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ABSTRACT
The scaling behaviour of a straight-bladed vertical axis wind turbine is considered. A scaling scheme is described that,
in the presence of a wind shear profile, aims at leaving the material stresses of the scaled construction unchanged. Based
on a recent 200 kW three-bladed H-rotor design, a structural upper size of the turbine is proposed, this size being the
scale at which the gravitational force starts to become important. As gravity has a much worse scaling behaviour than the
aerodynamic and centrifugal forces, the construction work will become increasingly more difficult above this scale. The
upper size is estimated to be around 30 MW. Copyright c 0000 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Competitiveness is likely to be a prerequisite for wind power to become a substantial contributor to the global energy
production and a relevant player to cut greenhouse gas emissions. In this effort the present direction is towards larger
machines, which has been shown to make energy production both cheaper and greener [1]. However, for conventional
horizontal axis wind turbines further reduction in cost of energy due to up-scaling relies on continuous technology breaktroughs concerning blade manufacturing and materials [2], break-throughs that are not a priori certain to take place. One
example that is likely to push the size limit upwards is the concept of smart rotor control [3].
A promising and totally different approach to reduce the lifetime cost of wind power may be found in the concept of
vertical axis wind turbines (VAWTs), where the number of moving parts can be kept at a minimum and the generator can
be placed at ground level [4, 5]. In this note we consider a specific VAWT design – the so-called H-rotor which has straight
blades, connected by struts to a central hub on a tower. It is believed that up-scaling will be beneficial for this concept as
well, and it is therefore interesting to study if there is a scale above which the gravitational loads will become dominant
and structural design increasingly challenging. Such a turning point will constitute a structural upper scale of this type of
VAWT.
Copyright c 0000 John Wiley & Sons, Ltd.
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VAWTs appear to be better suited for large scales than conventional horizontal axis machines, as noted in, for example
[6, 5]. For horizontal axis wind turbines, gravity will impose a cyclic stress which, due to fatigue issues, will multiply
its impact on material dimensioning. For VAWTs the only cyclically varying force is the aerodynamic force, which has a
better scaling behaviour. This is likely to place VAWTs in a better position for up-scaling.
A typical design of an H-rotor, a three-bladed 200 kW turbine, is presented in [7]. This turbine was constructed with a
focus on up-scalability and will constitute a reference design for the calculations presented here.

2. SCALING MODEL
This note considers scaling implications of the H-rotor, based solely on an analysis of loads on the strut joints. This means
that many important aspects are omitted. Loads on the hub, bearings and tower are disregarded, as well as dynamic stall and
control issues. Also omitted are transportation considerations, which, at very large scales, may have strong implications on
the design.
The current analysis is based on the assumption that the turbine is geometrically similar when scaled, the material is
unchanged and the nominal tip speed ratio is held constant. At first approximation, this type of scaling is reasonable as
the dominant forces (the aerodynamic and centrifugal forces) scale as the area and leave the material stresses unchanged.
However, in reality wind shear changes the scaling of the forces and we need to modify the scaling scheme to account for
this, as presented below. The scale factor α is defined as the ratio of the scaled turbine radius R̃ to the nominal radius R,
α=

R̃
.
R

(1)

In what follows, the scaled quantity will be denoted by a tilde. All lengths of the turbine are assumed to scale as α. For
an H-rotor with radius R and rotational frequency Ω in a wind field with unperturbed velocity U , the tip speed ratio is
λ = ΩR/U . Constant λ at different scales means that the distribution of angles of attack during the revolution is close to
identical; as a consequence, the aerodynamic forces per area will at first approximation be scale invariant (i.e. ignoring the
change in Reynolds number). Assuming a power law profile for the wind speed with exponent n = 1/7, the wind speed at
the hub for the scaled turbine is Ũ = αn U , as the hub height scales as α. The rotational frequency then scales according
to Ω̃ = αn−1 Ω. The power coefficient CP of a wind turbine is defined as
P =

1
CP ρSU 3 ,
2

(2)

where P is the generated power, ρ is the density of air and S is the cross-section area of the turbine. The maximum power
coefficient CP at optimum λ is assumed to be scale independent (even if we generally expect a slightly better value for
larger turbines due to higher Reynolds number, since the increased turbulent content in the boundary layer delays flow
separation [8]). Hence, according to (2), assuming constant CP the power absorption scales as,
P̃ = α2+3n P.

(3)

The aerodynamic forces Fa on the blades are proportional to the blade area and the square of the wind speed, so that
F̃a = α2+2n Fa .

(4)

As we will see, it is mainly the aerodynamic force that will govern the dimensioning for small scales. The material stress
σ in a joint (or piece of material) is proportional to F/A, where F is the force on the joint and A is the joint cross-section
area. At strict similar scaling, the joint area scales as Ã = α2 A. Since the aerodynamic force scales somewhat faster than
α2 and we want to keep the material stresses constant, we assume that the wall thickness throughout the construction is
2
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Table I. Data for the 200 kW reference turbine

Radius (R)
Hub height
Blade count
Blade area (one blade) (Sb )
Blade mass (one blade)
Struts mass (for one blade)
Nominal wind speed (U )
Nominal tip speed ratio (λ)
Nominal RPM
Power coefficient CP
Control method

13 m
40 m
3
20 m2
520 kg
1 × 103 kg
12 m/s
3.8
33
∼ 0.35
Passive stall

scaled to maintain a constant relation between the total cross-section area and the aerodynamic force, i.e. Ã = α2+2n A.
The outer dimensions, however, are assumed to scale according to similarity. With unchanged material this implies that
the rotor mass will scale as m̃ = α3+2n m. (Hence, as often mentioned in the context of wind turbines, the mass of the
turbine grows faster than the power absorption when scaled up.) The centripetal acceleration a experienced by the blades
is a = RΩ2 and scales as ã = α2n−1 a. The same holds for any position along the struts. As a consequence, the force
Fc = ma that is due to the centripetal acceleration scales as
F̃c = α2+4n Fc ,

(5)

Finally, all gravitational forces Fg scales as m, so that
F̃g = α3+2n Fg .

(6)

As expected, the gravitational force has the worst scaling behaviour of these forces. It is then clear that material stresses
will, when scaled up, eventually become very large due to gravitational forces. However, for small turbines the centrifugal
and aerodynamic forces will be dominant and determine the dimensions. At some point during scale up, the gravitational
force becomes of comparable influence at key joints. The scale at which this happens may be considered as the structural
upper scale of the turbine design under investigation. We will now look more closely at what is the upper scale of the Hrotor design. For nominal reference in the calculations, the 200 kW turbine described in [7] is used. This turbine is depicted
in Figure 1 and data is given in Table I. However, as the turbine blades are constructed from fiberglass composites, and
considering that at least 30% weight reductions may be expected by using carbon fiber instead [9], it is reasonable to reduce
the blade and strut masses accordingly in this upper scale estimate. The blade weight that will be used in the calculations
that follow is 350 kg.

3. MODEL IMPLICATIONS AND UPPER SCALE
To illustrate the different forces that are considered here, Figure 2 schematically depicts a simplified strut design, where
key joints have been numbered. A realistic design (as the one in Figure 1), usually includes two struts for each blade (or
additional struts close to the blade), but for the concepts in this presentation it is sufficient to consider just one strut as in
Figure 2.
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Figure 1. The 200 kW reference turbine, located in Falkenberg, Sweden.

Blade

2

3

1
Strut

Figure 2. Schematic picture of a blade and supporting strut with simplified geometry. Scalability at the numbered joints are discussed
in the text. The additional supporting strut connects at an angle of 45◦ .

4

Wind Energ. 0000; 00:1–9 c 0000 John Wiley & Sons, Ltd.
DOI: 10.1002/we
Prepared using weauth.cls

F. Ottermo and H. Bernhoff

An Upper Size of VAWTs

3.1. Forces at joint 1
Considering the nominal turbine in Table I at nominal wind speed, the forces at joint 1 may be estimated as follows. The
centripetal force is Fc = mb a ∼ 5.6 × 104 N, where mb is the blade mass, using the nominal tip speed ratio λ of about 3.8.
The gravitational force is vertical and amounts to Fg = mb g ∼ 3.4 × 103 N. The aerodynamic force can be approximated
p
2
by Fa = 12 Ctot ρSb v 2 , where Ctot = CL2 + CD
, CL and CD being the lift and drag coefficients, ρ is the density of air,
Sb is the blade area and v is the relative wind speed at the blade. Maximum Fa is estimated to occur when Ctot ∼ 1 and
v ∼ (λ + 0.5)U , and we get Fa,max ∼ 2.9 × 104 N. This force will add to the centripetal force in the horizontal plane.
The material stress due to the radial component of the resulting force is in the range of σ ∼ (Fc ± Fa,max )/A. (This is a
rough estimate; in reality the aerodynamic force on the downwind side is smaller than on the upwind side; it may also be
unsymmetrical along the blade, and with two struts the stress at each joint may temporarily be larger.)
As the stress varies cyclically, the joint needs to be designed with respect to fatigue. For a zero mean alternating stress
σe the ultimate stress should be at least σu = kσe , where k ∼ 10 to allow for a desired lifetime of 108 -109 cycles, which
is the typical number of cycles rotor components in a wind turbine have to withstand. The magnitude of k is estimated
from measurements on fiberglass composites [10], which is the typical fatigue-prone material at the joints in this design.
For a carbon fiber design, k ∼ 10 is assumed to still apply. If the mean stress σm 6= 0 we assume for simplicity that the
material is symmetric (which is only approximately true for fiberglass composites) and that Goodman’s rule (with unit
exponent) can be used,
σa = σe (1 − |σm |/σu ),

(7)

where σa is the allowed stress amplitude. Thus, having non-zero mean stress means that the ultimate stress has to be
σu = kσa + |σm |. In this particular case we need to design for an ultimate radial stress σu,x = (kFa,max + Fc )/A ∼
3.4 × 105 /A Pa. Assuming that a similarly sized area A is relevant for the vertical stress as well, the corresponding
ultimate stress to design for is σu,z = Fg /A ∼ 3.4 × 103 /A Pa, as the gravitational force is static. (It might appear
strange to compare vertical and horizontal stresses here; however, keeping in mind that for a realistic strut design the struts
connect to the blade at an angle, the comparison is more reasonable.) The gravitational contribution to the design ultimate
stress becomes of equal size to the aerodynamic contribution at α ∼ 80, which represents a turning point at which the
gravitational force is starting to become the main design driver with respect to dimensioning this joint.
In the intermediate range (from nominal wind speed up to shut down) where the turbine is assumed to be stall
controlled at constant power, the rotational speed is more or less constant and hence the centripetal force is unchanged.
The aerodynamic force will be somewhat larger than at nominal speed, and, in particular, vary more due to dynamic stall.
However, operation below nominal speed is much more likely than above, so looking at nominal wind speed for the entire
lifetime will give a fairly good indication, which suggests that scaling up to α ∼ 80 will be possible. This is, of course,
a highly unrealistic scale; in particular, the proposed scaling scheme is likely to break down well below this scale. As
presented below, the turning points for the other joints will occur at more realistic scales.
The storm case should be considered as well. With the turbine parked, Fc = 0 and Fa ∼ 7 × 104 N for maximum
Ctot ∼ 1.8 and v = U = 60 m/s. It is clear that this implies stresses well below the ultimate stress that was needed to
handle fatigue, as discussed above. It is difficult to asses the fatigue implication of storm loads, which may arise from
turbulence in the wind and flutter. However, considering the factor of 5 difference between the maximum stress and the
ultimate stress, and that the storm loads are present only for a small fraction of the lifetime, the design ultimate stress is
expected to be sufficient.

3.2. Forces at joint 2
Considering the impact of the gravitational force as compared to the other forces, the situation is more severe at joint 2 and,
in particular, at joint 3. At joint 2, let Fh denote the force from the hub on the strut. We assume the simplified geometry
as indicated in Figure 2, with strut mass 2mb and strut center of mass at r = R/3, where joint 3 is also assumed to be
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located. The components of Fh become
Fhz = −2mb g,

5
Fhx = − mb Ω2 R − Fa − 5mb g,
3

(8)

where the z-direction is vertical and the x-direction is along the strut. The last term of Fhx arises in order to balance the
vertical component of the force from the supporting strut at joint 3. By the same reasoning as given above in section 3.1,
joint 2 has to be designed for an ultimate stress of σu,x = (kFa,max + 5/3mb Ω2 R + 5mb g)/A. All three contributing
terms scale differently, and at α ∼ 17 the gravitational term takes over as the most important contribution. (An average
lever arm for Fa , as discussed below in section 3.3, could be introduced here as well; this would increase α somewhat.)
At storm conditions with a parked turbine, Ω is zero. The turbine has to be designed for extreme gusts with considerable
wind shear. Therefore, an unsymmetrical loading is assumed for the storm case, where the aerodynamic force Fa has a
lever arm b/4 to the midspan, where b is the blade span. Assuming unit turbine aspect ratio, which means that b = 2R, we
get

3
Fhz = − Fa − 2mb g,
2

5
Fhx = − Fa − 5mb g.
2

(9)

With maximum aerodynamic load at storm being 7 × 104 N as above, we note that the storm stress is well below the
ultimate stress.

3.3. Forces at joint 3
Turning finally to joint 3, we first consider a symmetric aerodynamic load Fa . Denoting the force from the supporting strut
on the main strut by Fs , its components are
Fsz = Fsx = 5mb g,

(10)

i.e. they are determined only by the mass of the blade-strut system. However, the aerodynamic load will always have an
asymmetric component due to turbulence and shear in the wind field. Introducing just a little lever arm on Fa will result
in a significant effect on this joint. It is therefore necessary to design this joint with respect to an aerodynamic load where
the lever arm is non-zero. Denoting the lever arm by a, the vertical component becomes
Fsz = 5mb g +

6a
Fa .
b

(11)

The lever arm may be estimated from measurements on fluctuations of vertical wind shear [11], where we additionally
assume that the lateral wind speed (affecting the wind direction) fluctuates on the same level as the longitudinal wind
speed. A change in wind direction affects the angle of attack, which is proportional to aerodynamic force. The wind
direction gradient can in this way be related to a lever arm on the total force. Assuming a standard deviation of the
vertical speed gradient of 0.02 s−1 , which is in the lower regime, we get an average lever arm of 0.08b. This indicates that
σu = (0.08 × 6kFa,max + 5mb g)/A, and according to the previous estimate of the aerodynamic force the terms in σu
becomes of equal influence at α ∼ 7.8.
At storm conditions, assuming the load acts at the 1/4 chord location, and utilizing the previously estimated storm
aerodynamic load, we obtain a stress close to the ultimate stress needed for nominal operation determined in the paragraph
above. Hence, it is likely that at this joint the storm load will determine the design strength. It is reasonable that fatigue
considerations will put some factor in front of the aerodynamic load so that the α will still be in the same regime or above.
However, due to uncertainties in judging the fatigue implications here, a conservative statement is that this type of scaling
is reasonable up to α ∼ 7.8. In terms of power rating this implies an upper scale rating of about 30 MW. The data for this
hypothetical turbine is given in Table II.
Compared to the reference design, the calculation is based on a 30% weight reduction of the blades and struts, as
explained in the end of section 2. Performing the calculation without this weight reduction, i.e. assuming standard fiberglass
blades, the structural upper scale becomes α ∼ 5.3, corresponding to a rating of 11 MW.
6
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Table II. Data for the upper-size turbine

Power rating
Radius (R)
Hub height
Blade mass (one blade)
Nominal wind speed (U )
Nominal RPM

30 MW
100 m
310 m
300 × 103 kg
16 m/s
5.7

The number of cycles that a turbine experiences during its lifetime is typically proportional to rotational speed Ω; as a
consequence, a bigger turbine may be designed to withstand a slightly smaller number of cycles. However, the effect is
small and neglected in this estimate. Also, fatigue issues need a much more thorough treatment. The present calculation is
just intended as a rough indication of the scale at which gravity becomes important.
Special treatment of joint 3 is needed at and above α ∼ 7.8. Likely, design improvements at joint 3 will render the
design viable at somewhat larger scales. However, well above this scale, we expect major difficulties in the design work,
as an oversized joint may be accompanied by an aerodynamic degradation.
3.4. Shear stress in the shaft
The reference design includes a shaft that transfers the torque Mz from the turbine to a ground level generator. The main
shaft is modelled as a thin-walled circular beam, and the shear stress is given by
τ =

Mz
,
2πr2 t

(12)

where r is the radius and t is the thickness of the beam. According to the proposed scaling scheme, t is to scale as α1+2n .
Since Mz = P/Ω we conclude that the shear stress in the shaft is scale invariant. The shear stress has to be lower than the
buckling limit, which is in the range of [12]
E
τ =
1 − ν2
0



t
H

2 

p
−2.39 + 96.9 + 0.605β 1.5 ,

where E is the Young’s modulus, ν is the Poisson’s ratio for the material, and β =

(13)

√
1 − ν 2 H 2 /tr. As t scales as α1+2n ,

and H and r as α, it is clear that the shear limit for buckling will increase with α, and the proposed scaling scheme is
viable with respect to the main shaft.
3.5. Eigenfrequencies
It is interesting to examine the scaling of eigenfrequencies of the scaled turbine as compared to the rotational frequency.
Consider the oscillations due to bending of the hub shaft (the uppermost part of the shaft). The hub shaft is modelled as a
thin-walled circular beam with second moment of inertia Iy = πr3 t, where r and t now denotes the radius and thickness
of the hub shaft. Again, t is to scale as α1+2n . The moment Mx from the hub shaft on the turbine due to the deviation θ of
the turbine position from the horizontal plane is given by
Mx = EIy θ/h

(14)

where h is the effective height of the hub shaft. For a parked turbine, assuming a rigid turbine with moment of inertia Itx
along a horizontal axis, the equation of motion for this type of oscillation is Itx θ̈ = −Mx and the frequency becomes
r
ω1 =
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Since Iy scales as α4+2n , Itx ∼ mR2 as α5+2n , and h as α, we note that ω̃1 = α−1 ω1 , which is not exactly the same
scaling as Ω. For a rotating turbine the frequency ω1 will shift as a function of Ω (see [13]), which will change the
scaling slightly, but there will still be a difference in scaling. The result is similar for the main tower frequency and other
oscillations in the turbine. Hence, resonance analysis against the per rev frequencies is not scale invariant and need to be
readdressed for different scales. It is generally the case that the eigenfrequencies in this scaling scheme decrease faster
than Ω does. This implies that special care need to taken, during up-scaling, regarding eigenfrequencies with resonances
just above the operational rpm range.

4. CONCLUSIONS
The gravitational force has a worse scaling behaviour than the aerodynamic force and this is expected to accelerate the cost
of machines above some upper scale. The estimates performed in this note suggest that the structural upper scale for the
H-rotor is in the range of 30 MW. This is the scale where gravity starts to become of major influence when dimensioning
key joints. The eigenfrequencies will shift with respect to rotational frequency, for the present scaling scheme, so that
possible resonances have to be readdressed for different scales.
The upper scale proposed here should not be viewed as the most economic scale, a scale which is much more
complicated to calculate and involves market, volume and manufacturing considerations. The scale proposed here is likely
to put an upper bound on the most economic scale, as the rate at which the cost increases is likely to accelerate above this
upper scale.
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