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Abstract

The paper deals with the problem of finding an optimal one-time rebal-
ancing strategy for the Bachelier model, and makes some remarks for
the similar problem within Black-Scholes model. The problem is stud-
ied on finite time interval under mean-square criterion of optimality.
The methods of the paper are based on the results for optimal stopping
problem and standard mean-square criterion.
The solution of the problem, considered in the paper, let us interpret how
and – that is more important for us – when investor should rebalance
the portfolio, if he wants to hedge it in the best way.
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Chapter 1

Introduction

The problem of portfolio hedging is one of the most important in the financial
market. Usually the problem solution is to construct of an optimal strategy
of a capital distribution between risk assets and bonds.

The most well-known theoretical results in this field suggest the strategy
that produces the perfect distribution of resources between the components of
the portfolio for every moment of time. Let us briefly overview the following
examples of such strategies:

1. Delta-hedging. Option traders portfolio is insured according to delta
coefficient by buying/selling of the security market instruments available to
current moment;

2. Quantile hedging. The problem is to find a hedge that maximizes the
probability that the payoff will be replicated under constraints on the initial
capital.

3. Expected shortfall hedging. The problem is to minimize the risk
(expectation of shortfall under the physical measure) under the restriction
on cost of hedging.

4. Mean-Square hedging. Its quality is determined by the expectation
of the square of the difference between the final capital and the contingent
claim.

If a model of financial market assumes the rebalancing to be made at
any moment without transaction cost, then continuous in time strategies are
to be used, where a portfolio is rebalanced every moment according to a
chosen criterion of optimality. A great number of articles deal with more
complicated models, involving the cost of rebalancing. In such models, if the
positive effect of this operation is lower than its cost price, the changing of
the portfolio is skipped. (See, for instance, [10], [11] at alias).

In the present research we consider the case, when the investment port-
folio can be changed only once. This condition simplifies the problem, but
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2 Chapter 1. Introduction

though saves its major properties. Thus, further we will be able to gener-
alize the solution to the case, when the trader influences on the portfolio
several times, at the moments when his influence is the most effective. As
we pointed above, in our model the investor changes the structure of the
portfolio, which provides the contingent claim given by him, only once. So,
the impulse control that occurs at the random moment takes place.

Similar problems are considered in the stochastic impulse control theory
(see for instance [12], [13]).

We organize our paper in the following way.
In Chapter 2 we pose the problem for Bachelier market and compute the

optimal rebalancing moment and the optimal strategy for this moment.
In Chapter 3 we discuss approaches to calculating the initial capital dis-

tribution, analytically derive boundaries of an interval of possible values of
and find precise value by numerical methods.

In Chapter 4 we apply our method to model of geometrical Brownian
motion, define the optimal rebalancing moment and the optimal strategy for
it. Also, we defne the continuation set, where the investor should hold the
initial portfolio and change it, when Wiener process crosses the borders of
this set. Using Monte-Carlo method, we find out the optimal value of the
initial portfolio.

In Chapter 5 we summarize the results, what we have received in this
master work, the aim of which is the first step in the direction of developing
the new optimal approach to hedging some market risks.



Chapter 2

The optimal stopping moment
for the portfolio rebalancing

In this chapter we describe the problem of hedging of portfolio with a unique
rebalancing moment. We formulate the main assumption and conditions for
the considered model. Further we define an optimal strategy of the capital
distibution γ∗τ , and the optimal time for the portfolio rebalancing τ ∗ .

At the begining, we consider Bachelier market, where the price increment
is given by

dSt = σdWt + µdt.

Our purpose is to construct a hedging strategy, which provides the desired
capital H at maturity time T .

Let us consider the model, where investor can change his portfolio once on
a fixed period [0, T ], at any moment he wants. Our goal is to find the optimal
self-finansing strategy π∗ = (γ∗0 , γ

∗
τ , τ

∗), which is triplet, where τ ∈ [0, T ] is
a stopping moment, γ0 ∈ F0 is the amount of underlying asset we have at
first moment, γτ ∈ Fτ is the amount of underlying asset we have at the
rebalancing moment.

We formulate our problem, based on the well-known hedging model under
mean-variance criterion of optimality,

Xπ∗

0 = x0, E[(Xπ∗

T −H)2] = inf
π∈SF1

E[(Xπ
T −H)2],

where Xπ
t is capital of portfolio according with the strategy π at the mo-

ment t, x0 is an initial capital and H is a capital that we should provide
at maturity time T . We consider only class of self-financing strategies with
unique rebalansing moment, denote it SF1, so we can present the capital of
our portfolio in the form

Xπ
T = Xπ

0 + γπ0 ∆Sτ + γπτ ∆ST , (2.1)
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where ∆Sτ is the change of the price of the risk-asset between the initial
moment and τ , and ∆ST is the change of the price of the risk-asset between
moments τ and T .

Let us consider the right-hand side of the equation. Using the represen-
tation of the capital XT and telescopic properties of the conditional expec-
tation, we obtain

E[(Xπ
T −H)2] = E[(X0 + γ0∆Sτ + γτ∆ST −H)2]

= E[E(∆S2
T |Fτ )γ2

τ − 2(γ0∆Sτ − Ĥ)E(∆ST |Fτ )γτ+
+ (γ0∆Sτ − Ĥ)2] → minπ∈SF1 , (2.2)

where Ĥ = H −X0.
We stress, that the function

f(γτ ) = E(∆S2
T |Fτ )γ2

τ − 2(γ0∆Sτ − Ĥ)E(∆ST |Fτ )γτ + (γ0∆Sτ − Ĥ)2

is a convex function, because E(∆S2
T |Fτ ) ≥ 0. Therefore this function has

the unique minimum point γτ = γ∗τ , where

γ∗τ = (Ĥ − γ0∆Sτ )
E(∆ST |Fτ )
E(∆S2

T |Fτ )
. (2.3)

According to the mean-varience criterion of optimality, it is easy to see, that
γ∗τ is optimal for any τ, γ0. Indeed, as γ∗τ is a minimum point of f(γτ ), then
f(γτ ) = f(γ∗τ ) + u(γτ ), u(γτ ) ≥ 0, ∀γτ and

E[f(γτ )] = E[f(γ∗τ ) + u(γτ )] = E[f(γ∗τ )] + E[u(γτ )] ≥ E[f(γ∗τ )].

Using (2.3) in (2.2), we get

E[(Ĥ − γ0∆Sτ )
2(1− E(∆ST |Fτ )2

E(∆ST
2|Fτ )

)] → minγ0,τ . (2.4)

It is clear, that for further considerations we have to calculate E(∆ST |Fτ )
and E(∆ST

2|Fτ ). Notice, that Fτ is a sigma-algebra with respect to τ ,
where τ is not known in advance, therefore is not possible to get free of
τ representation. However, as we know, there exists the optional sampling
theorem, which implies that E(YT |Fτ ) = Yτ∧T , if {Yt}t≥0 is martingale under
{Ft}t≥0. Using this fact, we get

E(∆ST |Fτ ) = E(σWT + µT − σWτ + µτ |Fτ ) = µ(T − τ), (2.5)
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and

E(∆S2
T |Fτ ) = E(S2

T − 2STSτ + S2
τ |Fτ )

= E(S2
T |Fτ )− 2SτE(ST |Fτ ) + S2

τ

= E(σ2W 2
T + 2µσTWT + (µT )2 + 2(µT + σWT )S0 + S2

0 |Fτ )
+ S2

τ − 2((σWτ + µτ)(σWτ + µT ) + (µτ + σWτ )S0 + (µT + σWτ )S0 + S2
0)

= σ2(T − τ) + σ2W 2
τ + 2µσTWτ + (µT )2 + 2(µT + σWτ )S0 + S2

0

+ σ2W 2
τ + 2µτWτ + 2(µτ + σWτ )S0 + S2

0 − 2(µT + σWτ )S0 − 2(µτ + σWτ )S0

− 2S2
0 + (µτ)2 − 2W 2

τ − 2µTWτ − 2µτWτ − 2µTτ = (µ(T − τ))2 + σ2(T − τ).
(2.6)

Using the results (2.5) and (2.6) in the (2.4), we rewrite this expression in
the following form:

E

[
(γ0∆Sτ − Ĥ)2

(
σ2

µ2(T − τ) + σ2

)]
→ minγ0,τ . (2.7)

Based on the theory of Ito-integrals, we reduce our problem to the prob-
lem of minimization expectation of integral. For this purpose we have to
compute partial derivatives of the function

f(τ,Wτ ) = (Ĥ − γ0(µτ + σWτ ))
2

(
σ2

µ2(T − τ) + σ2

)
. (2.8)

They are

∂f

∂τ
= −2γ0µσ

2 (Ĥ − γ0(µτ + σWτ ))

µ2(T − τ) + σ2
+ (Ĥ − γ0(µτ + σWτ ))

2

(
µ2σ2

(µ2(T − τ) + σ2)2

)
,

∂f

∂Wτ

= −2γ0σ
3 (Ĥ − γ0(µτ + σWτ ))

µ2(T − τ) + σ2
,

∂2f

∂W 2
τ

=
2γ2

0σ
4

µ2(T − τ) + σ2
. (2.9)

Then, using Ito formula, we get an integral representation of the function
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f(τ,Wτ ) (2.8):

f(τ,Wτ ) = f(0, 0) +

∫ τ

0

(
∂f

∂t
(t,Wt) +

1

2

∂2f

∂W 2
t

(t,Wt))dt+

∫ τ

0

∂f

∂Wt

dWt =

=
Ĥ2σ2

µ2T + σ2
+

∫ τ

0

(−2γ0µσ
2 (Ĥ − γ0(µt+ σWt))

µ2(T − t) + σ2
+

+ (Ĥ − γ0(µt+ σWt))
2

(
µ2σ2

(µ2(T − t) + σ2)2

)
+

γ2
0σ

4

µ2(T − t) + σ2
)dt

+

∫ τ

0

−2γ0σ
3 (Ĥ − γ0(µt+ σWt))

µ2(T − t) + σ2
dWt. (2.10)

As

E

[∫ τ

0

(
∂f

∂x
(t,Wt)

)2

dt

]
<∞, (2.11)

so the following process∫ τ

0

−2γ0σ
3 (Ĥ − γ0(µt+ σWt))

µ2(T − t) + σ2
dWt

is stopped martingale under the phisical measure for any τ , where τ is a
stopping moment. It means, that

E

[∫ τ

0

−2γ0σ
3 (Ĥ − γ0(µt+ σWt))

µ2(T − t) + σ2
dWt

]
= 0.

Let us reformulate problem (2.7) using the representation (2.10)

E

[
Ĥ2σ2

µ2T + σ2
+

∫ τ

0

(
−2γ0µσ

2 (Ĥ − γ0(µt+ σWt))

µ2(T − t) + σ2
+

+ (Ĥ − γ0(µt+ σWt))
2

(
µ2σ2

(µ2(T − t) + σ2)2

)
+

γ2
0σ

4

µ2(T − t) + σ2

)
dt

]
→ minγ0,τ

(2.12)

Thus, on this stage, we say, that our problem is reduced to the minimization
problem of a expectation of the integral.

Let us consider the integrand

F (t, x) = σ2g2(t, x)− 2γ0σ
2g(t, x) +

γ2
0σ

4

µ2(T − t) + σ2
, (2.13)

where

g(x, t) = µ
(Ĥ − γ0(µt+ σx))

µ2(T − t) + σ2
. (2.14)
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Figure 2.1: The grafical presentation of the integrand F (t, x) 2.13.

First of all we define the set of points (x, t) such that

F (t, x) = g2(t, x)− 2γ0g(t, x) +
γ2

0σ
2

µ2(T − t) + σ2
= 0. (2.15)

Solving this equation, we get

g0
±(t) = γ0 ±

√
γ2

0

µ2(T − t)

µ2(T − t) + σ2
. (2.16)

With (2.14) and (2.16) we obtain the explicit expression for the set of points
(x0
±(t), t) such that the function F (x0

±(t), t) = 0

x0
±(t) =

(
Ĥ −

g0
±(t)(µ2(T − t) + σ2)

µ

)
1

γ0σ
− µ

σ
t. (2.17)

It is clear that this set of points bounds a closed set. The functions x0
±(t)

obviosly, have a parabolic shape for all possible fixed parameters µ, σ and
Ĥ. But, still we should prove the following proposition.
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Proposition 1 The functions x0
±(t), defined in (2.17), are satisfied the con-

ditions
1. x0

+(t) 6= x0
−(t) ∀t ∈ [0, T ),

2. x0
+(T ) = x0

−(T ).

Proof: Notice, that

g0
+(t) = g0

−(t) + 2

√
γ2

0

µ2(T − t)

µ2(T − t) + σ2
= g0

−(t) + β(t), (2.18)

where β(t) > 0, ∀t ∈ [0, T ).
And, correspondingly,

x0
+ = −

(
g0
−(t)(µ2(T − t) + σ2)

µ
− Ĥ

)
1

γ0σ
− µ

σ
t− β

µ2(T − t) + σ2

µγ0σ2

= x0
− −

1

µγ0

β
µ2(T − t) + σ2

σ2
. (2.19)

It means that x0
+(t) > x0

−(t), ∀t ∈ [0, T ), if µγ0 < 0, and x0
+(t) <

x0
−(t), ∀t ∈ [0, T ) if µγ0 > 0. Moreover, from the definition of β and (2.18)

immediatly follows, that x0
+(T ) = x0

−(T ).

Figure 2.2: The grafical illustration of the boundaries x0
+(t) and x0

−(t).

Now, when we have proved, that x0
±(t) bounds some area, we should

study the behavior of the function F (t, x) both inside and outside this area.



Optimal rebalancing 9

Proposition 2 The function F (t, x), defined in (2.13), (2.14) has the fol-
lowing properties

1. ∀(t, x) ∈ [0, T ]× R : x ∈ (x0
−(t), x0

+(t)), F (x, t) < 0,

2. ∀(t, x) ∈ [0, T ]× R : x 6∈ [x0
−(t), x0

+(t)], F (x, t) > 0.

Proof: We carry out the proof in two steps.

Step I.

At first, we prove, that there exists g0
−(t) < g(x, t) < g0

+(t) such that
F (g(x, t)) < 0.

Let us select g(x, t) = γ0. In this case F (x, t) = −γ2
0(

µ2(T−t)
µ2(T−t)+σ2 ) < 0, ∀t ∈

[0, T ).

We show that if g(x0
−, t) > g(x, t) or g(x0

+, t) < g(x, t) then F (g(x, t)) >
0, ∀t ∈ [0, T ). We prove it for the case g(x0

+, t) < g(x, t).

Let us take g(x, t) = g(x0
+, t) + c(x, t), where c(x, t) > 0, ∀t, x. Then we

place g(x, t) in the integrand (2.13) and obtain

F (g(x, t)) = σ2(g(x0
+, t))

2 + 2σ2c(x, t)g(x0
+, t) + σ2c2(x, t)−

− 2σ2γ0c(x, t)g(x
0
+, t)− 2σ2γ0c(x, t) +

γ2
0σ

4

µ2(T − t) + σ2
=

= F (g(x0
+, t)) + 2σ2c(x, t)g(x0

+, t) + σ2c2(x, t)− 2σ2γ0c(x, t) =

= σ2c2(x, t) + 2σ2c(x, t)(g(x0
+, t)− γ0) =

= σ2c2(x, t) + 2σ2c(x, t)

√
γ2

0

µ2(T − t)

µ2(T − t) + σ2
> 0.

For the case when g(x0
−, t) > g(x, t) we take g(x, t) = g(x0

−, t)+c(x, t), where
c(x, t) < 0, ∀t, x arguments are the same.

Step II.

On the second step, we prove that if g(x0
−, t) < g(x, t) and µγ0 < 0 then

x0
−(t) < x(t). Indeed one can argue that g(x, t) = g(x0

−, t) + α(x, t) similar
to (2.18) where α(x, t) > 0, ∀x, t. Next, we proceed as in the previous case

x(t) = x0
− − 1

µγ0
α(x, t)µ

2(T−t)+σ2

σ2 or x(t) > x0
−. As we showed before, if

µγ0 > 0, then result is simmetric to previous, x(t) < x0
−.
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In the general case

g(x0
−, t) < g(x, t) < g(x0

+, t) =>

{
x0
− < x(t) < x0

+, if µγ0 < 0

x0
− > x(t) > x0

+, if µγ0 > 0
,

g(x, t) < g(x0
−, t) =>

{
x(t) < x0

− < x0
+, if µγ0 < 0

x(t) > x0
− > x0

+, if µγ0 > 0
,

g(x, t) > g(x0
+, t) =>

{
x(t) > x0

+ > x0
−, if µγ0 < 0

x(t) < x0
+ < x0

−, if µγ0 > 0
,

g(x, t) < g(x0
−, t) =>

{
x(t) < x0

− < x0
+, if µγ0 < 0

x(t) > x0
− > x0

+, if µγ0 > 0
,

g(x, t) > g(x0
+, t) =>

{
x(t) > x0

+ > x0
−, if µγ0 < 0

x(t) < x0
+ < x0

−, if µγ0 > 0
.

Consequently, there exists

x(t) = −
(
γ0(µ

2(T − t) + σ2)

µ
− Ĥ

)
1

γ0σ
− µ

σ
t,

such x(t) ∈ (x0
+(t), x0

−(t)) and F (x(t), t) < 0. As for any x(t) 6∈ [x0
+(t), x0

−(t)],
F (x(t), t) > 0. These conditions are fulfilled for any t ∈ [0, T ).

Evidently, that F(x,t) is continuous. Since F (x, t) = 0 only at the bound-
ary, and there exists such a point (x̂, t) between bounds, that F (x̂, t) < 0
then, using corollary of Intermediate Value Theorem, we obtain that
F (x, t) < 0, ∀x(t) ∈ (x0

+(t), x0
−(t)), t ∈ [0, T ).

Further it is proved that the integrand function in (2.12) is monotonic
and convex. We investigate ∂F

∂t
and ∂2F

∂x2 . The first partial derivative over t is

∂F

∂t
= 2σ2∂g

∂t
(x, t)(g(x, t)− γ0) +

γ2
0σ

4

µ2(T − t) + σ2
, (2.20)

where
∂g

∂t
(x, t) =

µ2

µ2 + σ2
(g(x, t)− γ0). (2.21)

We insert (2.21) in (2.20), and obtain that

∂F

∂t
= 2σ2µ2 (g(x, t)− γ0)

2

µ2(T − t) + σ2
+

γ2
0σ

4

µ2(T − t) + σ2
> 0. (2.22)

The second partial derivative over x is

∂2F

∂x2
=

4γ2
0σ

4µ2

µ2(T − t) + σ2
> 0. (2.23)
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Relying on the sufficient condition of monotonicity and convexity, F(x,t) is
a strictly increasing function in the variable t and convex in the variable x.

Finally, we show that functions x0
±(t) bound an non empty area, and if

Wiener process is changing there, then we should hold our initial strategy, and
rebalance our portfolio only when the process crosses one of these boundaries.
Until Wiener process is moving between x0

−(t) and x0
+(t), the integrand is less

than zero.Therefore integral from zero to the current point t is less than zero
too. For this reason we should not stop, while Wiener process doesn’t cross
one of the boundaries x0

−(t) and x0
+(t). But, if we stopped at any moment

τ̂ < τ ∗, then the value of objective function according with τ̂ would be bigger

than objective function according with τ ∗ and E
[
−

∫ τ∗

τ̂
F (t,Wt)dt

]
≥ 0.

Let us prove that we should stop immediatly, if Wienner process Wt

crosses one of the boundaries x0
−(t) or x0

+(t). Suppose our Wt has just crossed
x0

+(t). Then the expectation of the integral from τ ∗ to τ̂ will be more then
zero, where τ̂ > τ ∗ is a stopping moment. It follows from the properties of
the integrand function and theorem about the strong Markov property, as it
proved by Bulinskij, Shiryaev in 2005 [3],

E

[∫ τ̂

τ∗
F (t,Wt)dt

]
≥ E

[∫ τ̂

τ∗
F (τ ∗,Wt)dt

]
≥ E

[
−

∫ τ̂

τ∗
a(Wt −Wτ∗)dt

]
= 0.

(2.24)
To make sure that we can use the theorem about the strong Markov property.
Indeed, τ is a stopping moment with respect to the phisical filtration gener-
ating by Wiener process, so that the condition of this theorem is satisfied.

Thus, we define the optimal time to rebalance investor’s portfolio

τ ∗ = inf
t
{W (t) = x0

+(t) ∨W (t) = x0
−(t)}. (2.25)
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Chapter 3

Defining of optimal initial
parametrs

In the previous chapter we explicitly defined τ ∗ – an optimal moment of
time for the portfolio rebalancing, and also we found out that (γτ∗ , βτ∗) is an
optimal portfolio, according to which investor should rebalance his current
portfolio. As we mentioned above, we consider optimality with respect to
mean-square criterion. Notice, that the both parameters are optimized in
direct dependence of capital distribution in the initial portfolio, and that is
γ0. So, results seem to be enough to make a decision about rebalancing of
formed in advance portfolio, but if we are able to effect on composition of
the initial portfolio, the question arises, how to do it in optimal way in terms
of the model which is under consideration.

Let us discuss the problem in details. Figure 3.1 illustrates a continuation
set, bounded by curves x±0 (t). Depending on the parameter γ0 continuation
set can be shifted by parallel translation along x – axis. As noted above,
portfolio rebalancing occurs when Winer process crosses the continuation set
boundary. For each γ0, for which continuation set lies completely in one
of the half-planes, the optimal stopping moment is equals zero. Indeed, by
definition, the initial value of Winer process is zero, therefore it intersects one
of the continuation set borders immediately. However, if optimal stopping
moment is τ ∗ = 0, then the model reduces to classical single-step hedging
model with respect to mean-square criterion, and the problem became trivial.

So, taking into account monotonicity of function x±0 (t) with respect to γ0,
we are looking for an optimal initial portfolio in the set (γmin0 , γmax0 ), where

the value of the initial portfolio γ
min(max)
0 is such that the continuation set

lies completely in the negative (positive) half-plane. These values can be
evaluated by setting continuation set boundaries functions equal to zero at

13
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Figure 3.1: The grafical representations of the x±0 (t) boundaries according to
different values γ0.

the initial moment of time. Let us compute γmin0 and γmax0 .

γmax0 =
hµ

µ2T + σ2 +
√
µ2T (µ2T + σ2)

, (3.1)

γmin0 =
hµ

µ2T + σ2 −
√
µ2T (µ2T + σ2)

. (3.2)

It is worth adding a few words about the candidate for the optimal value
γ0. As described above the problem can be represented as

E

[
const+

∫ τ

0

F (t,Wt)dt

]
→ minγ0,τ . (3.3)

If we define the initial value of the portfolio as γ̃0 = H µ
µ2T+σ2 the boundaries

of the continuation set are symmetric with respect to zero and therefore the
expectation of the corresponding rebalancing moment τ̃ is close to T . More-
over γ0 = γ̃0 provides maximum of F (t,Wt) function in the point (0,0), where
the Winer process starts. If we wished to reduce uncertainty we should to
choose γ̃0 as optimal. However, an integral value depends not only on bound-
aries of integration but also on an integrand value within this boundaries.
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Representing F (t,Wt) as

F (t,Wt) =
σ2

v2(t)
(µĤ − γ0(µ

2T + µσWt + σ2))2 − σ2

v(t)
γ2

0µ
2(T − t), (3.4)

where
v(t) = µ2(T − t) + s2, (3.5)

we see that its value depends directly on γ0 parameter. As a result optimal
γ∗0 is displaced from γ̃0.

Let us suggest the method of computing the γ∗0 , by reducing current
problem to the problem of the heat equation in closed region with a moving
boundary. In Chapter 2 the problem of optimal hedging with a unique rebal-
ansing moment is presented as a ploblem of minimization of the expectation
the process

Y0,0(Wτ , τ) = (γ0∆Sτ − Ĥ)2(
σ2

µ2(T − τ) + σ2
), (3.6)

E[Y0,0(Wτ , τ)] → minγ0,τ . (3.7)

Let us consider the process Yx,t̂(Wt, t) and show, that it belongs to Markov
processes family. Indeed,we can rewrite the process (3.6) in the next form

Yx,t̂(Wt, t) = (γ0(µ(t− t̂) + (Wt − x))− Ĥ)2

(
σ2

µ2(T − (t− t̂)) + σ2

)
. (3.8)

It is easy to see, that the value of the process Yx,t̂(Wt, t) depends on
the current value of time and the current value of Wiener process and their
increments, i.e. it is Markov process.

Now, when we know, that Yx,t̂(Wt, t) is a Markov process, we can ap-
ply standard theory of optimal stopping for Markov process, described by
Peshkir, Shiriaev (2006) [8]

Following this theory, we define the gain function G(Wτ , τ) as

G(Wτ , τ) = −(γ0(µτ + σ(Wτ −W0)− Ĥ)2

(
σ2

µ2(T − τ) + σ2

)
, (3.9)

and value function V (x, t)

V (x, t) = sup
0<τ<T−t

{Ex,t[G(Wt+τ , t+ τ)]} =

= − inf
0<τ<T−t

{Ex,t[(γ0(St+τ − St)− Ĥ)2(
σ2

µ2((T − t)− τ) + σ2
)]}. (3.10)
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Note, that a negative value function in the initial moment

V (0, 0) = − inf
0<τ<T

{E0,0[

(
γ0(µτ + σWτ )− Ĥ

)2(
σ2

µ2(T − τ) + σ2

)
]}.

(3.11)

So, {γ∗0 : V (0, 0, γ∗0) = supγ0 V (0, 0, γ0)} is the optimal risk-assets value in
the initial portfolio.

According to the theory of optimal stopping in the case of Markov process,
see Peshkir, Shiriaev (2006) [8], we know that V (x, t) is a solution of the free-
boundary problem

∂V

∂t
+

1

2

∂2V

∂x2
= 0, (3.12)

V (x, t)

∣∣∣∣
∂C

= G(x, t)

∣∣∣∣
∂C

, (3.13)

∂V

∂x
(x, t)

∣∣∣∣
∂C

=
∂G

∂x
(x, t)

∣∣∣∣
∂C

, (3.14)

V (x, T ) = G(x, T ). (3.15)

Using the previous results, we know the continuation set explicitly

C = {(x, t) ∈ R× [0, T ] : V (x, t) > G(x, t)} =

= {(x, t) ∈ R× [0, T ] : x ∈ (x0
−(t), x0

+(t))}, (3.16)

and thus stopping set is

D = {(x, t) ∈ R× [0, T ] : V (x, t) = G(x, t)} =

= {x ∈ R, : x 6∈ (x0
−(t), x0

+(t))}, (3.17)

where x0
−, x0

+ are defined explicitly by (2.16) and (2.17). Also, we have
the optimal distribution of the capital in the moment of rebalancing, γ∗τ .
Therefore, using the known gain function G(x, t) and the boundary ∂C =
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x0
±(t) for the problem (3.12 - 3.15), we get the problem setting in the form

∂V

∂t
+

1

2

∂2V

∂x2
= 0, (3.18)

V (x, t)

∣∣∣∣
x0
+(t)

= −(g0
+(t))2σ

2

µ2
(µ2(T − t) + σ2),

V (x, t)

∣∣∣∣
x0
−(t)

= −(g0
−(t))2σ

2

µ2
(µ2(T − t) + σ2), (3.19)

∂V

∂x
(x, t)

∣∣∣∣
x0
+(t)

=
2γ0σ

3

µ
g0
+(t),

∂V

∂x
(x, t)

∣∣∣∣
x0
−(t)

=
2γ0σ

3

µ
g0
−(t), (3.20)

V (x, T ) = −γ2
0

σ4

µ2
. (3.21)

Take notice, that we use (2.14) to formulate functions more comprehensible.
To find a solution of the problem we reduce it to a diffusion equation with
the moving boundary condition. For this purpose we put t̂ instead of T − t
and modify g(x0

−, t).

∂V

∂t
=

1

2

∂2V

∂x2
, (3.22)

V (x, t̃)

∣∣∣∣
x0
+(t̃)

= −(g0
+(t̃))2σ

2

µ2
(µ2t̃+ σ2),

V (x, t̃)

∣∣∣∣
x0
−(t̃)

= −(g0
−(t̃))2σ

2

µ2
(µ2t̃+ σ2), (3.23)

∂V

∂x
(x, t̃)

∣∣∣∣
x0
+(t̃)

=
2γ0σ

3

µ
g0
+(t̃),

∂V

∂x
(x, t̃)

∣∣∣∣
x0
−(t̃)

=
2γ0σ

3

µ
g0
−(t̃), (3.24)

V (x, 0) = −γ2
0

σ4

µ2
. (3.25)

We get so called the initial boundaries problem for the heat equation in
the closed region with the moving boundary. This type of problems is well
studied and the general method of solution is discribed in Tihonov, Samarsky
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(1977) [7]. Following this method we can write solution in an integral form

u(x, t) =

∫
x0
+(t)

⋃
x0
−(t)

u(ξ, τ)G0(x, t, ξ, τ)dξ+

∫
x0
+(t)

⋃
x0
−(t)

1

2

(
G0
∂u

∂ξ
−u∂G0

∂ξ

)
dτ.

(3.26)
HereG0(x, t, ξ, τ) is a source function for this equation on nonbounded region,
which is fundamental solution of the heat equation

G0(x, t, ξ, τ) =
1√

2π(t− τ)
e−

(x−ξ)2

2(t−τ) . (3.27)

We rewrite it in expanded form

V (x, t) = −
∫
x0
+(t)

−(g0
+(τ))2σ

2

µ2
(µ2τ + σ2)

1√
2π(t− τ)

e−
(x−ξ)2

2(t−τ) dξ

− 1

2

∫
x0
+(t)

1√
2π(t− τ)

e−
(x−ξ)2

2(t−τ)
2γ0σ

3

µ
g0
+(τ)dτ

+
1

2

∫
x0
+(t̃)

−(g0
+(τ))2σ

2

µ2
(µ2τ + σ2)

1√
2π(t− τ)

e−
(x−ξ)2

2(t−τ)
x− ξ

t− τ
dτ

+

∫
x0
−(t̃)

−(g0
−(τ)2σ

2

µ2
(µ2τ + σ2)

1√
2π(t− τ)

e−
(x−ξ)2

2(t−τ) dξ

+
1

2

∫
x0
−(t̃)

1√
2π(t− τ)

e−
(x−ξ)2

2(t−τ)
2γ0σ

3

µ
g0
−(τ)dτ

− 1

2

∫
x0
−(t)

−(g0
−(τ))2σ

2

µ2
(µ2τ + σ2)

1√
2π(t− τ)

e−
(x−ξ)2

2(t−τ)
x− ξ

t− τ
dτ.

Using property of a curvilinear integral of the second kind we obtain the
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solution of this problem in the integral form

V (0, 0) = −
∫ T

0

−(g0
+(τ))2σ

2

µ2
(µ2τ + σ2)

1√
2π(T − τ)

e−
(x0

+(τ))2

2(T−τ)
∂x0

+(τ)

∂τ
dτ

− 1

2

∫ T

0

1√
2π(T − τ)

e−
(x0

+(τ))2

2(T−τ)
2γ0σ

3

µ
g0
+(τ)dτ

+
1

2

∫ T

0

−(g0
+(τ))2σ

2

µ2
(µ2τ + σ2)

1√
2π(T − τ)

e−
(x0

+(τ))2

2(T−τ)
−x0

+(τ)

T − τ
dτ

+

∫ T

0

−(g0
−(τ)2σ

2

µ2
(µ2τ + σ2)

1√
2π(T − τ)

e−
(x0
−(τ))2

2(T−τ)
∂x0

−(τ)

∂τ
dτ

+
1

2

∫ T

0

1√
2π(T − τ)

e−
(x0
−(τ))2

2(T−τ)
2γ0σ

3

µ
g0
−(τ)dτ

− 1

2

∫ T

0

−(g0
−(τ))2σ

2

µ2
(µ2τ + σ2)

1√
2π(T − τ)

e−
(x0
−(τ))2

2(T−τ)
−x0

−(τ)

T − τ
dτ. (3.28)

Concidering this form of the solution, we are unable to define analiti-
cally the dependence of the solution on γ0. Computing given integrals by
quadrature formulas on analytical grid, known as Newton-Cotes formulae,
we do not arrive at the demanded accuracy, we need. It occures because
some integrands have singularities in the integration interval.

So, for solving of the problem of heat equation with moving boundary we
use the finite difference method. Let us describe its algorithm in details.

1. Let us fix γ0, which means the risk-assets amount in the initial port-
folio. Find out Ĉ = [xmin, xmax] × [0, T ] the mimimal orthogonal area, in-
cluding the continuation set C. Decompose this area by the points (xi, tj) =
(xmin + ihx, T − j ∗ ht) into n ×m equal rectangles. In such a way, we put
analytical grid Θn,m (with the interval hx = |xmax−xmin|/n over x and with

the interval ht = T/m over t) on Ĉ

Θn,m = {(xi, tj) = (xmin + ihx, T − j ∗ ht)|i = 0..n, j = 0..m}. (3.29)

2. Using implicit Euler scheme,we approximate differential equation (3.18)
and boundary conditions (3.19)-(3.20) by difference equations. We use im-
plicit scheme, because it is unconditionally stable, in spite of making some
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complications to solve the problem:

ui,j+1 − ui,j
ht

+
ui+1,j − 2ui,j + ui−1,j

4h2
x

= 0, (3.30)

ui±,j± = G(xmin + i±hx, T − j±ht), (3.31)

ui−,j− − u(i−+1),j−

hx
=
∂G(xmin + i−hx, T − j−ht)

∂x
, (3.32)

ui+,j+ − u(i+−1),j+

hx
=
∂G(xmin + i−hx, T − j+ht)

∂x
, (3.33)

ui,0 = G(xmin + ihx, T ), (3.34)

where

(i+, j+) = {(i, j), i = 0, . . . , n, j = 1, . . . ,m :

(F (xmin + ihx, T − jht) ≤ 0) and (F (xmin + (i+ 1)hx, T − jht) > 0)}.

3. Thus, we have to solve the system of the k(j)− 2 linear equations,

u2,j = G(xmin + (i+ + add+ 1)hx, T − jht)+

hx
∂G

∂x
(minx + (i+ + add+ 1)hx, T − jht),

ui,j+1 = −ρui+1,j + (1 + 2ρ)ui,j − ρui−1,j, i = 3..k(j)− 2,

uk(j)−1,j = G(xmin + (i− + add− 1)hx, T − jht)−

hx
∂G

∂x
(xmin + (i− + add− 1)hx, T − jht).

(3.35)

to calculate the value function ui,j on the time level j, where k(j) is the
numbers of points, which belong to continuation set C on a time layer j.

In upper system of linear equalities auxiliary parametr add is used, it
makes possible to take permissible minimum the numbers of points for defi-
nition the solution on the next time layer. It decreases the dimension of the
system, therefore the time of the method is decreased too.

4. Gradually, in the each time layer j = 1, . . . ,m, we search the values
of the grid function ui,j, computing the system of linear equalities (3.35).
Note, that for any following layer, we use the result received on the previous
one. On the last time layer, we find out the value −u(̃i,m) ≈ −V (0, 0),
which is the optimal value of the objective function by the chosen value of
the parameter γ0. The value ĩ is defined as

ĩ = {i = 1, . . . , n : min
i
|xmin − ihx|}. (3.36)
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5. Having completed the describing actions for all points of choisen par-
tition (γl)

γnumb
0 of the interval (γmin0 , γmax0 ), we obtain the grid function of

dependence of the optimal value of the objective function on the value γ0.
Let us illiustrate this dependence in graphic for the examples of several sets
of parameters for the studied model.

Figure 3.2: The grafical representation of the solution the problem (3.18)-
(3.20) by the finite difference method for µ = 0.3, σ = 0.6, T = 10, h = 2
S0 = 1.

Figure 3.3: The grafical representation of the solution the problem (3.18)-
(3.20) by the finite difference method for µ = 0.05, σ = 0.6, T = 10, h = 2
S0 = 1.

Let us explain this Figures. In the Figure 3.2 and Figure 3.3 we see
that searched function reaches its minimum, on γ0 = 1.061, γ0 = 0.346
respectively. Thus, we define the optimal value γ0 in the case of the mean-
square criterion. Quality of this strategy (on γ0 equals γ̃0, where γ̃0 is the
optimal value of the initial portfolio for the single-stage model) is shown
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by red line. Also, in the Figures we can see that γ0 > γ̃0. Economically,
it can be explained that if we have the posibility of further rebalancing we
can accept the bigger risk. Paying attention to the Figure 3.3, we see if the
values of shift are sufficiently small in relation to volatility the dependence
function looks ”noisy”, which means that finite difference method gives great
miscalculation. Moreover the strategy not only stops working but also shows,
that there are such values of γ0, that the optimal strategy provides worse
result, than the single-stage model. This arises from the fact that the trend,
according to which we correct the portfolio, disappears. In the limit case,
on µ = 0, the optimal strategy in the studied model and in the single-stage
model is the same and affirms that in such case we should not have risk
assets in the portfolio, i.e. γ∗0 = 0, τ ∗ = 0, γ∗τ = 0. In the other limit case,
γ0 = 0, the model of hedging with unique moment of rebalancing reduces
to the single-stage model, as 0 6∈ (γmin0 , γmax0 ). It approves the existence of
”optimal” moment to take a position.

In the single-stage model

E[(Xπ∗

T −H)2] = H2 σ2

µ2T + σ2
. (3.37)

From (3.37) follows that if we have more time to maturity then we obtain
more accuracy using the optimal strategy.

In order to approve optimal initial capital value γ∗0 , having been found
using finite difference method,we employ simulation technique – the Monte-
Carlo method. This approach is used for resolving various problems of
physics, chemistry, mathematics, economics, optimization, control theory,
when:

1. it is expensive or impossible to provide experiment on the real object;
2. it is impossible to construct an analytical model: because the system

depence on time, casual relations, aftereffects, depence on nonlinearities,
stochastic variables.

In our case the model has a complex dependence on γ0 values, exploring
which we should simulate system behavior according to time and Winer
process trajectories.

Here we consider the following algorithm of the Monte-Carlo method to
obtain γ∗0 :

1. Construct the partition (tn)
tnumb+1
0 of the time interval [0, T ] into tnumb

intervals, determined by ∆t – partitioning parameter value. Fix the number
of trials expnum.

2. Construct the partition (γm)γnumb
0 of the interval possible values of the

initial portfolio (γmin0 , γmax0 ) into γnumb intervals, determined by partitioning
parametr value ∆γ0.
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3. Then, in the simulation, sequence (xn)
tnumb
1 , is generated by pseudo-

random number generator, consists of values distributed in according with
the normal law. This sequence is used for simulation ∆Wtn =

√
∆txn of

changing Wiener process in the time interval [tn−1, tn].
4. For any (γ0)m ∈ (γm)γnumb+1

0 we, using the trajectory fixed in the
previous step, define optimal stopping moment τ ∗ as the first moment when
the Wiener process Wtn crosses the boundaries of the continuation set C.
Further, using already known γ0 and τ ∗ the optimal value γτ is calculated.

5. Continue the price process modeling, in according with given trajec-
tory, till the end of the time interval [0, T ].

6. Putting the finding values in the model, we obtain, the value of the
objective function for the current experiment

Rez(i) = (X
π∗i
T −H)2, i = 1, . . . , expnum. (3.38)

7. After the number expnum experiments, using the law of large numbers,
we define

E

[
(X

π∗i
T −H)2

]
≈

expnum∑
i=1

Rez(i)

expnum
. (3.39)

In Figure 3.4 and Figure 3.5 we present the results of using the Monte-
Carlo method (the number of experiments equals 10000) for the model with
the same sets of parameters as we used above to illustrate the finite difference
method.

Figure 3.4: The grafical representation of the function −V (0, 0) values de-
pending on the parameter γ0, which is obtained by Monte-Carlo Simulation
for studied model with fixed set of parameters µ = 0.3, σ = 0.6, T = 10,
h = 2, S0 = 1.

In the Figures we see, that the results of Monte-Carlo method approve
the solution, received before by finite difference method. Thus, two numeri-
cal methods (Monte-Carlo method and finite difference method) for finding



24 Chapter 3. Defining of optimal initial parametrs

Figure 3.5: The grafical representation of the function −V (0, 0) values de-
pending on the parameter γ0, which is obtained by Monte-Carlo Simulation
for studied model with fixed set of parameters µ = 0.05, σ = 0.6, T = 10,
h = 2, S0 = 1.

optimal value of the initial portfolio γ∗0 are considered in this chapter. The
corresponding algorithms to solve problem under examination are introduced,
and some significant results are presented.

In conclution, we recomend to use finite difference method, because it
more effective and has more accuracy.



Chapter 4

Remark about optimal
rebalancing moment in the case
of Black-Scholes market

In the previous chapters the price dynamics is supposed to be described by
linear Brownian motion with shift, i.e. Bachelier model. For such assets
we consider the implementation of a self-financed hedging strategy with the
unique rebalancing moment (γ∗0 , τ

∗, γ∗τ ), which is optimal with respect to
mean-variance criterion. However, the price in Bachelier model can also
take negative values and thus the model can not be adequate to reflect the
real situation. Nevertheless, Bachelier model is worth treating because it is
chronologically first diffusion model and is both non-arbitrage and complete
one.

In this chapter using similar methods we consider a more realistic model,
where an increment of a price on traded assets is described by:

dSt = St(σdWt + µdt), (4.1)

or equivalently the asset price is defined as:

St = S0e
(µ−σ2

2
)t+σWt . (4.2)

This is a geometric Brownian motion, suggested in 1965 by P. Samuelson,
see [9]. It is precisely the model which formed the basis of Black-Merton-
Scholes model, closely connected with Black-Scholes formula, providing the
fair price of the standard European-type call-option.

As the form of the self-financing portfolio, which we use, is independent
on the type of price process, see (2.1), then the form of the original problem

25



26
Chapter 4. Remark about optimal rebalancing moment in the

case of Black-Scholes market

does not change

Xπ∗

0 = x0, E[(Xπ∗

T −H)2] = inf
π∈SF1

E[(Xπ
T −H)2].

The definition of the optimal value of portfolio γ∗τ in the rebalancing
moment does not change either

γ∗τ = (Ĥ − γ0∆Sτ )
E(∆ST |Fτ )
E(∆S2

T |Fτ )
. (4.3)

However, if we want to obtain the explicit form of γ∗τ we should com-
pute E(∆ST |Fτ ) and E(∆S2

T |Fτ ) when the price process St is a geometric
Brownian motion.

Separating the martingal part of ∆ST , ∆S2
T and using the optional sam-

pling theorem, we obtain the next results:

∆Sτ = S0(e
(µ−σ2

2
)τ+σ2x − 1),

E(∆ST |Fτ ) = Sτ (e
µ(T−τ) − 1), (4.4)

E((∆ST )2|Fτ ) = S2
τ (e

(2µ+σ2)(T−τ) − 2eµ(T−τ) + 1). (4.5)

Insert (4.4), (4.5) in (4.3) we get the explicit formula of the optimal porfolio,
which we should form in a rebalancing moment t

γ∗τ = (Ĥ + γ0S0 − γ0S0e
(µ−σ2

2
)τ+σ2x)

eµ(T−τ) − 1

Sτ (e(2µ+σ2)(T−τ) − 2eµ(T−τ) + 1)
. (4.6)

Exploiting this dependence, we rewrite the original problem without pa-
rameter γτ

E[(γ0∆Sτ − Ĥ)2 e2µ(T−τ)(eσ
2(T−τ) − 1)

(e(2µ+σ2)(T−τ) − 2eµ(T−τ) + 1)
] → min

γ0,τ
. (4.7)

Following the simular reasoning described in Chapter 2, we transform the
searched problem into the integral form

E

[
const +

∫ τ

0

F (t,Wt)dt

]
→ min

γ0,τ
. (4.8)

Thereto we apply Ito’s formula to the following process

f(τ,Wτ ) = (Ĥ + γ0S0 − γ0S0e
(µ−σ2

2
)τ+σ2x)2 e2µ(T−τ)(eσ

2(T−τ) − 1)

(e(2µ+σ2)(T−τ) − 2eµ(T−τ) + 1)
.

(4.9)
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Let us do some preliminary calculations:

∂f

∂t
= −2γ0S0(µ−

σ2

2
)e(µ−

σ2

2
)τ+σxe2µ(T−τ)(eσ

2(T−τ) − 1)
u(x, t)

v(t)

− e2µ(T−τ)(2µ(eσ
2(T−τ) − 1) + σ2eσ

2(T−τ))
u2(x, t)

v(t)

− e2µ(T−τ)(eσ
2(T−τ) − 1)(2µeµ(T−τ) − (2µ+ σ2)e(2µ+σ2)(T−τ))

(
u(x, t)

v(t)

)2

,

(4.10)

∂f

∂x
= −2

γ0S0σe
(µ−σ2

2
)τ+σxe2µ(T−τ)(eσ

2(T−τ) − 1)u(x, t)

v(t)
, (4.11)

∂2f

∂x2
=
γ2

0S
2
0σ

2e2(µ−σ2

2
)τ+2σxe2µ(T−τ)(eσ

2(T−τ) − 1)

v(t)

− γ0S0σ
2e(µ−

σ2

2
)τ+σxe2µ(T−τ)(eσ

2(T−τ) − 1)u(x, t)

v(t)
, (4.12)

where

u(x, t) = γ0S0(e
(µ−σ2

2
)τ+σx − 1)− Ĥ, (4.13)

and
v(t) = e(2µ+σ2)(T−τ) − 2eµ(T−τ) + 1. (4.14)

Notice, that

E

[∫ τ

0

(
∂f

∂x
(t,Wt)

)2

dt

]
<∞, (4.15)

consequently ∫ τ

0

∂f

∂x
(t,Wt)dWt − is martingale. (4.16)

Using the preliminaly computations, we write Ito’s formula for the process
f(t,Wt)

f(τ,Wτ ) = Ĥ2 e2µT (eσ
2T − 1)

e2µ+σ2T − 2eµT + 1
+

∫ τ

0

F (t,Wt)dt, (4.17)

F (t, x) = −e2µ(T−t)(α(t)g2(t, x) + β(t)e(µ−
σ2

2
)t+σxg(t, x) + c(t)e(µ−

σ2

2
)t+σx),

(4.18)
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where

g(x, t) =
Ĥ − γ0S0(e

(µ−σ2

2
)t+σx − 1)

e(2µ+σ2)(T−t) − 2eµ(T−t) + 1
, (4.19)

α(t) = σ2eσ
2(T−t)(eµ(T−t) − 1)2 − 2µ(eσ

2(T−t) − 1)(eµ(T−t) − 1), (4.20)

β(t) = 2γ0S0σ
2µ(eσ

2(T−t) − 1), (4.21)

c(t) = − γ2
0S

2
0σ

2(eσ
2(T−t) − 1)

e(2µ+σ2)(T−t) − 2eµ(T−t) + 1
. (4.22)

Figure 4.1: The grafical representations of function F (t, x) (4.18).

Consider the function F (t, x) in details. First of all, we denote by Fzero
the set of points, where F (t, x) equals to zero:

Fzero = {(t, x) ∈ [0, T ]× R : x = x0
±(t)}, (4.23)
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where

x0
±(t) =

ln

(
Ĥ+γ0S0

γ0S0(1+σψ±(t))

)
−(µ− σ2

2
)t

σ
, (4.24)

and

ψ±(t) =

(
−µσ(eσ

2(T−t) − 1)+

± sgn(γ0)

√
(eσ2(T−t) − 1)(µ2σ2(eσ2(T−t) − 1) +

α(t)

v(t)
)

)
v(t)

α(t)
. (4.25)

It is easy to notice, that the curves x0
+(t), x0

−(t) have the complex structure
and have the properties, which influence on the form of the set Fzero. We
should take a closer look at this properties.

Before, let us introduce the next notations:

t̂ = inf
t
{t : α(t) = 0}, (4.26)

t̃ = inf
t
{t : α(t) = −µ2σ2(eσ

2(T ) − 1)v(t)}. (4.27)

1. Notice, that the functions ψ±(t) depend only on sign of γ0. Moreover,
∀t ∈ [0, T ] ψ+(t,−γ0) = ψ−(t, γ0).

If we redefine ψ0
+(t) = max{ψ0

+(t), ψ0
−(t)} ψ0

−(t) = min{ψ0
+(t), ψ0

−(t)},
then in new notation this dependence is eliminated at all.

Therefore, if on a fixed combination of parameters µ, σ, T the functions
ψ±(t) are complex-valued, then x0

±(t) are comlpex-valued too. In this case,
regardless of the value γ0 the set Fzero is empty.

The both functions ψ±(t) take complex values if the combination of pa-
rameters µ, σ, T satisfies

(eσ
2(T−t) − 1)(µ2σ2(eσ

2(T−t) − 1) +
α(t)

v(t)
) ≤ 0. (4.28)

In order to simplify this condition show that v(t) ≥ 0. Indeed, since
eσ

2(T−τ) ≥ 1,

e(2µ+σ2)(T−τ) − 2eµ(T−τ) + 1 ≥ e2µ(T−τ) − 2eµ(T−τ) + 1 = (eµ(T−τ) − 1)2 ≥ 0.

Using this fact, we get the following statement: the functions ψ±(t) are
comlex-valued if α(t) < −µ2σ2(eσ

2(T ) − 1)v(t).
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2. Further we define the values of ψ±(t), when t → t̂. Generally we can
present them in the following form

µγ0 > 0 =>

 ψ+(t̂) =
1

2µσ
,

ψ−(t̂) = −sgn(µ)∞,

µγ0 < 0 =>


ψ+(t̂) = −sgn(µ)∞,

ψ−(t̂) =
1

2µσ
.

Let us explain these formulas. Depending on signs of the parameters
µ, γ0, the limit of one of the functions ψ0

±(t) in the time point t̂ equals to
−sign(µ)∞, while the another one represents indefine expression of the type
zero over zero. On the other hand ψ±(t) are the roots of the quadratic equa-
tion F (g(t, x)) = 0 with the quadratic coefficient α(t)(4.20).

So, in the time point t̂ : α(t̂) = 0 the function F (t̂, x) becomes linear
relative to g(x, t̂). Solving the equation F (t̂, x) = 0, we get that in the given
moment of time the set Fzero contains only one point:

x0(t̂) =

ln

(
(Ĥ+γ0S0)2µ
γ0S0(1+2µ)

)
−(µ− σ2

2
)t̂

σ
. (4.29)

Comparing the expression 4.29 with 4.24 we obtain that the limit of
function ψ+(t) (ψ−(t)), which represents the intermediate form (0

0
), equals

to 1
2µσ

.

3. Consider the property 1 of functions x±(t). The dependence between
the complex valuedness of x±(t) and γ0 is determined by the relation below

=(x0
±(t)) = 0 <=>


γ0 ∈ (−∞,− h

S0

)
⋃

[0,+∞), if ψ±(t) > − 1

σ
,

γ0 ∈ (− h

S0

, 0], if ψ±(t) < − 1

σ
.

4. It is worth noticing that if γ0 = 0 the set Fzero degenerates into the
line t = t̂.

5. The functions x0
±(t) are monotonic with respect to γ0 on the set

R\{−Ĥ
S0
}\{0}.

6. For all t ∈ [0, t̃) it is valid that x0
+(t) > x0

−(t) or x0
+(t) < x0

−(t),
subjecting to µ, γ0 values. Moreover, x0

+(t̃) = x0
−(t̃).

7. Corresponding to the combination of γ0, µ values the function min{x0
+(t), x0

−(t)}
has one-sided left (or right) limit, which is equal to −∞ on t→ t̂, and does
not exsist on the set of the real numbers on the right (left).
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Taking into account the two last properties 6, 7 mentioned above and
continuity of x±(t) on [0, t̂)

⋃
(t̂, t̃) for all µ, γ0, we conclude that the set Fzero

bounds an area C.
Now let us define the all possible forms of the set Fzero. We take α(0) >

−µ2σ2(eσ
2(T ) − 1)v(0), it means that ψ±(0) is not a complex number. It is

neccesary condition that Fzero and C are not empty.

1. If µ > 0, γ0 > 0 then

ψ+(t) > 0 ∀t ∈ [0, t̃),

ψ−(t) < 0 ∀t ∈ [0, t̂), ψ−(t) > 0, ∀t ∈ (t̂, t̃),

|ψ+(t)| < |ψ−(t)|,


=> Fzero = {(t, x) : {x = x0

+(t), if t ∈ [0, t̃)} ∨ {x = x0
−(t) ∨ x0

+(t), if t ∈ [t̂, t̃)}},
C = {(t, x) : {x ∈ (−∞, x0

+(t)), if t ∈ [0, t̃), x ∈ (x0
−(t), x0

+(t)), if t ∈ [t̂, t̃)}.

2. If µ < 0, γ0 > 0 then

ψ+(t) > 0, ∀t ∈ [0, t̂), ψ+(t) < 0, ∀t ∈ (t̂, t̃),

ψ−(t) < 0, ∀t ∈ [0, t̃),

|ψ+(t)| > |ψ−(t)|,


=> Fzero = {(t, x) : {x = x0

+(t), if t ∈ [0, t̂)}},
C = {(t, x) : {x ∈ (−∞, x0

+(t)), if t ∈ [0, t̂)}}.

3. If µ > 0, γ0 < − h
S0

then

ψ+(t) < 0, ∀t ∈ [0, t̂), ψ+(t) > 0, ∀t ∈ (t̂, t̃),

ψ−(t) > 0, ∀t ∈ [0, t̃),

|ψ+(t)| > |ψ−(t)|,


=> Fzero = {(t, x) : {x = x0

−(t), if t ∈ [0, t̃)} ∨ {x = x0
−(t) ∨ x0

+(t), if t ∈ [t̂, t̃)}},
C = {(t, x) : {x ∈ (−∞, x0

−(t)), if t ∈ [0, t̃), x ∈ (x0
+(t), x0

−(t)), if t ∈ [t̂, t̃)}.

4. If µ > 0, − h
S0
< γ0 < 0 then

ψ+(t) < 0, ∀t ∈ [0, t̂), ψ+(t) > 0, ∀t ∈ (t̂, t̃),

ψ−(t) > 0, ∀t ∈ [0, t̃),

|ψ+(t)| > |ψ−(t)|,


=> Fzero = {(t, x) : {x = x0

+(t), if t ∈ [0, t̂)},
C = {(t, x) : {x ∈ (−∞, x0

+(t)), if t ∈ [0, t̂)}.
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5. If µ < 0, γ0 < − h
S0

then

ψ+(t) < 0, ∀t ∈ [0, t̃),

ψ−(t) > 0, ∀t ∈ [0, t̂), ψ−(t) < 0, ∀t ∈ (t̂, t̃),

|ψ+(t)| < |ψ−(t)|,


=> Fzero = {(t, x) : {x = x0

−(t), if t ∈ [0, t̂)},
C = {(t, x) : {x ∈ (−∞, x0

−(t)), if t ∈ [0, t̂)}.

6. If µ < 0, − h
S0
< γ0 < 0 then

ψ+(t) < 0, ∀t ∈ [0, t̃),

ψ−(t) > 0, ∀t ∈ [0, t̂), ψ−(t) < 0, ∀t ∈ (t̂, t̃),

|ψ+(t)| < |ψ−(t)|,


=> Fzero = {(t, x) : {x = x0

+(t), if t ∈ [0, t̃)} ∨ {x = x0
−(t) ∨ x0

+(t), if t ∈ [t̂, t̃)}},
C = {(t, x) : {x ∈ (−∞, x0

+(t)), if t ∈ [0, t̃), x ∈ (x0
−(t), x0

+(t)), if t ∈ [t̂, t̃)}.
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Figure 4.2: The grafical representations of the all possible patterns of the set
Fzero. Each pattern is defined by combination of the values of µ and γ0. The
red curve is the part of the set Fzero defined by the function x0

+(t). The green
curve is another part of the set Fzero defined by the function x0

−(t).

Proposition 3 The integrand F (t, x) defined in (4.18)-(4.22) has the fol-
lowing properties

1. ∀(x, t) ∈ C, F (x, t) < 0,
2. ∀(x, t) 6∈ C, F (x, t) ≥ 0.

The proof of the Proposition 3 is analogical to the case of Bachelier model.
To convince that the set C is the continuation set, it is necessary to show,

that if we did not rebalance our portfolio, when Wiener process crossed the
set Fzero we would have some extra damages. In other words, for any

τ̂ > τ ∗ : τ ∗ = inf
t
{W (t) = x0

+(t) ∨W (t) = x0
−(t)}, (4.30)

it is correct that

R(τ ∗, τ̂) = E

[∫ τ̂

τ∗
F (t,Wt)dt

]
> 0. (4.31)

In the case of Bachilier model we explote the fact that F(x,t) is a strictly
increasing function in the variable t and convex in the variable x in order to
prove that the rebalancing moment we are looking for is exactly τ ∗. But for
the geometrical Brownian motion it does not work, because in this situation
the function F (t, x) has difficult-to-analyze areas of increasing and decreasing
in the variable t, convexity and concavity in the variable x.

That is the reason, that we apply Monte-Carlo method to get the values
R(τ ∗, τ̂) on the different values of τ̂ ∈ [τ ∗, T ].

1. Construct the partition (tn)
tnumb+1
0 of the time interval [0, T ] into tnumb

intervals, determined by the partitioning parameter value ∆t. Fix the num-
ber of trials expnum.
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2. For the fix value τ ∗ we find out the point of partition which is the
closest to it. Denote this point as tpos. Also we find out the location of the
boundaries x0

±(ti), if, of course, they exist in the given point of partition.
3. Generate a sequence of the normal random variables (xk)

tnumb−posnumb
1

by the pseudorandom number generator. This sequence simulate a Wiener
process trajectory in the following way: ∆Wtk =

√
∆txk, where ∆Wtk is the

increment of Wiener process for the pos+ k time interval.
4. Construct the studied integral for any τ̂ > τ ∗ on all generated Wiener

process trajectories

Il =

posτ̂∑
k=posτ∗+1

F (tk,Wk) + F (tk−1,Wk−1)

2
∆t, l = 1, . . . , expnum. (4.32)

5. After the number expnum experiments, using the law of large numbers, we
obtain

R(τ ∗, τ̂) = E

[∫ τ̂

τ∗
F (t,Wt)dt

]
≈

expnum∑
l=1

Il
expnum

. (4.33)
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Figure 4.3: The grafical representation of the results of the Monte-Carlo

simulation of R(τ ∗, τ̂) = E

[∫ τ̂

τ∗
F (t,Wt)dt

]
for some different fixed values

τ ∗ depending on the τ̂ .

Also using the simular scheme and fixing τ̂ = T for any value of τ ∗ we
can compute R(τ ∗, T ) the measure of damages, which we avoid by portfolio
rebalancing at the moment τ ∗.

Figure 4.4: The grafical representation of the results of the Monte-Carlo
simulation ofR(τ ∗, T ) depending on the τ ∗.

From the Figure 4.3 and Figure 4.4 we see, that the measure of the
additional damages, which we obtain when we rebalance portfolio at the
moment τ̂ > τ ∗, is positive and strictly increases with relative to τ̂ . The
condition (4.30),(4.31) is satisfied and therefore the x0

±(t) are the boundaries
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of the continuation set and the optimal rebalancing moment in the case of
the geometrical Brownian motion is defined by

τ ∗ = inf
t
{W (t) ∈ Fzero}. (4.34)

Let us find the values of the portfolio, on which the optimal rebalancing
moment τ ∗ is not zero. Otherwise, the studied model degrade to a single-
stage hedging model with respect to the mean-square criterion. Denote by Γ̂
the set {γ0 : τ∗ 6= 0}.

Since, according to definition, Wiener process starts from zero, then the
set Γ̂ and {γ0 : (0, 0) ∈ C} are equivalent.

Provide the explisit form of the set Γ̂.

Notice that for γ0 ≤ − Ĥ
S0

the point (0, 0) does not belong to C, this

directly results from the properties of functions x0
±(t).

Also we should mention, that if γ0 > − Ĥ
S0

then the set Fzero may have one
of the forms 1,2,4,6 shown at the Figure 4.2, for which the next statement is
valid

∀t ∈ [0, t̃), x0
+(t) > x0

−(t) and x0
−(t̃) = x0

+(t̃). (4.35)

Therefore the indeterminateness of the boundary positions vanishes and we
consider that x0

+(t) is the upper boundary, and x0
−(t) is the low boundary.

As there is no low boundary in the initial moment of time, it is sufficiently
to determine with which values of γ0 the upper boundary lies above the zero

x0
+(0) = ln

(
Ĥ + γ0S0

γ0S0(1 + σψ+(0))

)
> 0. (4.36)

Using the property 5 of function x0
+(t) (see page 30) we compute this in-

equality separately in each interval, where x0
+(0) is monotonic with respect

to γ0.

Thus for the γ0 ∈ [− Ĥ
S0
, 0)

x0
+(0) > 0, if γ0 ∈ (− Ĥ

S0σψ+(0,−1)
, 0), (4.37)

and for the γ0 ∈ (0,∞)

x0
+(0) > 0, if γ0 ∈ (0,

Ĥ

S0σψ+(0, 1)
). (4.38)

Pay attention to, as it follows from the property 4 of x0
±(t) (see page 30),

γ0 = 0 belongs to Γ̂ too.
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Putting last three statements together we obtain the explicit form of Γ̂

Γ̂ = (− Ĥ

S0σψ+(0,−1)
,

Ĥ

S0σψ+(0, 1)
). (4.39)

In (4.39) the second parameter of function ψ± expresses the dependence of
the value of function on the sign of γ0.

Further, in order to get the optimal value γ∗0 of the initial portfolio we
apply the Monte-Carlo method. In the case of GBM model, the algorithm of
this method inconsiderably differs from the situation, when the price process
is determined by Bachilier model. The feature of application of the Monte-
Carlo method to this model based on a geometrical Wiener process includes
the fact that the continuation set C does not have the low boundary till the
moment t̂.

Let us present the results of using the Monte-Carlo method (the number
of experiments equals 10000) for the studied model.

Figure 4.5: The grafical representation of the function −V (0, 0) values de-
pending on the parameter γ0, which is obtained by Monte-Carlo Simulation
for studied model with fixed set of parameters µ = 0.3, σ = 0.6, T = 10,
h = 2, S0 = 1.

In other words, in Figure 4.5 and Figure 4.6 we see, that the function of
dependence of the optimal value of capital deficiency on γ0 has the unique
minimum on γ0 = 0.258, γ0 = 0.16 respectively. Therefore, the Monte-Carlo
method provides the optimal value of γ0 under the mean-square criterion.

Also, these experiments show that if the value of µ is suffisiently small
in relation to σ the application of the searched strategy of optimal hedging
gives insignificant effect.

As we mentioned before, in contrast to the Bachilier market model case,
in the case when studied model is based on GBM it does not degrade to
single-stage model at γ0 = 0. However the optimal rebalancing moment
becomes determined and equals to t̂.
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Figure 4.6: The grafical representation of the function −V (0, 0) values de-
pending on the parameter γ0, which is obtained by Monte-Carlo Simulation
for studied model with fixed set of parameters µ = 0.05, σ = 0.6, T = 10,
h = 2 S0 = 1.

The existence of the ”optimal” moment for taking the position approves
the previous statement. For the single-stage model (based on GBM) under
the mean-square criterion this ”optimal” moment should take place (T − t̂)
before maturity time T.
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Conclusions

The most of the known hedging strategies suggest the continuous changing
of portfolio structure in accordance with optimal one which these strategies
defined. However, this approach does not reflect situation on real market
properly, since traders never trade continiously.

There is another approach to a problem of optimal hedging. Its main
idea is to find the best moment for instantaneous portfolio rebalancing, and
also corresponding optimal structure of the portfolio. Commonly, the theory
of stochastic impulse control is used to solve similar problems.

This paper is just only a start to solve the problem of searching the
optimal hedging strategy, when the numbers of rebalancing moments defined
in accordance with some chosen criterion of optimality.

The aim of this work is to introduce this problem and to construct an
optimal hedging strategy on the basis of the mean-square criterion, under the
assumption that the portfolio rebalancing moment is unique. This assump-
tion remains the essence of the problem. Basing on the results, which have
been received in this work, we can continue solving the general problem.

At the beginning of the thesis we, basing on the mean-square criterion,
have formulated the mathematical model of the problem of reaching the
capital level H in the limited time T

Xπ∗

0 = x0, E[(Xπ∗

T −H)2] = inf
π∈SF1

E[(Xπ
T −H)2].

We consider a special class SF1 ⊂ SF of possible self-finansial strategies,
which consist of the self-finansial strategies with a unique portfolio rebalanc-
ing moment.

Exploting the “tower property” of the conditional expectation, we have
defined the abstract form of an optimal amount of risk-assets in the portfolio

39
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in the rebalancing moment

γ∗τ = (γ0∆Sτ − Ĥ)
E(∆ST |Fτ )
E(∆S2

T |Fτ )
.

We obtain the optimal amount of the risk-free assets β∗τ in the rebalancing
moment using the self-finance condition.

We had deal with the optimal hedging strategy for the two different mod-
els of describing the price process of the risk asset: the Bashilier model and
the geometrical Brownian motion model.

In Chapter 2 and Chapter 3 we studied the case, when the price increment
is described by Bashilier model

dSt = µdt+ σdWt.

Having applied optional sampling theorem we moved from the abstract
form of γ∗τ (2.3) to its explicit form. This explicit form depends on the value
of the initial portfolio (γ0, β0) and the rebalancing moment τ

γ∗τ = (γ0(µτ + σWτ )− Ĥ)
µ

µ2(T − τ) + σ2
.

Putting this γ∗τ in (2.2) and using Ito’s formula we have got the formula-
tion of the original problem in the integral form

E

[
Ĥ2σ2

µ2T + σ2
+

∫ τ

0

F (Wt, t)dt

]
→ minπ∈SF1 .

Further we have defined the set of points, where the integrand F (x, t)
equals to zero. This region can be represented as {(x, t) ∈ (−∞,+∞)×[0, T ] :
x = x0

±(t)}, where

x0
±(t) = −

(
g0
±(t)(µ2(T − t) + σ2)

µ
− Ĥ

)
1

γ0σ
− µ

σ
t,

and

g0
±(t) = γ0 ±

√
γ2

0

µ2(T − t)

µ2(T − t) + σ2
.

Having analyzed the properties of the integrand, we have proved that
curves x0

±(t) bound some closed domain

C = {(x, t) ∈ (−∞,∞)× [0, T ] : x ∈ (x0
−(t), x0

+(t))},
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which is the continuation set. Therefore, we have received the optimal rebal-
ancing moment as

τ ∗ = inf
t
{W (t) = x0

+(t) ∨W (t) = x0
−(t)}.

Also in Chapter 2 we have determnied on which set of values of the initial
portfolio, the studied model does not degrade to a single-stage model, i. e.
by

γ0 ∈ (γmin0 , γmax0 ),

where

γmax0 =
hµ

µ2T + σ2 +
√
µ2T (µ2T + σ2)

,

γmin0 =
hµ

µ2T + σ2 −
√
µ2T (µ2T + σ2)

.

Having exploted the fact, that in the observable model, the random pro-
cess (3.6) is Markov, and having applied the theory of optimal stopping
for Markov processes, we have transformed this model into a free boundary
problem. Then, having used information about the continuation set studied
before, we have transformed the free boundary problem into the problem of
the heat equation with a moving boundary

∂V

∂t
=

1

2

∂2V

∂x2
,

V (x, t̃)

∣∣∣∣
x0
+(t̃)

= −(g0
+(t̃))2σ

2

µ2
(µ2t̃+ σ2)

∣∣∣∣
x0
+(t̃)

,

V (x, t̃)

∣∣∣∣
x0
−(t̃)

= −(g0
−(t̃))2σ

2

µ2
(µ2t̃+ σ2)

∣∣∣∣
x0
−(t̃)

,

∂V

∂x
(x, t̃)

∣∣∣∣
x0
+(t̃)

=
2γ0σ

3

µ
g0
+(t̃)

∣∣∣∣
x0
+(t̃)

,

∂V

∂x
(x, t̃)

∣∣∣∣
x0
−(t̃)

=
2γ0σ

3

µ
g0
−(t̃)

∣∣∣∣
x0
−(t̃)

,

V (x, 0) = −γ2
0

σ4

µ2
.

We have received the integral solution (3.28) of this problem, but we did not
manage to define the value of γ0 which maximizes this solution.

So, we have solved the heat equation with moving boundary by the finite
difference method. In order to approve the results of the represented method,
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also the Monte-Carlo simulation method was applied. Results of both metods
were presented in Chapter 3.

In Chapter 4 we have studied the problem of the optimal hedging with
the unique rebalancing moment based on a more realistic model of the price
process, notably the geometrical Brownian motion model

dSt = St(σdWt + µdt).

While applying the same methods, that were presented in the previous
chapters, we have obtained the explicit form of γ∗τ , i. e. the optimal value of
the portfolio in the rebalancing moment

γ∗τ = (Ĥ + γ0S0 − γ0S0e
(µ−σ2

2
)τ+σ2x)

eµ(T−τ) − 1

Sτ (e(2µ+σ2)(T−τ) − 2eµ(T−τ) + 1)
.

Further, we have obtained the formulation of the original problem in the
integral form

E

[
Ĥ2 e2µT (eσ

2T − 1)

e2µ+σ2T − 2eµT + 1
+

∫ τ

0

F (t,Wt)dt

]
→ minπ∈SF1 ,

where

F (t, x) = −e2µ(T−t)(α(t)g2(t, x) + β(t)e(µ−
σ2

2
)t+σxg(t, x) + c(t)e(µ−

σ2

2
)t+σx).

Here

g(x, t) =
Ĥ − γ0S0(e

(µ−σ2

2
)t+σx − 1)

e(2µ+σ2)(T−t) − 2eµ(T−t) + 1
,

α(t) = σ2eσ
2(T−t)(eµ(T−t) − 1)2 − 2µ(eσ

2(T−t) − 1)(eµ(T−t) − 1),

β(t) = 2γ0S0σ
2µ(eσ

2(T−t) − 1),

c(t) = − γ2
0S

2
0σ

2(eσ
2(T−t) − 1)

e(2µ+σ2)(T−t) − 2eµ(T−t) + 1
.

It is easy to see, that in the case of the geometrical brownian motion, the
integrand F (t, x) has the more complex form.

Analiticaly, we have determined the set of points, where the integrand
F (Wt, t) equals to zero

Fzero = {(t, x) ∈ [0, T ]× R : x = x0
±(t)},
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where

x0
±(t) =

ln

(
Ĥ+γ0S0

γ0S0(1+σψ±(t))

)
−(µ− σ2

2
)t

σ
,

ψ±(t) =

(
−µσ(eσ

2(T−t) − 1)+

± sgn(γ0)

√
(eσ2(T−t) − 1)(µ2σ2(eσ2(T−t) − 1) +

α(t)

v(t)
)

)
v(t)

α(t)
.

Having investigated the curves x0
±(t), we obtained that the set Fzero can

have one of the seven different forms subject to the combination of the values
of the model parameters (Figure 4.2). We have determined from the proper-
ties of the curves x0

±(t), that independently of form Fzero bounds some domain
C. Inside this domain the integrand F (Wt, t) < 0 and outside F (Wt, t) > 0.

In contrast to the case, when the price process is described by Bashilier
model, the integrand F (x, t) is not necessarily strictly increasing in the vari-
able t and convex in the variable x. It has prevented us to prove that we
should rebalance portfolio immediately when the Wiener process crosses the
boundary of C.

However, having applied the Monte-Carlo method, we have investigated
the measure of damages which we would get if we rebalanced the portfolio in
the moment τ̃ > τ∗. Since the result of application the Monte-Carlo method
has shown that the measure of damages is positive and stricly increasing in
the variable τ̃ (Figure 4.3), so we have reached a conclusion that the domain
C is continuation set.

Therefore the optimal moment of the portfolio rebalancing is determined
as

τ ∗ = inf
t
{W (t) ∈ Fzero}.

Further, we have defined on what the set of the values γ0 the studied
model do not degrade to the single-stage hedging model with respect to the
mean-square criterion

γ0 ∈ (− h

S0σψ+(0,−1)
,

h

S0σψ+(0, 1)
).

In the previous formula the second parameter of the function ψ± expresses
the dependence of this function on the sign of γ0.

We have received the approximate value of the optimal initial portfolio
γ∗0 by the Monte-Carlo method. The features of the realization and results
were described in Chapter 4.
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Summarizing, we say that in this thesis the mathematical model of the
problem of the optimal hedging with a unique rebalancing moment has been
formulated. In the case, when the price process is described by Baschilier
and GBM models, the optimal strategies of the investor behavior were found.
Thus, this work gives deeper insight into the nature of traders behavior and
real market dynamics.

Nowadays when the market is so unstable the problem of assuring the
market risks is particularly important. So that the development of new ap-
propriate strategies which allow to avoid the possible damage is timely.

Further, I would like to consider the problem of the analiticaly computing
the optimal value of the initial portfolio γ∗0 . My aim is to extend the results
which I have obtained in this work.



Appendix A

The realization of the finite difference method for comptuting the function
of dependence of the optimal value of the objective function on the value γ0,
when the price describing by the Bashilier model.

Source code(net_solve.m):

T=10; mu=0.3; sigma=0.6; h=2;

xmax=2*sqrt(mu.^2*T+sigma.^2)*sqrt(T)/sigma;

tmax=T;

number_t=100;

number_x=1000;

gamma_number=200;

delta_x=xmax./number_x;

delta_t=tmax./number_t;

ro=delta_t./(delta_x.^2)./2;

gamma_zero_centr=h.*mu./(mu.^2.*T+sigma.^2);

gamma_zero_cool=h.*mu./(sigma.^2);

gamma_zero_max=h.*mu./(mu.^2.*T+sigma.^2 ...

+sqrt(mu.^2.*T./(mu.^2.*T+sigma.^2)).*(mu.^2.*T+sigma.^2));
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gamma_zero_min=h.*mu./(mu.^2.*T+sigma.^2 ...

-sqrt(mu.^2.*T./(mu.^2.*T+sigma.^2)).*(mu.^2.*T+sigma.^2));

gamma_space=abs(gamma_zero_max-gamma_zero_min);

gamma_min=min(gamma_zero_max,gamma_zero_min);

gamma_max=max(gamma_zero_max,gamma_zero_min);

gamma_vector=zeros(gamma_number+1,1);

delta_gamma=gamma_space./gamma_number;

point_vector=zeros(number_t+2,1);

for z=0:gamma_number

gamma_0=gamma_min+z.*delta_gamma;

min_x=min(x_plus(0,gamma_0,mu,sigma,h,T),...

x_minus(0,gamma_0,mu,sigma,h,T));

k=0;

while and(k<=number_x,f_main((min_x+(k-2).*delta_x),...

T-delta_t,gamma_0,mu,h,sigma,T)>0)

k=k+1;

end

if z==0

point_vector(1)=number_x./2;

end

need_vect=1+2.*(fix(number_x./2)-k);

old_vector= zeros(need_vect,1);

for l=0:(need_vect-1)

old_vector(l+1)=Gain((min_x+(k+l)*delta_x),T,gamma_0,mu,sigma,h,T);

end

for l=0:(number_t-1)

i_new=0;

while and(i_new<=number_x,min(...

f_main((min_x+(i_new-2).*delta_x),T-(l+1).*...

delta_t,gamma_0,mu,h,sigma,T),...

f_main(min_x+i_new.*delta_x,T-l.*...

delta_t,gamma_0,mu,h,sigma,T))>0)

i_new=i_new+1;

end
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if z==0

point_vector(l+2)=i_new;

end

is_vect=need_vect+4;

need_vect=1+2.*(fix(number_x./2)-i_new);

clear new_vector;

new_vector=zeros(need_vect,1);

add_numb=fix((need_vect-is_vect)./2);

add_numb=max(add_numb,0);

for k=0:(add_numb-1)

new_vector(k+1)=Gain(min_x+(i_new+k)*delta_x,...

T-l*delta_t,gamma_0,mu,sigma,h,T);

end

new_vector(add_numb+1)=Gain(min_x+(i_new+add_numb).*...

delta_x,T-l.*delta_t,gamma_0,mu,sigma,h,T);

new_vector(add_numb+2)=Gain(min_x+(i_new+add_numb).*...

delta_x,T-l.*delta_t,gamma_0,mu,sigma,h,T)...

+delta_x.*d_Gain(min_x+(i_new+add_numb).*delta_x,...

T-l.*delta_t,gamma_0,mu,sigma,h,T);

new_vector(need_vect-add_numb)=Gain(min_x+...

(i_new+need_vect-add_numb).*delta_x,T-l.*delta_t,gamma_0,mu,sigma,h,T);

new_vector(need_vect-add_numb-1)=Gain(min_x+...

(i_new+need_vect-add_numb).*delta_x,T-l*delta_t,gamma_0,mu,sigma,h,T)...

-delta_x.*d_Gain(min_x+(i_new+need_vect-add_numb).*...

delta_x,T-l.*delta_t,gamma_0,mu,sigma,h,T);

for k=need_vect-add_numb+1:need_vect

new_vector(k)=Gain(min_x+(i_new+k-1)*delta_x,...

T-l*delta_t,gamma_0,mu,sigma,h,T);

end

A=zeros(need_vect-2.*add_numb-2,need_vect-2.*add_numb-2);

for k=1:(need_vect-2.*add_numb-2)

for s=1:(need_vect-2.*add_numb-2)

if (k==s)

A(k,s)=1+2.*ro;

end

if (k-1==s)

A(k,s)=-ro;
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end

if (k+1==s)

A(k,s)=-ro;

end

end

end

for k=1:need_vect-2.*add_numb-2

if (k==1)

A(1,k)=1;

else

A(1,k)=0;

end

end

for k=1:need_vect-2.*add_numb-2

if k==need_vect-2.*add_numb-2

A(need_vect-2.*add_numb-2,k)=1;

else A(need_vect-2.*add_numb-2,k)=0;

end

end

temp_vect=zeros(need_vect-2.*add_numb-2,1);

temp_vect(1)=new_vector(add_numb+2);

temp_vect(need_vect-2.*add_numb-2)=new_vector(need_vect-add_numb-1);

for k=2:need_vect-2.*add_numb-2-1

temp_vect(k)=old_vector(k-1);

end

B=linsolve(A,temp_vect);

old_vector=zeros(need_vect);

for k=0:add_numb-1

old_vector(k+1)=new_vector(k+1);

end

old_vector(add_numb+1)=new_vector(add_numb+1);

for k=add_numb+2:need_vect-add_numb-1

old_vector(k)=B(k-add_numb-1);

end

old_vector(need_vect-add_numb)=new_vector(need_vect-add_numb);

old_vector(need_vect-add_numb-1)=new_vector(need_vect-add_numb-1);

for k=need_vect-add_numb+1:need_vect

old_vector(k)=new_vector(k);

end

end
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i_new=0;

if z==0

point_vector(number_t+2)=0;

end

is_vect=need_vect+4;

need_vect=1+2.*fix(number_x./2-i_new);

new_vector=zeros(need_vect);

add_numb=fix((need_vect-is_vect)/2);

add_numb=max(add_numb,0);

for k=0:add_numb-1

new_vector(k+1)=Gain(min_x+(i_new+k).*delta_x,0,gamma_0,mu,sigma,h,T);

end

new_vector(add_numb+1)=Gain(min_x+(i_new+add_numb).*delta_x,0,gamma_0,mu,sigma,h,T);

new_vector(add_numb+2)=Gain(min_x+...

(i_new+add_numb).*delta_x,0,gamma_0,mu,sigma,h,T)...

+delta_x.*d_Gain(min_x+(i_new+add_numb).*delta_x,0,gamma_0,mu,sigma,h,T);

new_vector(need_vect-add_numb)=Gain(min_x+(i_new+need_vect...

-add_numb).*delta_x,0,gamma_0,mu,sigma,h,T);

new_vector(need_vect-add_numb-1)=Gain(min_x+(i_new+need_vect -...

add_numb).*delta_x,0,gamma_0,mu,sigma,h,T)...

-delta_x.*d_Gain(min_x+(i_new+need_vect-add_numb).*delta_x,0,gamma_0,mu,sigma,h,T);

for k=need_vect-add_numb+1:need_vect

new_vector(k)=Gain(min_x+(i_new+k-1)*delta_x,0,gamma_0,mu,sigma,h,T);

end

A=zeros(need_vect-2.*add_numb-2,need_vect-2.*add_numb-2);

for k=1:(need_vect-2.*add_numb-2)

for s=1:(need_vect-2.*add_numb-2)

if (k==s)

A(k,s)=1+2.*ro;

end

if (k-1==s)

A(k,s)=-ro;

end

if (k+1==s)

A(k,s)=-ro;

end
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end

end

for k=1:need_vect-2.*add_numb-2

if (k==1)

A(1,k)=1;

else

A(1,k)=0;

end

end

for k=1:need_vect-2.*add_numb-2

if k==need_vect-2.*add_numb-2

A(need_vect-2.*add_numb-2,k)=1;

else A(need_vect-2.*add_numb-2,k)=0;

end

end

temp_vect=zeros(need_vect-2.*add_numb-2,1);

temp_vect(1)=new_vector(add_numb+2);

temp_vect(need_vect-2.*add_numb-2)=new_vector(need_vect-add_numb-1);

for k=2:need_vect-2.*add_numb-2-1

temp_vect(k)=old_vector(k-1);

end

B=linsolve(A,temp_vect);

old_vector=zeros(need_vect,1);

for k=0:add_numb-1

old_vector(k+1)=new_vector(k+1);

end

old_vector(add_numb+1)=new_vector(add_numb+1);

for k=add_numb+2:need_vect-add_numb-1

old_vector(k)=B(k-add_numb-1);

end

old_vector(need_vect-add_numb)=new_vector(need_vect-add_numb);

old_vector(need_vect-add_numb-1)=new_vector(need_vect-add_numb-1);

for k=need_vect-add_numb+1:need_vect

old_vector(k)=new_vector(k);

end

gamma_vector(z+1)=old_vector(fix(-min_x/delta_x)+1);

end

x =gamma_min:delta_gamma:gamma_max;

plot(x,-gamma_vector);

grid on;
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hold on;

x1=[0,1];

y1=[gamma_zero_centr,gamma_zero_centr];

y2=[gamma_zero_cool,gamma_zero_cool];

plot(y1,x1,’r’);

plot(y2,x1,’g’);

hold of;
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Appendix B

The realization of the Monte-Carlo simulation method for comptuting the
function of dependence of the optimal value of the objective function on the
value γ0, when the price describing by the Bashilier model.

Sourse code(Monte_Carlo_script.m):

mu=0.3; sigma=0.6; h=2; T=10;

number_t=1000;

gamma_number=100;

delta_t=T/number_t;

gamma_zero_max=h.*mu./(mu.^2.*T+sigma.^2...

+sqrt(mu.^2.*T./(mu.^2.*T+sigma.^2)).*(mu.^2.*T+sigma.^2));

gamma_zero_min=h.*mu./(mu.^2.*T+sigma.^2...

-sqrt(mu.^2.*T./(mu.^2.*T+sigma.^2)).*(mu.^2.*T+sigma.^2));

gamma_min=min(gamma_zero_max,gamma_zero_min)-0.1;

gamma_max=max(gamma_zero_max,gamma_zero_min)+0.1;

gamma_space=abs(gamma_max-gamma_min);

gamma_vect=zeros(gamma_number+1,1);

gamma_sqr_vect=zeros(gamma_number+1,1);

delta_gamma=gamma_space./gamma_number;

gamma_zero_centr=h.*mu./(mu.^2.*T+sigma.^2);
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gamma_zero_cool=h.*mu./(sigma.^2);

exp_number=10000;

for c=1:exp_number

randn(’state’,sum(100*clock));

temp=randn(’state’);

trajectory=randn(number_t+1,1);

for l=0:gamma_number

g0=gamma_min+l*delta_gamma;

W_tau=0; k=0;

if g0.*mu>0

while and(W_tau < x_minus(k*delta_t,g0,mu,sigma,h,T),W_tau >...

x_plus(k*delta_t,g0,mu,sigma,h,T))

W_dt=sqrt(delta_t).*trajectory(k+1);

W_tau=W_tau+W_dt;

k=k+1;

end

else

while and(W_tau > x_minus(k*delta_t,g0,mu,sigma,h,T),W_tau <...

x_plus(k*delta_t,g0,mu,sigma,h,T))

W_dt=sqrt(delta_t).*trajectory(k+1);

W_tau=W_tau+W_dt;

k=k+1;

end

end

tau=k*delta_t;

delta_X_tau=g0.*(mu.*tau+sigma.*W_tau);

g_tau=(h-g0.*(mu.*tau+sigma.*W_tau)).*mu./(mu.^2.*(T-tau)+sigma.^2);

W_T=0;

for j=k:number_t

W_dt=sqrt(delta_t).*trajectory(j+1);

W_T=W_T+W_dt;

end

delta_X_T=g_tau.*(mu.*(T-tau)+sigma.*W_T);

S=delta_X_tau+delta_X_T;

rez=(h-S).^2;

gamma_vect(l+1)=gamma_vect(l+1)+rez;

gamma_sqr_vect(l+1)=gamma_sqr_vect(l+1)+rez.^2;

end
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end

mean_vector=zeros(gamma_number+1,1);

min_vector=zeros(gamma_number+1,1);

max_vector=zeros(gamma_number+1,1);

for k=1:gamma_number+1

mean_vector(k)=gamma_vect(k)./exp_number;

disp=sqrt(gamma_sqr_vect(k)./exp_number-mean_vector(k).^2);

max_vector(k)=gamma_vect(k)./exp_number+disp;

min_vector(k)=gamma_vect(k)./exp_number-disp;

end

dist=gamma_min:delta_gamma:gamma_max;

plot(dist,mean_vector);

grid on;

hold on;

x1=[0.1,2];

y1=[gamma_zero_centr,gamma_zero_centr];

y2=[gamma_zero_cool,gamma_zero_cool];

plot(y1,x1,’r’);

plot(y2,x1,’g’);
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Appendix C

The realization of the Monte-Carlo simulation method for comptuting the
function of dependence of the measure of damage

E

[∫ τ̂

τ∗
F (t,Wt)dt

]
on the value τ̂ : τ̂ > τ ∗.

Source code(Monte_Carlo_measure_damage.m):

mu=0.3; sigma=0.5; h=2; T=10; S0=1; g0=0.02;

number_t=1000;

mean_loss=zeros(6,number_t);

min_pos=round(number_t.*0.8./6);

for p_n=1:6

pos=p_n.*min_pos;

delta_t=T/number_t;

t=pos*delta_t;

exp_number=10000;

results=zeros(exp_number,number_t-pos);

for c=1:exp_number

randn(’state’,sum(100*clock));

temp=randn(’state’);

randn(’state’,temp);

trajectory=randn(number_t+1,1);

x_gr=x_plus(t,g0,mu,sigma,T,S0,h);

if imag(x_gr)==0

I_F_old=Integ_main(t,g0,mu,sigma,T,S0,h,x_gr);

I_F_summ=0;

for l=pos+1:number_t
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x_gr=x_gr+trajectory(l+1).*delta_t;

if l~=number_t

I_F_new=Integ_main(t+(l-pos).*delta_t,g0,mu,sigma,T,S0,h,x_gr);

else

I_F_new=Integ_main(T-(delta_t./1000),g0,mu,sigma,T,S0,h,x_gr);

end

I_F_summ=(I_F_new+I_F_old).*delta_t./2+I_F_summ;

I_F_old=I_F_new;

results(c,l-pos)=I_F_summ;

end

end

end

for k=pos+1:number_t

for l=1:exp_number

mean_loss(p_n,k-pos)=mean_loss(p_n,k-pos)+results(l,k-pos);

end

mean_loss(p_n,k-pos)=mean_loss(p_n,k-pos)./exp_number;

end

end

for p_n=1:6

pos=p_n.*min_pos;

dist=(pos+1).*delta_t:delta_t:T;

subplot(3,2,p_n);

ylabel(’F(t) - size of losses’);

xlabel(’t - time’);

plot(dist,mean_loss(p_n,1:(number_t-pos)));

grid on;

end
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The realization of the Monte-Carlo simulation method for comptuting the
function of dependence of the optimal value of the objective function on the
value γ0, when the price describing by the model of geometrical Brownian
motion.

Source code(optimal_GBM_gamma.m):

mu=0.05; sigma=0.6; h=2; T=10; S0=1;

number_t=1000;

gamma_number=200;

delta_t=T./number_t;

gamma_vect=zeros(gamma_number+1,1);

gamma_sqr_vect=zeros(gamma_number+1,1);

t_voln=fzero(@(t)Discrem(t,mu,sigma,T),[0,T-0.01]);

gamma_min=-0.1;

gamma_max=0.3;

gamma_inter=h./(S0.*(exp((mu-sigma.^2./2).*t_voln).*(1+1./mu)-1));

delta_gamma=(gamma_max-gamma_min)./gamma_number;

exp_number=10000;

for c=1:exp_number

randn(’state’,sum(100*clock));

trajectory=randn(number_t+1,1);

temp=randn(’state’);

for l=0:gamma_number

g0=gamma_min+l*delta_gamma;

W_tau=0; k=0; check=1;

if g0~=0

while check~=0

x_pl=x_plus(k*delta_t,g0,mu,sigma,T,S0,h);

x_min=x_minus(k*delta_t,g0,mu,sigma,T,S0,h);
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if imag(x_plus(k*delta_t,g0,mu,sigma,T,S0,h))==0

if imag(x_minus(k*delta_t,g0,mu,sigma,T,S0,h))==0

max_g=max(x_minus(k*delta_t,g0,mu,sigma,T,S0,h),...

x_plus(k*delta_t,g0,mu,sigma,T,S0,h));

min_g=min(x_minus(k*delta_t,g0,mu,sigma,T,S0,h),...

x_plus(k*delta_t,g0,mu,sigma,T,S0,h));

if and(W_tau<max_g,W_tau>min_g)

W_dt=sqrt(delta_t).*trajectory(k+1);

W_tau=W_tau+W_dt;

k=k+1;

else check=0;

end

else

max_g=x_plus(k*delta_t,g0,mu,sigma,T,S0,h);

if W_tau<max_g

W_dt=sqrt(delta_t).*trajectory(k+1);

W_tau=W_tau+W_dt;

k=k+1;

else check=0;

end

end

else

if imag(x_minus(k*delta_t,g0,mu,sigma,T,S0,h))==0

max_g=x_minus(k*delta_t,g0,mu,sigma,T,S0,h);

if W_tau<max_g

W_dt=sqrt(delta_t).*trajectory(k+1);

W_tau=W_tau+W_dt;

k=k+1;

else check=0;

end

else

check=0;

end

end

end

else

while check~=0

first_sign=sign(psi_a(0,mu,sigma,T));

if first_sign==sign(psi_a(k*delta_t,mu,sigma,T))

W_dt=sqrt(delta_t).*trajectory(k+1);

W_tau=W_tau+W_dt;
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k=k+1;

else check=0;

end

end

end

tau=k*delta_t;

S_tau=S0.*exp((mu-sigma.^2./2).*tau+sigma.*W_tau);

delta_S_tau=S_tau-S0;

delta_X_tau=g0.*delta_S_tau;

g_tau=(h-g0.*delta_S_tau).*(exp(mu.*(T-tau))-1)./...

(S_tau.*(exp((2.*mu+sigma.^2).*(T-tau))-2.*exp(mu.*(T-tau))+1));

W_T=0;

for j=k:number_t

W_dt=sqrt(delta_t).*trajectory(j+1);

W_T=W_T+W_dt;

end

S_T=S_tau.*exp((mu-sigma.^2./2).*(T-tau)+sigma.*W_T);

delta_X_T=g_tau.*(S_T-S_tau);

X_T=delta_X_tau+delta_X_T;

if abs(delta_X_T)>10

rt=1;

end

rez=(h-X_T).^2;

gamma_vect(l+1)=gamma_vect(l+1)+rez;

gamma_sqr_vect(l+1)=gamma_sqr_vect(l+1)+rez.^2;

end

end

min_value=h^2;

gamma_min_value=0;

mean_vector=zeros(gamma_number+1,1);

for k=1:gamma_number+1

mean_vector(k)=gamma_vect(k)./exp_number;

if min_value>mean_vector(k)

gamma_min_value=gamma_min+(k-1).*delta_gamma;

min_value=mean_vector(k);

end

disp=sqrt(gamma_sqr_vect(k)./exp_number-mean_vector(k).^2);

max_vector(k)=gamma_vect(k)./exp_number+disp;

min_vector(k)=gamma_vect(k)./exp_number-disp;

end



dist=gamma_min:delta_gamma:gamma_max;

plot(dist,mean_vector);
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