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This paper presents a comprehensive wheel model that can quantitatively evaluate traction performance of flexible/rigid wheels
driving on deformable terrain. The proposed model exploits a terramechanics-based approach with taking account of pressures gener-
ated by wheel elasticity as well as terrain stiffness. Deflection of a flexible wheel typically depends on a relative pressure between the
wheel and terrain: the wheel will be significantly deformed on rigid terrain whereas it will be hardly deformed on soft terrain. There-
fore, the wheel-terrain interaction in the proposed model is divided into three contact sections: wheel front section, wheel deflected
(flat) section, and wheel rear section. The traction force of the wheel is obtained as an integral of normal and shear stresses generated
at each section. Simulation studies with varied wheel pressures, such as flexible, semi-flexible, and rigid wheels, are conducted to
validate the proposed model. Also, traction performances of flexible/rigid wheels are compared based on a metric called tractive
efficiency. The comparison implies an optimal wheel pressure of flexible wheel for better traction performance.
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1. Introduction

Wheeled mobility system has been utilized in lu-
nar/planetary surface exploration because of its mechanical
simplicity and maneuverability on rough terrain. Several
types of wheels have been used for the mobility system for
the surface exploration. The lunar roving vehicle in NASA’s
Apollo program employed flexible wheels with wire mesh
carcass 1). The mars surface exploration rovers, such as
Sojourner, MER rovers, and Curiosity have metallic rigid
wheels with multiple grousers. The wheel of the ATHLETE
has a performance similar to a pneumatic tire with the use of
flexible spokes and a sheer band 2). The ExoMars rover in
the European Space Agency will utilize flexible wheel with
sheet metal 3).

The mechanics of the interaction between wheel and ter-
rain has been studied in terramechanics and there have been
many researches devoted to the wheel-terrain interaction. A
fundamental aspect of terramechanics was described in 4),
and also, the wheel traction performance with considering
stress distribution has been investigated in 5). The terrame-
chanic approach has been applied to the mobility analysis
of lunar/planetary rovers: simplified wheel stress model and
traction control methods have been developed in 6). A wheel
contact model in steering motion has been proposed in 7).
Also, wheel performances on deformable soil have been ex-
perimentally characterized 8). A rigid wheel mobility under
low gravity condition has been tested in 9).

The models developed in the above works have been well
developed and experimentally validated; however, an ex-
plicit model that can address both flexible and rigid wheels
on deformable terrain has not been well studied. Some re-
sent works have been devoted to Discrete Element Method
(DEM) for the wheel traction analysis on deformable terrain
10)−12). DEM approach is relatively useful for an analysis
of flexible wheel on deformable terrain, however, it may re-
quire high computational effort since the model for wheel
and terrain consist of vast number of elements.

In this paper, a wheel model that can evaluate the traction
performance of both flexible and rigid wheels is presented.
The proposed model simultaneously calculates a wheel de-
flection and a wheel sinkage based on a relationship between
wheel pressure due to wheel structural stiffness and terrain
pressure due to soil stiffness. The wheel model considers
a wheel-terrain contact patch as three consecutive sections:
wheel front section, wheel deflected (flat) section, and wheel
rear section. Stress distribution at each section is formulated
as a function of soil parameters, wheel traveling parameters,
and wheel pressure due to wheel structural stiffness. The
traction forces are then calculated by the normal and shear
stresses generated at these three sections. Based on this ap-
proach, the proposed model can comprehensively address
the both flexible and rigid wheels.

Simulation studies using the proposed model are de-
scribed in this paper. The traction performances between
flexible, semi-flexible, and rigid wheels are evaluated based
on wheel sinkage, drawbar pull, resistance torque and trac-
tive efficiency.

This paper is organized as follows: Section 2 introduces
typical categories of wheel-terrain interaction mechanics
and also describes assumptions in this work. Section 3 for-
mulates the proposed model for flexible and rigid wheels.
Section 4 presents the simulation studies.

2. Wheel-Terrain Interaction Category

In this paper, wheel-terrain interaction mechanics is cate-
gorized into four cases (Fig. 1). These categories are distin-
guished in accordance with the wheel pressure Pwheel due
to wheel structural stiffness and terrain pressure Pterrain by
soil stiffness. The interaction in Category (a) may include
a tribological property which is mainly composed of pure
frictional relationship between wheel and terrain. An inter-
action of a conventional pneumatic tire traveling on road is
categorized in (b), which has been significantly investigated
as in 13). Therefore, the wheel model proposed in this paper

1



(a) Rigid wheel on rigid terrain (b) Flexible wheel on rigid terrain

(N/A) (Pwheel << Pterrain)

(c) Flexible wheel (d) Rigid wheel

on deformable terrain on deformable terrain

(Pwheel < Pterrain) (Pwheel > Pterrain)

Fig. 1. Four categories for wheel-terrain interaction

aims to “seamlessly” cover the categories (c) and (d) with
taking account of the relationship between the wheel pres-
sure and terrain pressure.

The model developed in this paper considers the follow-
ing three assumptions: The first assumption is that the de-
flected area of a flexible wheel is horizontally flat (Section
BC in Fig. 2) and the normal stress beneath the flat section
is uniformly distributed; The second assumption is that the
contact patch of non-deformable sections, Section AB (front
section) and Section CD (rear section) in Fig. 2, are circular
arc; and, the third assumption is that the normal stress in the
tire width direction is evenly distributed.

Note that, the first assumption for uniform distribution of
normal stress has been experimentally confirmed in 14).

3. Interaction Model for Flexible and Rigid Wheels

First, the model developed in this paper calculates a static
wheel sinkage (pure sinkage due to wheel load) and a wheel
deflection based on a pressure relationship between wheel
and terrain. Subsequently, a stress distribution at contact
patches for driving wheel is formulated. Finally, wheel
forces and torques can be obtained.

3.1 Static sinkage and wheel deflection

In static state (zero wheel velocity), a force balance in the
vertical direction is the key to find a wheel sinkage and a
wheel deflection. Assuming that a wheel having a certain
amount of deflection δt and wheel static sinkage z0 (Fig. 2)
in a static state, a vertical reaction force Fz0 is generated,
which balances with the wheel load W . Fz0 is given as a
summation of the force generated at the non-deformed sec-
tion AB and CD (= 2Fs) and the other force at the flat sec-
tion BC (= Fw):

Fz0 = Fw + 2Fs (1)

where Fw = Pwblt as Pw is the wheel pressure due to the
wheel structural stiffness, b is the wheel width, and lt is the
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Fig. 2. Wheel-terrain model at static state

horizontal length of the wheel flat section. Also, Fs is ob-
tained by the following equation:

Fs =
[
b(kc/lt) + kφ

√
D(z0 + δt)n−1

]

× (3− n)[(z0 + δt)3/2 − δ
3/2
t ] − 3z0

√
δt

3
(2)

D is the wheel diameter and kc and kφ represent the soil-
dependent parameter for pressure-sinkage moduli.

The equation above indicates that the vertical reaction
force of a wheel at static state is given as a function of δt, lt,
and z0. The length of the wheel flat section and the wheel
sinkage are respectively calculated as follows:

lt = 2
√

Dδt − δ2
t (3)

z0 =

⎧⎪⎨
⎪⎩

(
Pw

kc/lt+kφ

)1/n

(if lt < b)(
Pw

kc/b+kφ

)1/n

(if lt ≥ b)
(4)

where n is the sinkage exponent.
The wheel deflection δt can be found through an iterative

procedure. In the iteration process, first, an initial value for
δt is given which is substituted into Eq. (3) to calculate lt.
Then, the wheel sinkage is obtained by Eq. (4). The vertical
force Fz0 with the given parameter sets can be calculated by
(1). If Fz0 is equal to the vertical load W , the value of δt is
correctly determined. If not, different value for δt is given
again and the above procedure is repeated until the correct
δt is found.

Note that, in the analysis described in this paper, the bi-
section method is employed to let δt converge within an ap-
propriate value; if the angle θt (angle between the vertical
and the point where the wheel deflection initiates) is less
than 0.5 degrees, the wheel is assumed as a rigid enough
relative to terrain pressure.

3.2 Normal stress ans shear stress distribution

Fig. 3 illustrates a normal stress distribution beneath a
driving wheel. In this work, the normal stress at the front
and rear section (σf and σr) are obtained based on the
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Fig. 3. Wheel-terrain model: Normal stress distribution of driving wheel

model proposed in 5). The normal stress at the flat section
σt is assumed as uniformly distributed along with the soil-
dependent parameters:

σ(θ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σf = σm(cos θ − cos θf )n

σt =
{

(kc/lt + kφ)(z − δt)n (if lt < b)
(kc/b + kφ)(z − δt)n (if lt ≥ b)

σr = σm

{
cos

[
θf − (θ−θr)(θf−θm)

(θm−θr)

]
cos θf

}n

(5)
where σm = rn(kc/b + kφ), r is the wheel radius. θf and
θr are the entry and exit angles of the wheel contact patch,
respectively calculated as:

θf = cos−1(1 − z/r) (6)

θr = cos−1(1 − λz/r) (7)

z is the wheel sinkage and λ indicates the terrain rebound-
ness due to soil elasticity.

Also, θm is the angle at which the normal stress has a
maximum, defined as 15):

θm = (a0 + a1s)θf (8)

where a0 and a1 are parameters that depend on the wheel-
soil interaction. These values are generally assumed as a0 ≈
0.4 and 0 ≤ a1 ≤ 0.3. s is the slip ratio of wheel (i.e. slip
in the longitudinal direction of wheel travel), defined as a
function of the longitudinal traveling velocity of the wheel
vx and the circumferential velocity of the wheel rω:

s =
{

(rω − vx)/rω (|rω| ≥ |vx| : driving)
(rω − vx)/vx (|rω| < |vx| : braking) (9)

The slip ratio assumes a value in the range from −1 to 1.
Table 1 summarizes the applicable equations from Eq. (5)

in accordance with the wheel contact angle θ.
During a wheel driving, a shear deformation of soil be-

neath the wheel is generated. The shear stress τ(θ) is ob-
tained by the following equation 16):

τ(θ) = [c + σ(θ) tan φ][1 − e−j(θ)/k] (10)

Table 1. Applicable equations for normal stress at each contact section

σ(θ) if θm > θt if θm ≤ θt

σf θm ≤ θ ≤ θf θt ≤ θ ≤ θf

σt −θt ≤ θ < θt −θt ≤ θ < θt

σr
θt ≤ θ < θm θr ≤ θ < −θtθr ≤ θ < −θt

where c is the soil cohesion, φ is the internal friction angle
of soil, and k is the shear deformation modulus. The soil
deformation j(θ) for the front and rear sections is given as a
function of slip ratio and contact angle 15):

j(θ) = r [θf − θ − (1 − s)(sin θf − sin θ)] (if |θ| ≥ |θt|)
(11)

The shear deformation at the flat section is equivalent with
the relative displacement from the angle at which the wheel
initially deflects, which is modeled in this paper as:

j(θ) = j(θt) + s(r sin θt − (r − δt) tan θ) (if |θ| < |θt|)
(12)

3.3 Wheel force

The wheel-terrain interaction model proposed in this pa-
per calculates wheel forces as a summation of forces gener-
ated at each section of wheel contact patch. These forces are
obtained by integrating the normal and shear stresses mod-
eld in Section 3.2.

The vertical force Fz for the driving wheel is modeled as:

Fz = rb
∫ θf

θt
{τ(θ) sin θ + σ(θ) cos θ}dθ

+ σtblt

+ rb
∫ −θt

θr
{τ(θ) sin θ + σ(θ) cos θ}dθ

(13)

The first and third terms of the above equation are the verti-
cal forces generated at front and rear sections, and the sec-
ond term is the one at the flat section.

The thrust force H of the wheel can be given by the fol-
lowing equation:

H = rb
∫ θf

θt
τ(θ) cos θdθ

+ (r − δt)b
∫ θt

−θt
τ(θ)/ cos2 θdθ

+ rb
∫ −θt

θr
{τ(θ) cos θ − σ(θ) sin θ}dθ

(14)

The resistance force R is also obtained as a summation
of a resistance due to soil compaction in the front section
and another resistance due to the wheel deflection (or wheel
flexing resistance):

R = rb

∫ θf

θt

σ(θ) sin θdθ + Rw (15)

The resistance force due to the wheel deflection has been
experimentally modeled by several approaches. For exam-
ple, it is modeled as a function of wheel load, wheel pres-
sure, and wheel structural parameters 4)17). In this paper,
the following equation developed by 5) is employed since it
includes parameters for wheel deflection:

Rw =
[
3.581bD2Pwε(0.0349θt − sin 2θt)

]
/(θt(D2 − δt))

(16)
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Table 2. Simulation parameters and values

Parameter Value Unit
c 800.0 Pa
φ 37.2 deg
kc 1.37 × 103 N/mn+1

kφ 8.14 × 105 N/mn+2

n 1.0 -
k 0.02 m
λ 0.1 -
a0 0.4 -
a1 0.15 -
ke 7.0 -
h 0.05 m
W 5.0 kg
D 0.20 m
b 0.10 m

Pw 1250, 2500, 5000, 10000 Pa

where ε = 1− exp(−keδt/h) as h is the deformable section
height of the wheel and ke is a parameter related to wheel
construction. The unit of θt is in degrees in the above equa-
tion. The values for ke is assumed as 7 as noted in 5). Note
that Eq. (16) needs to be experimentally re-determined since
it has been developed for the use of a pneumatic tire. The
simulation study described below includes Eq. (16) as an
offset resistance for flexible wheels.

Finally, the net traction force called drawbar pull is ob-
tained as the difference between the thrust and the resistance
force:

DP = H − R (17)

3.4 Tractive Efficiency

The tractive efficiency is used to characterize the effi-
ciency of the wheel in transforming the input power (torque
required for wheel driving) to the output power available at
the drawbar (net traction force). The tractive efficiency is
defined as the ratio of the output power to the input power:

η =
DP · vx

Tω
=

DP (1 − s)r
T

(18)

where T is the input torque to the driving axle. In the steady
state, the driving torque should be equivalent to the resis-
tance torque. The resistance torque is given as a summation
of the shear stress generated around the circumference of the
wheel:

T = r2b
∫ θf

θt
τ(θ)dθ

+ (r − δt)2b
∫ θt

−θt
{τ(θ) + σt tan θ}/ cos2 θdθ

+ r2b
∫ −θt

θr
τ(θ)dθ

(19)

4. Simulation Study for Flexible/Rigid wheels

Simulation studies using the wheel model described in
Section 3 are conducted. In the simulation study, the trac-
tion performances between flexible/rigid wheels with var-
ied wheel pressures are evaluated based on wheel sinkage,
drawbar pull, resistance torque, and tractive efficiency.
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Fig. 4. Wheel deflection and contact patch with varied wheel pressures

4.1 Simulation condition

Wheels tested in the simulation are set with four differ-
ent values of wheel pressures as Pw is respectively given as
1250, 2500, 5000, and 10000 Pa. The diameter of the test
wheel is set as 0.2 m, and the width is 0.1 m. The wheel load
is given as 5.0 kg. The parameters used in the simulation are
listed in Table 2.

The procedure for the numerical simulation is summa-
rized as follows:

1. input the wheel load W and slip ratio s

2. find the wheel deflection δt at static state by the proce-
dure described in Section 3.1

3. calculate the wheel sinkage at the kinetic state (driven
wheel) from the relationship between W and Fz as de-
fined in Eq. (13):

(a) input the initial value for wheel sinkage (i.e. z0)
(b) calculate the wheel contact patch (entry angle and

exit angle)
(c) determine the normal stress and the shear stress

by Eq. (5) and Eq. (10), and then, calculate the
vertical force Fz by Eq. (13)

(d) if W �=Fz , return to Step 3-a) with an increase of
wheel sinkage. If W=Fz , proceed to the follow-
ing steps.

4. calculate the thrust, the resistance force, the drawbar
pull by Eqs. (14), (15), and (17)

5. calculate the tractive efficiency by Eq. (18).

The above calculation steps for each wheel are carried out
with varied slip ratio, which is set from 0.0 to 1.0 in steps of
0.05.

4.2 Simulation resutls and discussions

4.2.1 Wheel deflection and sinkage
Fig. 4 and Fig. 5 show the simulation results for the wheel

deflection and sinkage. From the graphs, first, the wheel de-
flection increases as the wheel pressure decreases, and also,
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Fig. 5. Wheel sinkage with varied wheel pressure
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Fig. 6. Drawbar pull with varied wheel pressure

the wheel sinkage decreases with decreasing the wheel pres-
sure. This is because low wheel pressure easily deflects the
wheel shape which generates larger flat section of wheel, re-
sulting in less wheel sinkage. The wheel having Pw=10000
Pa can be assumed as “rigid wheel” since its deflection is 0
mm, while others are “flexible wheels”.

From Fig. 5, the wheel sinkage of the most rigid wheel
(black line) increases as the slip ratio increases. This is due
to the fact that the shear deformation of wheel increases with
increasing the slip ratio. However, the sinkage of the other
wheels are almost constant regardless of slip ratio since the
flat section of the wheel mostly supports the vertical load of
wheel.

These results confirm that the proposed model can ap-
propriately calculate wheel deflection/sinkage in accordance
with the wheel pressures.

4.2.2 Drawbar pull
The simulation result for the drawbar pull with varied

wheel pressure is shown in Fig. 6. The drawbar pull in-
creases as the slip ratio increases regardless of the wheel
pressure.

It can be seen that the wheel with the lowest wheel pres-
sure generates relatively small drawbar pull, in particular,
the drawbar pull at low slip ratio takes significantly negative
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Fig. 7. Resistance torque with varied wheel pressure

value. This is attributable to the resistance force due to the
wheel deflection that is calculated around −20 N.

On the other hand, the wheels with Pw = 2500 and Pw =
5000 Pa generate positive drawbar pull regardless of slip ra-
tio. This is explained in terms of the force generated at the
flat section of the wheel. The shearing direction at the flat
section is parallel to the direction of wheel traveling, result-
ing in the increase of the thrust. In addition, the resistance
force due to the wheel deflection is not notable for these
semi-flexible wheels. Therefore, the gross net traction be-
comes large as compared to the rigid wheel or the wheel
with Pw =1250 Pa.

It should be emphasized that the wheel with Pw =2500
Pa has a maximum drawbar pull in every slip ratio as com-
pared to the other wheels even though the pressure of the
wheel is moderate one between the four wheels. This result
implies that an optimal wheel pressure for drawbar perfor-
mance may exist.

4.2.3 Resistance torque
The proposed model also derives the characteristics of the

resistance torque of the wheels, as shown in Fig. 7. The re-
sistance torque of the rigid wheel (Pw =10000 Pa) is the
lowest in slip ratio of over 0.3. The other flexible wheel
(Pw =1250 and 2500 Pa) generates relatively high resis-
tance torque owing to the shear and normal stress at flat sec-
tion. From the findings at the drawbar pull and the resistance
torque, the flat section of the wheel contributes an increase
of the drawbar pull but also requires an increase of the input
torque to the wheel.

4.2.4 Tractive efficiency
Fig. 8 shows the simulation results for the tractive effi-

ciency with varied wheel pressures. From the graph, one
of the important findings is that the tractive efficiency has a
maximum curve at Pw = 2500 Pa at every slip ratio. This
is because the drawbar pull of the wheel is positive regard-
less of the slip ratio and the resistance torque of the wheel is
not significant as compared to the other wheels. This result
confirms that an optimal wheel pressure for better traction
performance certainly exists. Comparing the wheels with
Pw = 1250 and 10000 Pa, the characteristics curves for the
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Fig. 8. Tractive efficiency with varied wheel pressure

tractive efficiency are almost equivalent: the peak value is
about η =30 % at slip ratio of around 0.3 ∼ 0.4. This char-
acteristic implies that a flexible wheel having too low wheel
pressure does not show good performance for rough terrain
travel.

4.2.5 Summary
From the results and discussions, the wheel traction

characteristics are determined by the relationship between
the drawbar pull and the resistance torque: a rigid wheel
has small drawbar pull as well as small resistance torque,
whereas a flexible wheel large drawbar requiring large re-
sistance torque. An optimal wheel pressure can be found
based on a wheel load, terrain stiffness, and wheel structure.

In this work, the values for the wheel parameters such as
ke and h are given based on previous works, however, the re-
sults are qualitatively reasonable for a discussion of the trac-
tive performance of flexible/rigid wheels. Therefore, it can
be stated that the proposed model can comprehensively ad-
dress both flexible/rigid wheel along with its varying wheel
pressure.

5. Conclusion

In this paper, a comprehensive wheel model that can an-
alyze the traction performance of both flexible and rigid
wheel has been developed. The proposed model considers
a relationship of pressures between wheel and terrain at the
contact patch: a wheel deflection and wheel sinkage are si-
multaneously obtained based on the relationship of wheel
pressure due to wheel structural stiffness and terrain pres-
sure due to soil stiffness. The stress distributions at the
contact patch is divided into three sections, wheel front sec-
tion, wheel flat section, and wheel rear section, and then, the
wheel forces are calculated based on the normal and shear
stress.

Simulation studies have confirmed that the wheel model
developed in this paper can properly analyze both flexible
and rigid wheel performances. In particular, the simulation
results have indicated that an optimal wheel pressure is de-
termined based on a wheel load, wheel dimension, and ter-
rain stiffness.

Future direction of this work includes an experimental
validation of the proposed model. In addition, parameter
identification for wheel structural property will be necessary
for the comparison between theoretical and experimental re-
sults.
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