝐷𝜉𝑓 𝜉, 𝜂 ) 

2
𝑑𝜉𝑑𝜂 (2.11) 

where Dξ = x
𝜕

𝜕𝑥
 + y

𝜕

𝜕𝑦
  and  Dη = -y

𝜕

𝜕𝑥
 + x

𝜕

𝜕𝑦
 are also called scaling and rotation 

operators respectively. 

The infinitesimal linear symmetry tensor can be written by using harmonic pairs as 
a complex scalar; 

┐𝜉 ,𝜂  (f)(ξ,η) = [𝐷𝜉𝑓 𝜉, 𝜂 +  𝑖𝐷𝜂𝑓 𝜉, 𝜂 ]2  (2.12) 

This can be used to compute generalized structure tensor (GST) as follows: 

I20 =  ┐𝜉 ,𝜂  (ξ, η)𝑑𝜉𝑑𝜂  = 
┐∗

𝑥 ,𝑦  (ξ)

 ┐∗
𝑥 ,𝑦  (ξ) 

┐𝑥 ,𝑦  (f) 𝑑𝑥𝑑𝑦  (2.13) 

          =  exp(𝑖 𝑎𝑟𝑔 ┐∗
𝑥 ,𝑦  

(ξ)) ┐𝑥 ,𝑦  (f) 𝑑𝑥𝑑𝑦     

I11 =   ┐𝜉 ,𝜂  (f) 𝑑𝜉𝑑𝜂 =   ┐𝑥 ,𝑦  (f) 𝑑𝑥𝑑𝑦  (2.14) 

Before presenting the relationship between the complex moments (I20, I11), we need 
to study symmetry derivative [1] concept. It can be defined as partial derivate 
operator as following equation: 

Dx + iDy = 
𝜕

𝜕𝑥
 + i

𝜕

𝜕𝑦
 and conjugate of symmetry derivative is 

𝜕

𝜕𝑥
 - i

𝜕

𝜕𝑦
 

As seen from the following equation, it is possible to exponentiate the symmetry 
derivative to an integer: 

(Dx + iDy)2 = (Dx2 - Dy2) + i(2DxDy)  (2.15) 

(Dx +iDy)n is defined as nth symmetry derivative. When we apply pth symmetry 

derivative to the Gaussian in 2D, the function 𝛤{ 𝑝 , 𝜎2 } is obtained as follows: 

𝛤{𝑝 ,𝜎2}(x,y) = (Dx +iDy)p 
1

2𝜋𝜎2exp(−
𝑥2+ 𝑦2

2𝜎2 ) (2.16) 
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As seen from the above equation 𝛤{0,𝜎2}(x,y) is an ordinary Gaussian. This complex 

derivation and multiplication by (−  
𝑥+𝑖𝑦

𝜎2
)𝑝  operates on a Gaussian in an identical 

manner. When we apply pth symmetry derivative to the Gaussian as defined as 

𝛤{0,𝜎2}(x,y), we have the following result: 

(Dx +iDy)p 𝛤{0,𝜎2}(x,y) = (−  
𝑥+𝑖𝑦

𝜎2
)𝑝  𝛤{0,𝜎2}(x,y) (2.17) 

In order to compute the complex moment I20 which identifies the presence of a 
spiral pattern, one can apply convolution to the original image with symmetry 
derivative filters in a processing hierarchy summarized next.  

Since the symmetry derivatives of Gaussian are closed under convolution, following 
equation can be written: 

𝛤{𝑝1 ,𝜎1
2} * 𝛤{𝑝2 ,𝜎2

2} = 𝛤{𝑝1+ 𝑝2 , 𝜎1
2+𝜎2

2}  (2.18) 

 The Fourier transformed of 𝛤{𝑝 ,𝜎2} is obtained as: 

F 𝛤{𝑝 ,𝜎2}   =  𝛤{𝑝 ,𝜎2} {x, y}e−iwx  x−iwy ydxdy 

=2πσ2 
−𝑖

𝜎2 
𝑝

𝛤
{𝑝 ,

1

𝜎2}
(wx , wy)  (2.19) 

The complex moment I20 for spiral twist angle detection can be written in the same 
manner of description in chapter 2.3.1. 

I20( 𝐹(𝑤𝜉 , 𝑤𝜂  
2

) = 𝛤{−2,𝜎2
2} * (𝛤 1,𝜎1

2 ∗ 𝑓)2  (2.20) 

Where 𝛤{−2,𝜎2
2} is the spiral detector filter. The details as to why n= -2 yields a 

detection for spiral family is given in [1]. 

2.4 Camera Calibration Methods 

Camera calibration in computer vision in 3D is an important process to determine 
the parameters for hardware characteristics, 3D position and orientation relative to 
the world coordinates. There are many camera calibration approaches presented in 
the literature. In this chapter, we introduce the mostly used calibration technique 
for pin-hole model camera and we explain how we extract the intrinsic and extrinsic 
parameters for each of them. 

2.4.1 PINHOLE CAMERA 

Before going through the calibration technique, I would like to give brief 
introduction of pin-hole camera model which is used at our project. Since we have a 
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pin-hole camera model, we are able to get geometric relations between the object 
and the projection of the object in the camera frame. First we need to start with how 
pin-hole camera looks like. As seen from the figure 2.7 the focal length is placed 
between the object and the image plane. 

 

Figure 2.7. Pinhole camera model. [17] 

The parameters which depend on hardware design is called intrinsic parameters. 
Focal length "f" is one those intrinsic parameters. Extrinsic parameters by contrast 
do not depend on hardware design and include the pose parameters of the camera. 
From the point of computer vision view, we have linear techniques, non-linear 
techniques and combination of these two techniques to obtain intrinsic and extrinsic 
parameters. 

2.4.2 DIRECT LINEAR TRANSFORMATION(DLT) 

This technique is simple and fast. Before going through the equations, I would like to 
define coordinate axis as follows:  

(X, Y, Z)  : Three dimensional coordinate of an object P in world coordinate. 

(x,y,z)     : Three dimensional coordinate of an object P in camera coordinate. 

(x,y)        : Coordinate of point of P in analog image coordinate. 
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(xd,yd)     : Coordinate of point of P in actual image but in digital image coordinates.    

We can see how the coordinates are placed in the following figure: 

 

 

Figure 2.8. Geometry of pinhole camera. [18] 

By using the advantage of pin-hole geometry consisting of scaled triangles, we can 
deduce coordinate transformation between the analog image frame and camera 
frame as written by the following equation which can be verified in figure 2.7: 

𝑓

𝑍
 = 

𝑥

𝑋
  
𝑓

𝑍
 = 

𝑦

𝑌
    (2.21) 

then x and y as follows: 

x=
𝑓

𝑍
X and y=

𝑓

𝑍
Y  (2.22) 

Due to the some mechanical and production reasons, digital image frame and analog 
image frame has some differences by transformation of few pixel values. The point 
of digital image coordinate is transformed to analog image coordinate as follows; 

x = -(c-c0)sx   (2.23) 

y=-(r-r0)sy   (2.24) 

where c and r are the pixel count of digital image coordinate and sx and sy is the size 
of 1pixel in length unit. 
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The transformation of matrix from analog image frame coordinate to digital image 
coordinate can be written as follows: 

Z 
𝑥𝑑

𝑦𝑑

1
  = 

 

 

1

sx
0 𝑐0

0
1

sy
𝑟0

0 0 1  

 𝑍  
𝑥
𝑦
1
   ( 2.25) 

The projection of (X, Y, Z) which is described in camera frame to the analog image 
can be transformed as follows: 

Z 
𝑥
𝑦
1
  =  

𝑓 0 0
0 𝑓 0
0 0 1

  
𝑋
𝑌
𝑍
    (2.26) 

if we combine eq 2.25 and eq 2.26, we can get direct linear transformation from 
camera frame to digital frame. This is given by next formulation: 

Z 
𝑥𝑑

𝑦𝑑

1
  = 

 

 

1

sx
0 𝑐0

0
1

sy
𝑟0

0 0 1  

   
𝑓 0 0
0 𝑓 0
0 0 1

  
𝑋
𝑌
𝑍
    (2.27) 

MI = = 

 

 

1

sx
0 𝑐0

0
1

sy
𝑟0

0 0 1  

   
𝑓 0 0
0 𝑓 0
0 0 1

 =   
𝑓𝑥 0 𝑐0

0 𝑓𝑦 𝑟0

0 0 1

    (2.28) 

where 𝑓𝑥 =
𝑓

𝑠𝑥
 and 𝑓𝑦  = 

𝑓

𝑠𝑦
 

MI is the intrinsic parameters which gives the hardware design specification of 
perspective camera. 

Generally we have another world coordinate that is not parallel to the camera frame 
coordinates what we had when we generated the intrinsic parameter matrix. So 
there is a rotation matrix R involved: 

R= 
𝑅11 𝑅12 𝑅13

𝑅21 𝑅22 𝑅23

𝑅31 𝑅32 𝑅33

    (2.29) 

The rotation between camera coordinate frame and world coordinate frame is then 
defined as C = WRT where C and W are the same vector expressed in camera and 
world coordinates, respectively. Besides rotation, there is also a translation between 
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the world and camera frame as seen from figure 2.9 where OWOC represents the 
transformation. 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.9. The camera and world coordinate systems. 

Using the geometry of two frame coordinates, we can write the coordinate vector of 
a point using the same frame as: 

(OwP)w = (OwOc)w + (OcP)w  (2.30) 

Subsequently, we can write the coordinates of a point in camera frame as seen 
below: 

(OwP)w = (OwOc)w +RT. (OcP)c ,  (OcP)c  = R. (OwP)w - R. (OwOc)w  (2.31) 

We need to describe (OwP)w in homogeneous coordinates to represent the entire 
transformation of a point from one frame to another by a linear transformation: 

(OwP)wH =  
(OwP)w 

1
  

Then, equation (2.31) becomes:  (OcP)c  = [R,  - R. (OwOc)w] (OwP)wH  

R and (OwOc)w are the extrinsic parameters that give the direction and position of 
the camera frame relative to the world frame. Translation vector can be written as 
follow: 

Ow 

𝑒𝑋
𝐶  

 

𝑒𝑋
𝑊  

 

𝑒𝑍
𝑊  

 

P 

OC 

𝑒𝑍
𝐶  

 

𝑒𝑌
𝐶  

𝑒𝑌
𝑊  
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t = (tx, ty, tz)T = (OcOw)c = - R (OwOc)w whereas extrinsic parameters matrix ME can be 
written as follows according to the above formulation: 

ME = [R, t],  (OcP)c  = ME.(OwP)wH   (2.32) 

Then point P is linearly mapped to the digital camera frame by using equation (2.28) 
from camera frame:  

(OcP)DH = MI . (OcP)c   (2.33) 

Since (OcP)c = ME.(OwP)wH in general we can write, then write from world coordinate 
to the digital image coordinate as follows: 

(OcP)DH = MI . ME.(OwP)wH   (2.34) 

We can thereby obtain the calibration matrix M by multiplication of intrinsic matrix 
MI and extrinsic matrix ME. 

M =  
𝑀11 𝑀12 𝑀13 𝑀14

𝑀21 𝑀22 𝑀23 𝑀24

𝑀31 𝑀32 𝑀33 𝑀34

   (2.35) 

In the next section, we will see how to estimate M where the world coordinate and 
corresponding image coordinates of a point is assumed to be known. After 
generating the camera matrix M, we can extract the intrinsic and extrinsic 
parameters. 

P =(X, Y, Z, 1)T and p'=(u, v, 1)T is the object in homogenous digital image coordinate 
and in homogenous world coordinate respectively. According to the equation 2.35 
we have:  

λr' = Mr and there are three equations : 

XM11 + YM12 + ZM13 + M14 -uλ = 0 

XM21 + YM22 + ZM23 + M24 -vλ = 0 

XM31 + YM32 + ZM33 + M34 -λ = 0 

When we pull λ from third equation above and substitute in the first two and 
rewrite it in the matrix form, we can write the 12-D vectors representing a data 
vector generated by a point and its image as below: 

u(P, p') = (X,Y,Z,1,0,0,0,0,-uX, -uY, -uZ, -u)  (2.36) 

v(r, r')= (0,0,0,0,X,Y,Z,1, -vX, -vY, -vZ, -v)  (2.37) 
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By stacking these two equations in and according to the total least square error [10] 
theory we can write the DLT matrix as Lx = 0 

where  

L =  
X, Y, Z, 1,0,0,0,0, −uX, −uY, −uZ, −u
0,0,0,0, X, Y, Z, 1, −vX, −vY, −vZ, −v

   (2.38) 

and 

x= (M11, M12, M13, M14, M21, M22, M23, M24, M31, M32, M33, M34,) (2.39) 

If we have N points and according to the total least square error (TLS) solution [7], 
we obtain the point data generated L matrix as follows: 

L= 

 

 
 
 
 
 
 
 
 
 

X1, Y1, Z1, 1,0,0,0,0, −u1X1, −u1Y1, −u1Z1, −u1

X2 , Y2, Z2, 1,0,0,0,0, −u2X2, −u2Y2, −u2Z2, −u2

.

.

.
XN , YN , ZN , 1,0,0,0,0, −uN XN , −uN YN , −uN ZN , −uN

0,0,0,0, X1, Y1, Z1, 1, −v1X1, −v1Y1, −v1Z1, −v1

0,0,0,0, X2, Y2, Z2, 1, −v2X2, −v2Y2, −v2Z2, −v2

.

.

.
0,0,0,0, XN , YN , ZN , 1, −vN XN , −vN YN , −vN ZN , −vN 

 
 
 
 
 
 
 
 
 

 (2.40) 

Now we can solve the homogenous equation Lx=0 where x is the unknown. It can be 
solved by using the singular value decomposition (SVD) which gives the least 
significant eigenvector of L as the solution. L is the 2N x 12 matrix that depends on 
2D and 3D coordinates of calibration points. L has a rank of 11 for 12 unknowns 
generally. The null vector of L can be found by last column of S matrix where the 
equation is : Lm×n = Umxm Dmxn(St)n×n . Since we have 11 degrees of freedom we need 
3N⩾11 + N so N must be at least. Once x is estimated, we can extract the intrinsic 
parameters MI and extrinsic parameters ME by further algebraic manipulation of 
the solution. For this, we write M as: 

M =MI.ME where MI =  
𝑓𝑥 0 𝑢0

0 𝑓𝑦 𝑣0

0 0 1

 and 𝐌𝐄 =  
𝑅11 𝑅12 𝑅13 𝑡𝑋
𝑅21 𝑅22 𝑅23 𝑡𝑌

𝑅31 𝑅32 𝑅33 𝑡𝑍

   

M =  

−𝑓𝑥𝑅11 + 𝑢0𝑅31 −𝑓𝑥𝑅12 + 𝑢0𝑅32 −𝑓𝑥𝑅13 + 𝑢0𝑅33 −𝑓𝑥𝑡𝑥 + 𝑢0𝑡𝑧

−𝑓𝑦𝑅21 + 𝑣0𝑅31 −𝑓𝑦𝑅22 + 𝑣0𝑅32 −𝑓𝑦𝑅23 + 𝑣0𝑅33 −𝑓𝑦𝑡𝑦 + 𝑣𝑡𝑧

𝑅31 𝑅32 𝑅33 𝑡𝑍

  (2.41) 
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Then first three columns of ME is an orthogonal matrix. We can calculate the inner 
parameters u0, v0, fx, fy by calculating pair wise scalar product of subrows of M as 
follows: 

u0 = (M11 M12 M13) (M31 M32 M33)T  (2.42) 

v0 = (M21 M22 M23) (M31 M32 M33)T  (2.43) 

fx2 = (M11 M12 M13) (M11 M12 M13)T - u02 (2.44) 

fy2 = (M21 M22 M23) (M21 M22 M23)T - v02 (2.45) 

Once we know the intrinsic parameters, we can find the extrinsic parameters as 
shown below: 

M = MI.ME then ME = MI-1M 

so rotation matrix R is the first three column of ME and last column of the ME is the 
translation matrix t. 

MI does not change for each position of an object normally, we take images of 
calibration object in different positions and in different orientations allowing tilting 
or rotating randomly. But ME changes because pose and position change. We can 
now continue with flexible calibration method [2]. 

2.4.3 Flexible Technique for Camera Calibration 

In this technique, we need to use at least two planar patterns in different 
orientations. Camera or planar pattern can be moved by hand. Pose and position 
estimation of the log-spiral pattern is focused on this flexible algorithm by taking the 
advantage of flexibility, robustness and using the WLAN pan/tilt camera which is 
used in this project. It requires non-linear estimation parameters.  

Since we assume Z=0 of the world coordinate for the model plane, we can build the 
homograph between the model plane and its image plane. We use the notation P=(X, 
Y, Z, 1)T and p'=(u, v, 1)T as used above for model plane and its image plane 
respectively then we can write an equation as follow: 

sp'=MI 𝑹 𝒕 P where s is an arbitrary scale factor. MI is the intrinsic matrix as above 
except that it has an deformation factor 𝛾 

MI =  
𝑓𝑥 𝛾 𝑢0

0 𝑓𝑦 𝑣0

0 0 1
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where γ is now the skewness parameters between the analog image coordinate and 
digital image coordinate. In the previous simple model γ = 0 was assumed. Since Z=0 
everywhere, we can write a homography as follows: 

s(u, v, 1)T = MI[r1 r2 r3 t] (X, Y, 0, 1)T then we have  

s(u, v, 1)T = MI[r1 r2  t] (X, Y, 1)T 

H = MI[r1 r2 t] and H = [h1 h2 h3] can be solved as follows: 

 

 

 
 
 
 
 
 
 
 
 

X1, Y1, 1,0,0,0, −u1X1, −u1Y1, −u1

0,0,0, X1, Y1, 1, −v1X1, −v1Y1, −v1

.

.

.
XN , YN , 1,0,0,0, −uN XN , −uN YN , −uN

0,0,0, XN , YN , 1, −vN XN , −vN YN , −vN

.

.

.

.  

 
 
 
 
 
 
 
 
 

𝒉 = 𝟎   (2.46) 

Equation (2.46) is generated by using the maximum likelihood estimation [2]. Now 
we can solve this equation by using singular value decomposition(SVD) which gives 
the solution h and can be reshaped to 3x3 matrix form which was described above 
as H = [h1 h2 h3]. 

Because r1 and r2 is orthogonal , we have two basic constraints. Therefore; 

h1TMI-TMI-1h2 = 0   (2.47) 

h1TMI-TMI-1h1 = h2TMI-TMI-1h2  (2.48) 

By using these two constraints, we generate homography matrix H. 

B = MI-TMI-1 can be written in closed-form as follows: 

B =  
𝐵11 𝐵12 𝐵13

𝐵21 𝐵22 𝐵23

𝐵31 𝐵32 𝐵33

    (2.49) 

Due to the constraint 2.47, we can build the equation as follows: 

hiT B hj =vijTb where  
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vij = [hi1hj1; hi1hj2 + hi2hj1; hi2hj2, hi3hj1 + hi1hj3; hi3hj2 + hi2hj3; hi3hj3]T 

Since B is symmetric b = [B11, B12, B22, B13, B23, B33]T represents all unknowns. Then by 
using the second constraint we obtain: 

                             
𝑣12

𝑇

 𝑣11 − 𝑣22 𝑇 b = 0  (2.50) 

This represents two equations with 6 unknowns (encoded in b), generated by points 
on a single calibration object(plane) and their corresponding image points. If we 
would have more calibration planes, equation 2.50 could be solved by using the 
singular value decomposition (SVD). To be precise, if we would have n calibration 
planes, we would obtain: 

Vb = 0 

Where V=2nx6 matrix obtained from n homograhies. If n is larger or equal to 3, we 
can solve equation 2.50 with SVD. Otherwise we have to assume some intrinsic 
parameters like skewness, principal points(u0,v0) are known. Once we solve b, we 
know B = λMI-TMI-1 where λ is a scale factor. Subsequently, all intrinsic parameters 
can be extracted as below:     

                           v0 = (B12 B13-B11B23)/(B11B22-𝐵12
2 )                              (2.51) 

λ = B33 - [𝐵13
2  + v0(B12B13 - B11B23)]/B11  (2.52) 

fx =  𝜆/B11      (2.53) 

fy =  (𝜆𝐵11/(𝐵11𝐵22 − 𝐵12
2 )   (2.54) 

γ = - B12fx2fy/λ    (2.55) 

u0=γv0/fy -B13fx2/fy    (2.56) 

Once we know the intrinsic parameters, we can extract the rotation matrix and 
translation matrix that give us the extrinsic parameters. 

By using the homography matrix H = MI[r1 r2 t], we can compute the extrinsic 
parameters as follow: 

[h1 h2 h3] = λ MI[r1 r2 t] where λ is an arbitrary scale factor then; 

r1 = λ MI-1h1  r3 = r1 x r2   λ = 1/ 𝑴𝑰−1𝒉1  

r2 = λ MI-1h2    λ = 1/ 𝑴𝑰−1𝒉2  
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In conclusion, there are few steps to reach the intrinsic and extrinsic parameters. 
First, we need a pattern (calibration object is a plane consisting of log-spiral 
patterns) and print it on flat surface. Then take its images by using the network 
camera in this project. These images can be in different orientations. After detecting 
the feature points of the every image, we can estimate all intrinsic and extrinsic 
parameters by using the closed-form solutions above. 

3 Detection of Log Spiral Codes and Their Synthesis 

3.1 Detection of Log Spiral Codes 

In this chapter, we investigate how the spiral detection algorithm is implemented.  

GST has the form as follows: 

I20 =  ┐𝜉 ,𝜂  (ξ, η)𝑑𝜉𝑑𝜂  = 
┐∗

𝑥 ,𝑦  (ξ)

 ┐∗
𝑥 ,𝑦  (ξ) 

┐𝑥 ,𝑦  (f) 𝑑𝑥𝑑𝑦 

=  exp(𝑖 𝑎𝑟𝑔 ┐∗
𝑥 ,𝑦  

(ξ)) ┐𝑥 ,𝑦  (f) 𝑑𝑥𝑑𝑦   (3.1) 

I11 =   ┐𝜉 ,𝜂  (f) 𝑑𝜉𝑑𝜂 =   ┐𝑥 ,𝑦  (f) 𝑑𝑥𝑑𝑦   (3.2) 

where ┐𝜉 ,𝜂  (f)(ξ,η) = [𝐷𝜉𝑓 𝜉, 𝜂 +  𝑖𝐷𝜂𝑓 𝜉, 𝜂 ]2 

When we use the symmetry derivatives and GST, we have the GST-framework to 
detect spiral-patterns as follows; 

I20 = 𝛤{𝑛 ,𝜎2
2} * (𝛤 1,𝜎1

2 ∗ 𝑓)2   (3.3) 

I11 =   𝛤{𝑛 ,𝜎2
2}  *  𝛤 1,𝜎1

2 ∗ 𝑓 
2
   (3.4) 

and Symmetry derivative of Gaussian 𝛤{𝑛 ,𝜎2} is defined as follows: 

𝛤{𝑛 ,𝜎2}(x,y) = M(n)
1

2𝛱𝜎2exp(−
𝑥2+ 𝑦2

2𝜎2 )   (3.5) 

where M(n) = (−  
𝑥+𝑖𝑦

𝜎2
)𝑛  for n ⩾ 0 and M(n) = (−  

𝑥−𝑖𝑦

𝜎2
)−𝑛  for n < 0. 

𝜎1 and 𝜎2 are the high frequency assumed to be noise and size of neighborhoods 
respectively. Here n = -2 representing spiral detection. 

3.2 Frequency Synthesis of Spiral Codes 

In this chapter, we focus on how to generate the spiral pattern by means of number 
of legs and twist angle (θ) parameters to mark objects. An object point's location 
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and identity can be determined at the same by the spiral patterns. Due to the image 
processing, we can determine the position of an object with high accuracy while 
extracting their identities. One important advantage of our spiral patterns is its 
invariance to the spiral patterns twist angle (θ). We will show how the twist angle 
becomes superfluent for spiral location detection all the while it is needed to 
identify the spirals further below. Here, we present the idea of using the spatial 
frequency of spiral codes [6] in synthesis to make the location detection less 
sensitive to the choice of thresholds. By using the local frequency synthesis of spiral 
codes, the same threshold value can be used to detect all different spiral codes.  

Since we need I20 = 𝛤{𝑛 ,𝜎2
2} * (𝛤 1,𝜎1

2 ∗ 𝑓)2 to generate the GST , we should determine 
the 𝜎1 and 𝜎2. Every spiral has its own local frequency which is determined by its 
number of legs (L), which should be an integer and its twisted angle (θ). The 
number of legs represents the number of valleys (or crests) of a spiral having the 
following relationship to local frequency, w: 

w = 
𝐿

𝑟 sin (𝜃) 
    (3.7) 

Once we fix a radius on which we count the number of legs for a spiral as r0, we can 
force w0r0 to be approximately constant1. 

                            wr = 
𝐿

 sin (𝜃) 
       (3.8) 

This constancy in turn causes L to change as a function of θ . 

However L = wr sin(𝜃)  must be integer yielding L = round(wr sin(𝜃) ). The reason 
to keep w0 at a predefined constant when one walks around its centre at a fixed 

radius r0 (in pixels) is that  𝐼20  is frequency sensitive [1], [13], due to 𝛤 1,𝜎1
2  being 

frequency sensitive. Since we want to threshold  𝐼20  for detecting spirals with 
different 𝜃 using a single threshold,  𝐼20  must be large and approximately the same 
for all used 𝜃. Keeping w0 constant, that makes the maximum of signal  𝐼20  
approximately the same, even if they have different twist angles 𝜃. Evidently  𝐼20  is 
independent of 𝜃 because 𝜃 is estimated by 2𝜃 = arg( 𝐼20  ), only.  

Since 𝜎2 is used to define the spatial support of the detection model for a log-spiral 
pattern, standard deviation of the second filter 𝜎2 tells us the radius at which the 

magnitude of the complex filter 𝛤{𝑛 ,𝜎2
2} becomes maximum [6] without computation 

/normalization with I11: 

r0 =  2 𝜎2    (3.9) 

                                                        
1 This is because if wr is an arbitrary real number and sin(𝜃) is a real number between -1 and 1 then 
L cannot be integer, but real. If rounded off to the closest integer then the right side of (3.6) will not 
be exactly the same as the left side. 
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In turn r0 influences the size of 𝛤{𝑛 ,𝜎2
2}. When we substitute a desired r0 which is 

measured in pixels into the equation 3.9, we obtain 𝜎2 as follows: 

𝝈𝟐 = 
𝒓𝟎

 𝟐
    (3.10) 

Accordingly, it can be said that the second filter defines the physical distance range 
in which the spiral detection algorithm can extract the spirals. In our calibration 
object, a typical image of which is shown in figure 3.2, r0=14 (in pixels) yields a 
reasonable radius where one can observe a spiral (just outside of the noisy center). 
Eq. (3.10) determines then σ2 = 10. 

In the GST filter 𝛤 1,𝜎1
2 , 𝜎1

2 determines the frequency of peak sensitivity of the spiral 
detection process which is given by  

w0 =  𝑛
1

𝜎1  
  where n=1  (3.11) 

When L, 𝜃 and r0 are fixed with the spiral with highest twist angle, i.e. here 𝜃 = 
7𝛱

8
, 

assuming that L=4 as it is shown in Fig. 3.1 and r0=14 then using eq. (3.7), we obtain 

w0=
4

14 sin (𝜃) 
=0.75 which in turn yields σ1=1.3. Keeping w0 constant (0.75) means, we 

must change L when |sin(θ)| changes, e.g. L=round(w0(sin(6Π)/8)*14)=7 for the 

spiral with 𝜃 =
6𝛱

8
 which is what we have in Fig. 3.1, etc. 

Spiral pattern can be modeled by using number of legs (L) and twist angle (θ). Some 
of the spirals which are used in the project have been shown in figure 3.1. 

 

Figure 3.1. log-spiral pattern(left) for pattern L = 4 with θ = 
7𝛱

8
 and log-spiral 

pattern(right) for L= 7 and θ = 
6𝛱

8
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Since we have used log-spiral patterns, we have n which is equal to -2. 

According to the Cauchy–Schwarz inequality, we have  𝐼20  ≤ 𝐼11 . On the other hand, 
the magnitude of I20 gives us a contrast/amplitude depending certainty for the 
presence of spiral patterns.  𝐼20  can be thresholded if its dynamic range is known. If 
dynamic range of  𝐼20  is not known, threshold value can be selected in the range 
[0,1] as seen below: 

 𝐼20   

I11
 ≤1   (3.6) 

Since we know that we have generated log-spiral patterns at the maximum 
amplitude, we have used the same threshold value for all log-spiral patterns [6]. 
Figure 3.2 shows one of the calibration objects we have used in the project and 
figure 3.3 represents the  𝐼20  value of detected spiral patterns by implementation of 
detection algorithm in Matlab. From the figure 3.3, we can observe the threshold 
value where it changes differently out of spiral boundaries. 

  

Figure 3.2. Image of calibrated object with nine log-spirals 

 

Figure 3.3. Display of I20 of the log-spiral patterns in fig 3.2. The magnitude of I20 
modulates the brightness whereas the argument modulates the hue. 
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Figure 3.4. Detected points of log-spiral patterns. 

In the figure 3.3 the brightness value for top left spiral is 0.65 representing  𝐼20  
whereas the hue value is 3.15 representing the argument of I20. When we move the 
display cursor in the image, we will see that brightness value which represents  𝐼20  
is almost zero outside of the detected spiral boundaries. So we can apply the same 
threshold value which is 0.6 for this image. As seen from the figure 3.3, lowest-
right and highest-left spirals have large illumination difference so detection 
algorithm is affected. We need to reduce gamma correction which is used to 
exponentiate the gradient magnitude for calculating I20 to make the detection 
algorithm stable. Boundary of spiral patterns which is the safe distance for detection 
has been found by using the size of filter 𝜎2 which has been used to generate GST 
detection model for log-spiral pattern. After applying threshold to the detection 
algorithm, now we are able to detect and extract the position of each of every log-
spiral pattern. The detected spirals have been shown in figure 3.4. These detected 
points have been used to calibrate the camera and these calibration parameters help 
us to extract pose estimation of object. 

To summarize: local frequency characteristics of a log-spiral pattern which is 
defined by its number of legs and its twist angle gives us an idea of what size of 
detection filters can be used in the first stage of detection. The design parameters 
used in this project were observed by taking images of the calibrated object in 
different conditions and it has been seen that design parameters for detection of 
spirals are robust enough for poor illumination, distances and noise in the image. 
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4 Calibration of Camera Using Spirals 

4.1 Intrinsic Matrix estimation by Using Multiple Planes of 
Spirals 

We are concerned in this chapter with problem of finding the extrinsic and intrinsic 
camera parameters by using multiple views of a log-spiral pattern printed on planar 
surface. This section summarizes a camera calibration procedure, similar to [2] 
using only planar objects. The general 3D objects can also be used, e.g. [3]. The 
procedure is implemented in Matlab. The camera is free to rotate. However, we have 
camera motion to zero and without zoom. Instead, we have moved the planar 
surface with different pan/tilt angles first to estimate the intrinsic parameters as 
accurately as possible and second to see how the calibration procedure estimates 
the extrinsic parameters accurately. If the camera and the calibration object were 
both rotated, it would be difficult to judge the veracity of rotation angles. As 
suggested in [2], we used at least three different planar surface orientations in 
intrinsic parameters estimations. Intrinsic camera parameters which is described by 

MI =  
𝑓𝑥 𝛾 𝑢0

0 𝑓𝑦 𝑣0

0 0 1

  consists of five values;  

the focal length expressed in the width of pixel size, fx, the focal length expressed in 
the height of pixel size, fy, the skew parameter (𝛾), and the coordinates of the 
principal point, u0, v0. Other factors like radial and tangential distortion [11] can 
have an important influence on camera parameters also. However, we have studied 
a simple camera model to obtain a quick estimate of object orientations. Our camera 
images were 640 x 480 pixels. Since focal length is in fx and fy, we have kept zoom of 
the camera constant when estimating the rotation of an object. However, to show 
how the intrinsic and extrinsic parameters change when zooming a camera, the 
calibration object has been zoomed into when it had different orientations as well. 
Rotating an object around any axis yields several images. One such view is given in 
figure 4.1. 
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Figure 4.1.Rotation was performed in tilt/pan variations (normal of the plane containing 

the spirals). 

By applying the detection algorithm, presented in the previous chapters, we can 
extract the center points of log-spiral patterns in image coordinates, along with 
spiral identities. We use them to establish correspondence between the image and 
world coordinates. This in turn generates a homography matrix allows to build the 

closed-form matrix B =  
𝐵11 𝐵12 𝐵13

𝐵21 𝐵22 𝐵23

𝐵31 𝐵32 𝐵33

  detailed in chapter 2.4.3 and one can solve 

the equation 2.50 to get the extrinsic matrix. The center points of spirals are shown 
in figure 4.2 and the corresponding image coordinates are given in table 1. 
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Figure 4.2. Image coordinates of detected spiral symbol is signed with purple cross. 
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Corresponding image coordinates(top 
left) in Figure 4.2 

Corresponding image coordinates(top 
right) in Figure 4.2 

 Image 1   Image 2  

(182.96, 
119.07) 

(328.83, 
119.45) 

(472.07, 
118.99) 

(176.97, 
109.04) 

(340.47, 
110.39) 

(488.30 
113.80) 

(186.21, 
262.32) 

(328.83, 
264.12) 

(469.15, 
264.60) 

(177.31, 
274.08) 

(337.43, 
271.79) 

(484.17, 
268.81) 

(190.34, 
403.63) 

(328.83, 
404.18) 

(465.15, 
402.56) 

(179.66, 
437.93) 

(335.20, 
429.28) 

(479.06, 
420.53) 

 Image 3   Image 4  

(222.80, 
107.58) 

(359.11, 
111.88) 

(476.41, 
117.42) 

(145.08, 
99.73) 

(281.98, 
99.12) 

(416.21, 
102.53) 

(218.03, 
262.98) 

(352.72, 
258.76) 

(468.84, 
253.79) 

(154.28, 
221.21) 

(283.09, 
221.02) 

(410.57, 
223.24) 

(216.10, 
415.96) 

(347.34, 
401.36) 

(460.74, 
387.67) 

(164.06, 
330.30) 

(284.86, 
331.51) 

(404.48, 
332.41) 

 Image 5     

(128.09, 
54.19) 

(282.09, 
54.86) 

(433.91, 
56.85) 

   

(146.23, 
166.90) 

(285.01, 
168.51) 

(421.71, 
170.39) 

   

(162.40, 
264.02) 

(287.11, 
265.40) 

(412.37, 
266.86) 

   

Table 1. Image coordinates of spiral centers in figure 4.2 

By using image coordinates of the spirals and their correspondence to 3D points, 
one can use the method of [2] to deduce the intrinsic parameters. The results are 
given in table 2. 
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fx 1106 

fy 1120 

u0 332 

v0 227 

𝛾 1 

Table 2. Intrinsic parameters MI based on 3 images. 

As seen from the table, the aspect ratio which is fx/fy is close to one. This means that 
our camera had equal pixel width and height. Principal points are also reasonable 
where the image size is 640 x 480 because it is close to the center of the image. The 
skew value (γ) indicates that there is significant distortion. There is no significant 
distortion because γ is small compared to other parameters to allow for extracting 
the extrinsic parameters for future observations (using the same zoom) which is 
discussed next. Intrinsic matrix MI for each of every image should be the same if 
zooming state is kept the same which was the case in the above experiment and 
others. We obtained the same intrinsic parameters MI for all such experiments. The 
method of [2] as implemented in this study can be summarized by the following 
steps: 

1. Print a 3 x 3 log-spiral pattern by laser printer and place it on a plane surface. 

2.Estimate the image homography matrix for each of every image. 

3.Solve the b for Vb = 0  

4.Compute the intrinsic and extrinsic parameters. 

5.Express the rotation matrix to observe rotating angle.  

4.1.1 Pose Estimation by Using Intrinsic Camera Parameters 

Correct camera calibration has an important role to perform camera applications 
such as surveillance a large area or tracing an object. The accuracy of practical use 
highly depends on robust calibration parameters. At that point, pose estimation is 
an important for practical use for surveillance systems. Pose estimation means 
estimating the rotation and translation of a calibration image to the reference 
camera system. In this chapter, we prove how the rotations parameters are obtained 
even for small degrees. We have extracted rotation matrix from the extrinsic 
parameters which is generated by using the intrinsic parameters. From rotation 
matrix R = [r1 r2 r3]  
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Where      r1 = λ MI-1h1             λ = 1/ 𝑴𝑰−1𝒉1  

                   r2 = λ MI-1h2        λ = 1/ 𝑴𝑰−1𝒉2  

                   r3 = r1 x r2  

Using linear algebra rotation matrix about the tilt/pan angles of calibration object 
should be as follows; 

RtiltCO =  
0 cos θ − sin θ
1 0 0
0 sin θ cos θ

  

 

RpanCO =  
0 1 0

  cos θ 0 sin θ
− sin θ 0 cos θ

  

 

Rz =  
cos θ − sin θ 0
sin θ cos θ 0

0 0 1
  

We performed the calibration by using the same calibration model images which is 
shown in figure 4.2. First image in figure 4.2 is almost parallel to the camera. 

Results were shown in table 3. 

 

Image 1 (R1) Image 2(R2) Image 3(R3) 

  0.0038  -0.9901  0.0134 

  -0.9900  -0.0004  0.1399 

  -0.1412  -0.0136  -0.9802 

  0.0170  -0.9671  0.2615 

  -0.9937  0.0090  0.1120 

  -0.1112  -0.2622  -0.9608 

  0.0388  -0.8665  0.5380 

  -0.9903  0.0193  0.1369 

  -0.1338  -0.5407  -0.8573 

Image 4 (R4) Image 5 (R5)  

  0.0090  -0.9883  0.0154 

  -0.8803  -0.0062  0.4690 

  -0.4743  -0.0208  -0.8701 

  0.0138  -0.9772  -0.0088 

  -0.6943  -0.0128  0.7031 

  -0.7195  -0.0006  -0.6786 

 

Table 3. Rotation matrix for 3 images in figure 4.2. 
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As seen from the table 3, rotation angle for tilt/pan angles can be calculated as 
follow: 

Where R= 
𝑅11 𝑅12 𝑅13

𝑅21 𝑅22 𝑅23

𝑅31 𝑅32 𝑅33

  

For the tilt angle provided that: 𝑅11  ≃ 𝑅22  ≃ 𝑅23  ≃ 𝑅31  ≃ 0. 

and tan-1(𝑅32/𝑅33)*180/Π = sin-1(𝑅32)*180/Π gives the tilt angle of object. 

For the pan angle provided that: 𝑅11  ≃ 𝑅13  ≃ 𝑅22  ≃ 𝑅32  ≃ 0. 

and tan-1(𝑅31/𝑅33)*180/Π = sin-1(𝑅31)*180/Π gives the pan angle of object. 

And sign of 𝑅32  and 𝑅31  defines the side of tilt and pan angle respectively. 

We have performed our camera calibration algorithm to many different images in 
different orientations and the results are shown in the next chapter.  
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5 Experiments and Results 

This chapter provides the analysis of the results performed by using the methods 
from Chapter 2 and Chapter 3. Calibration plane will be moved in different 
orientations in order to make the calibration algorithm extract the camera 
parameters. Firstly three images of model plane are used then we increased the 
number of images from 3 to 7 in different light conditions. Secondly, we will see 
what we need to change for design parameters of detection algorithm to find the 
image points of images of model plane. Finally, we will be able to perform our 
calibration algorithm to determine accuracy of the method which we have used for 
camera calibration. We are also able to see how the model plane rotates even for 
small degrees with different distance in different light conditions. 

5.1 Real Data Setup 

Our pan/tilt/zoom network camera with maximum resolution of 640 x 480 was 
used to take the all the images of model plane. Images were taken by using a 
standard browser without any additional software and also PTZ ability can be 
controlled but in this thesis we do not use this PTZ movement. JPEG compression 
format was used for images. Focal length changes from 2.4 mm to 60 mm. The model 
plane has 3 x 3 log-spiral pattern so we have 9 different log-spiral symbols. The 
pattern was printed with laser printer and put on a rigid surface as seen in figure 9.  

5.2 Experiment with Different Numbers of Image Model 

As the first step, three model images were taken. The size of the model image is 19 
cm x 19 cm and we fixed the PTZ movements and focal length of the camera that is 
the camera was static as well as zoom. These three model images with their 
extracted calibration points are shown in figure 5.1.  
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Figure 5.1. Detection of log-spiral patterns. First column is original images, second 
column is detection points of spirals.  

According to the number of legs (L) of log-spiral, radius of spirals (r0) and noise 
level in the picture, the value of σ1 and σ2 have been adjusted to generate 
generalized structure tensor (GST), where σ2 defines the size of complex moment I20. 

Some important optimal design parameters for detection algorithm are given in 
table 4. 

σ1 σ2 Threshold 

0.6 6 0.02 

Table 4. Design parameters for detection algorithm. 

Once we have the image points for spiral patterns after performing detection 
algorithm, now we can calculate the rotation angle by using the camera calibration 
method presented in chapter 2.4.3. The flexible camera calibration method were 
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implemented in Matlab[21]. Three images of model plane ( see figure 5.1) were 
taken by the WLAN camera and the results for intrinsic parameters are shown in 
table 5. 

 

Camera Parameters 3 images 

fx 1089 

fy 1108 

𝛾 -7.4 

U0 360.3 

V0 253 

Table 5. The intrinsic parameters of three images for figure 5.1. 

All the intrinsic parameters for each images are the same as we expected and aspect 
ratio (fx/fy) which is supposed to be 1 is also close to 1. Due to the reason of being 
lens distortion and noise at the images, skew parameter(γ) which is supposed to be 
zero is slightly different from the expected value. 

The calculated intrinsic parameters were used to extract rotation matrix and the 
results are demonstrated in table 6. 

 

 Image 1 Image 2 Image 3 

R 
 

0 −0.99 0.0133
−0.99 0 0.14
−0.14 −0.0135 −0.98

   
0.0124 −0.97 0.26
−0.99 0.015 0.11
−0.11 −0.26 0.96

   
0.035 −0.86 0.54
−0.99 0.032 0.13
−0.13 −0.54 −0.85

  

Θtilt 0.75 15.07 32.68 

Ground 
truth 
θtilt 

0 15 30 

Table 6. Rotating matrix for tilt angles in three images. 

It is clear that the small rotation of image model can be observed with acceptable 
difference where the ground truth for rotation for three images is 15 degree by 
applying flexible camera calibration technique which is proposed by Zhang. Now we 
will take a look at the performance of our calibration algorithm with three images to 
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seven images. These seven images are illustrated in figure 5.2 and rotating angle for 
each images is shown in table 10. 

   

   

 

TFigure 5.2. Model images with different orientation 

Since we have used same log-spirals in same size, we do not need to adjust design 
parameters for detection algorithm even images were taken in poor illumination 
and in different orientations. Design parameters for GST detector filters and 
threshold value are shown in table 7. 

 

σ1 σ2 Threshold 

0.6 6 0.2 

Table 7. Design parameters for detection algorithm. 

After we gained the image point of spiral patterns, we can use these image points 
with corresponding world coordinates of model image for calibration algorithm to 
observe how the model image rotates. Intrinsic parameters change with different 
number of image models has been shown in table 8. 
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 3 images 4 images 5 images 6 images 7 images 

fx 1089 1121 1106 1120 1129 

fy 1108 1140 1119 1135 1145 

γ -7.4 -2.3 1 -4.8 -8.1 

U0 360 362 332 341 347 

V0 253 232 227 236 244 

Table 8. Intrinsic camera parameters for 3 images to 7 images. 

As seen from the table 9, the intrinsic parameters are consistent with each other, 
because the values seem to be stable. Since our image size is 640 x 480, the principle 
points must be around 320 for U0 and 240 for V0. The estimated value of principle 
points are little different than how it is supposed to be. This difference is most 
prominent for U0 compared to the expected (320) which can be explained in two 
ways. First, the expected U0 (320) is not the ground truth (which is unknown) which 
seems to be genuinely higher than the expected value. Second, the error due to our 
algorithm and imaging. 
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Rotating 
angle 

(TILT/PAN) 

3 images 4 images 5 images 6 images 7 images Rotating 
angle in 
ground 

truth 

Θtilt 

Θpan 

Image 2 

15.07 

6.3 

15.66 

6.3 

15.07 

6.3 

15.66 

6.9 

15.66 

6.3 

15 

5 

Θtilt 

Θpan 

Image 3 

32.68 

7.5 

33.37 

8.04 

32.68 

8.04 

33.36 

8.04 

33.37 

8.04 

30 

5 

Θtilt 

Θpan 

image 4 

 1.15 

28.68 

1.15 

28.03 

1.14 

28.68 

1.15 

29.34 

0 

30 

Θtilt 

Θpan 

Image 5 

  0 

45.24 

0 

45 

0 

46.05 

0 

45 

Θtilt 

Θpan 

Image 6 

   15.07 

8.04 

15.07 

8.04 

15 

5 

Θtilt 

Θpan 

Image 7 

    28.07 

8.04 

30 

5 

Table 9. Rotating angle of images. All the angles are in degree. 

Table 9 shows us the estimated rotating of image model for small degrees is 
consistent with real data. Even we change the order of images in our calibration 
algorithm, both extrinsic and intrinsic parameters remain same. It means, our 
calibration algorithm is quite stable. What we have seen from this experiment is 
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more data we have, better and more accurate results we get. We also performed our 
calibration algorithm onto some other images (see Figure 5.3)  

  

 

Figure 5.3. Three images of model plane in day-light. 

Intrinsic and rotation matrix for these three images are shown in the table 10 and 
table 11 respectively. 

 

fx fy γ U0 V0 

1161.3 11172 -10.4 380 263 

Table 10. Intrinsic parameters 

 

R1 R2 R3 

 
0.035 −0.84 0.57
−0.99 0.037 0.14
−0.14 −0.57 −0.83

   
0.02 −0.99 0.016

−0.87 −0.006 0.49
−0.5 −0.021 −0.86

   
−0.013 −0.96 −0.27
−0.99 −0.03 0.14
−0.14 0.26 −0.95

  

Θpan=8.05 Θpan=30 Θpan=8.05 

Θtilt=34.75 Θtilt=1.15 Θtilt=15.07 

Table 11. Rotation matrix and rotating angle of pan/tilt. 

As seen from the figure 5.3, the first image is not parallel to reference camera 
system, it was rotated some degrees around pan and tilt. So our pose estimation of 
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log-spiral plane is consistent with real. Because of different noise level and different 
view of these three images, we had to make a small change for threshold value in 
log-spiral detection algorithm.. Since we are focused on rotation, rotation matrix 
gives a reasonable results for these three images. 

We also tested how model plane rotates when we take the image with a zoom 
variation of the relative reference camera. Five different image of model planes were 
taken by the camera (see in figure 5.4) and results are shown in the next table. 

  

  

 

Figure 5.4. Five images of model plane with a zoom variation of camera. 

 

 θ 1 θ2 θ3 θ 4 θ 5 

Tilt 
angle 

0 10 30 20 30 

Pan 
angle 

0 0 0 0 5 

Table 12. Rotating angle for each images in ground truth at figure 5.4 
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fx fy γ U0 V0 

2571 2635 30 479 219 

Table 13. Intrinsic parameters for five images with zoom. 

As seen from the Table 13, we have a different result for intrinsic parameters of fx 
and fy because of distortion at the camera lenses and principal points which were 
moved further from the central point of image. The result of rotation matrix is 
shown in table 14. 

 

R1 R2 R3 R4 R5 

 
0.007 −0.99 0.07
−0.99 −0.0005 0.046
−0.045 −0.07 −0.99

   
0.005 −0.97 −0.22
−0.99 −0.009 0.033
−0.035 0.022 −0.97

   
−0.002 −0.89 −0.48
−0.99 −0.02 0.033
−0.036 0.48 −0.89

   
0.04 −0.96 0.31

−0.99 0.0007 0.086
−0.08 −0.31 −0.96

   
0.04 −0.84 0.53

−0.99 0.01 0.13
−0.13 −0.53 −0.83

  

Θpan=2.58 Θpan=2 Θpan=1.72 Θpan=4.6 Θpan=7.5 

Θtilt=3.89 Θtilt=12.47 Θtilt=28.03 Θtilt=18.05 Θtilt=32 

Table 14. Rotating matrix and rotating angle for zoomed images. 
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6 Conclusion and Future Works 

The work presented in this thesis focuses on calibration of cameras to deal with the 
problem of finding the rotation angle of the calibration object. Due to the advantages 
of spiral pattern, we have used the planar surface with 3 x 3 spiral pattern as 
calibration object. A 3 x 3 spiral pattern was printed by laser printer and labeled on 
a solid surface. The problem of finding the rotating angle is decomposed in three 
tasks. The first task finds the image points at the image models. The second task is 
the spiral detection algorithm. To accomplish this task, we have updated some 
design parameters in the detection algorithm which was used in Design of 
Embedded and Intelligent Systems (DEIS) course in Halmstad University to make it 
suitable for the different conditions and the camera type. The third task deals with 
calibration techniques. After we analyzed some existing approaches for calibration 
techniques, we determine a flexible camera calibration method would be ideal 
because it uses few calibration points, in our case only nine.  

In this thesis, flexible camera calibration technique was implemented in Matlab and 
intrinsic and extrinsic parameters were obtained for each of every image models 
that were taken by PTZ camera. Therefore this technique requires only one camera 
and planar pattern as calibration object, we have fixed the camera and move the 
planar pattern to a different orientation. After loading the world coordinates of 
model plane and corresponding image points to the calibration algorithm, we were 
finally able to gain the intrinsic and extrinsic camera parameters. We have extracted 
the rotation matrix from the extrinsic parameters. We have analyzed the rotation 
matrix and calculated the rotating angle. Without any zoom variety of the camera, 
we obtained quite good results for rotating angle. So the accuracy for the algorithm 
is a function of the distance of the model plane to the camera and optical distortion 
of the camera. It is also possible that illumination level and type of illumination can 
affect the detection algorithm. So to make the detection algorithm stable, we have 
reduced the gamma correction. During our experiments, we have observed that if 
we get calibration planar pattern close to the yellow light, the spirals become 
invisible at the image. We have seen that the use of distorted planar pattern affects 
the detection algorithm of spiral pattern. 

For future work , the spiral pattern can be encoded by using the identity of each of 
log-spiral that we have used for calibration planar object. Every spiral has its own 
angle which can be also detected by the detection algorithm and by using these 
angularity, we can encode the surface as identity. For example; if we have 8 different 
spirals ( with different twist-angles ) in our spiral-alphabet and we have nine grid-
points to place them on, we can reach to 78 different identities provided that we use 
one grid-point as header/start point and one spiral-code as its marker. So it can be 
used for tracking numerous object at the same time in a surveillance system. To get 
a better result in intrinsic parameters and rotating angle estimation, a more 
complex calibration algorithm which includes optical distortion correction can be 
used. The detection algorithm and the camera calibration algorithm can thus be 
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combined for practical use to track not only positions of numerous object but also 
their poses.  
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