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Abstract

The exchange rate market has traditionally played a key role in the
financial market. The variation of the exchange rate which is called
volatility is also an important feature for studying the exchange rate
market because the increased volatility may have a negative effect on
a nation’s economy by increasing the uncertainty in the exchange mar-
ket. In this paper the volatility of the exchange rate is considered by
means of a Heterogeneous Autoregression Conditional Heteroskedastic-
tity (HARCH) Model. It explains the volatility of the exchange rate
market well. In addition, it is assumed that at a random time point a
change of a parameter in the distribution of the random process under
observation may occur. Some methods such as the Shewhart method,
the Culumative Sum Method (CUSUM) and the Exponentially Weighted
Moving Average Method (EWMA) are investigated within the frames
of this change-point problem. In order to evaluate them, Average Run
Length (ARL) and Conditional Expected Delay (CED) will be used as
performance measures.
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Chapter 1

Introduction

Exchange rates play an important role in the international market of trading
and international investment markets. The exchange rate market is also one
of the biggest financial markets in the world. It links to other countries’
trading and economics as a bridge. The USA drive the Yen on increasing
values by adjusting the exchange rate as an instrument. In 1985, one dollar
could be exchanged for 240 Yen while in contrast one dollar could only be
exchanged for 80 yen in 1995. It caused economic crisis in Japan directly. In
1997, the devaluation of the Thai baht detonated the Asian economic crises
that shocked the world. Exchange rates can not be ignored if a country
economy develops healthily and sustainability. Therefore, it is particularly
important to monitor the exchange rates.

The volatilities of returns of financial assets have the feature of clustering
in time, and compared with analysis of the standard normal, whose return
has long tails (see Mandelbrot [1]). In 2003, Goodhart et al found that the
time series data of exchange rate has the feature of volatility clustering [2].
After the model of returns of exchange rates, the random perturbation is
often relatively large fluctuations along with bigger amplitude fluctuations,
and the small amplitude fluctuations follow with smaller amplitude fluctua-
tions. Engle proposed the Auto-Regressive Conditionally Heteroskedasticity
model (ARCH model) describing such a time series as an effective instru-
ment in 1982 [3]. But the ARCH model has some limitations in application,
since the order of the model is commonly required to have a large value.
In 1986, Bollerslev extended some constraints based on the ARCH model
and presented the model of Generalized Auto-Regressive Conditional Het-
eroskedasticity (GARCH) [4]. Particularly the GARCH(1,1) model has been
a classic model in economics. In 1997, Müller et al proposed the Heteroge-
neous Auto-Regressive Conditional Heteroskedastic process (HARCH) which
represents some new properties of volatility [5]. Embrechts et al have proved
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2 Chapter 1. Introduction

an explicit necessary and sufficient condition for the existence of moments of
the HARCH(2) process [6]. Also, Gencay et al has proved that the GARCH
and the HARCH models are well established to appropriately explain the
random paths of exchange rates [7].

Change-point problems are generally regarded as problems of continuous
sampling according to Page in the article in 1954 [8]. The exchange rates
market is often affected by some unexpected events at random time-points.
The distribution of exchange rates time series are stationary in some time
interval, but shift to another in another time interval. There are many meth-
ods to deal with such so-called change-point problems: the methods based
on the maximum likelihood ratio, least squares, cumulative sums, singular
spectrum analysis and wavelets. In this thesis, we use likelihood ratio based
method as a treatment of a change-point problem.

Statistical process control (SPC) is an instrument for process control by
statistical and mathematical methods. It is used to evaluate and analyse
the production process, according to feedback information to find signs of
systemic change, and controlling the process only by random fluctuations.
The process is in control when there are only random fluctuations, and the
process is out of control when there is a systematic change in some param-
eter in addition to the random behaviour. The control chart is the most
common method of SPC. The basic goal of statistical process control is to
maintain the total number of quality characteristics generated by the process
by making it behave close to target as long as possible or as much as possi-
ble. This is also the performance evaluation of control chart standard. In the
1920s, Bell telephone laboratory assigned Walter A Shewhart as an academic
leader to research the process control. Through the study, Shewhart made
the first quality control charts in the 1920s [9], and then created an era of
quality control. The contribution of the Shewhart method is that it makes
a precise scientific treatment of the precautionary principle by application
of his process control theory in the production line. Quality control charts
exist two types of errors: one is vain alarm error, and another is omission
error alarm. The goal is to avoid these two types of errors. Shewhart con-
trol depended only on the current data, and had no relevance with historical
data. In the 1950s, Page filed a cumulative sum control chart (CUSUM) [8].
In 1959, Roberts had also suggested exponentially weighted moving average
(EWMA) [10] which made control charts develop further. The difference
between CUSUM, EWMA and Shewhart is that the Shewhart method only
considers the last observation at each time-point for indicating wether or
not a change has occurred, while the CUSUM and EWMA methods take all
historic data into consideration for detecting a possible change point. Each
observation had the same weight, in others words, the historical data and
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current data have the same weight. This method used also historical data,
but each data had different weight, the weight would be larger if the data is
closer to the current data. By now, control charts had become an in dispens-
able instrument being applied in many industries, and even in the financial
applications.

The purpose of a control program is not only to find the change of mean
or variance in the process as early as possible, but also to make sure that
the number of false alarms is minimized. For the control chart performance,
academic and practical work commonly use average run length (ARL) as its
index. ARL is the average number of samples needed until the control charts
give an alarm signal. It means the expected time until the alarm that the
first observation data is made. The ideal control charts are the ones which
render the value of ARL as large as possible when the process in control, and
the value of ARL as small as possible when process out of control. There are
three methods to calculate ARL: Markov chain method, Fredholm integral
method, and Monte Carlo stochastic simulation method.
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Chapter 2

Methods

2.1 Exchange Rates

The influence of the Euro has been expanding since issued. The EUR/USD
exchange rate has become an important benchmark in the financial market.
So in this article, we will use the last price daily of EUR/USD exchange rate
as the observations from January 1, 2000 to December 31, 2010, exclude no
trade data, and the total number of day is 2870. All data is from Bloomberg.
Figure 2.1 shows the trend of EUR/USD data. In the period of ten years,
the trough is close to 0.8 and the peak is close to 1.6. The biggest volatility
is close to 100% during ten years.

Let P be the last price daily of EUR/USD

P = Pt , (2.1)

where t is the time of days, and t = 0, 1, 2, 3, . . .
Volatility is a measure of uncertainty in the trade with financial products

in a period of time, and the extent of change of price can be defined as the
value of the natural logarithm of the first-order differential. Commonly the
logarithm of the variable of exchange rate time series first-order differential
to get the time series of return of exchange range as Rt. Figure 2.2 shows
the log returns of EUR/USD according to

Rt = log
Pt
Pt−1

, (2.2)

where t is the time of days, and t = 0, 1, 2, 3, . . .
We use the software of EViews 5.0 to check the independence and auto-

correlation of the return of exchange rate of EUR/USD.
Figure 2.3 shows that the kurtosis is greater than 3. It means the distri-

bution of the exchange rate of EUR/USD has a severe volatility. The skew
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6 Chapter 2. Methods

Figure 2.1: The exchange rates EUR/USD. The horizontal axis is time of the
exchange rates EUR/USD, and the vertical axis is the price of the exchange
rates EUR/USD in the period of ten years.

Figure 2.2: The return of exchange rates EUR/USD. The horizontal axis
is time of the exchange rates EUR/USD return, and the vertical axis is the
value of the exchange rates EUR/USD return in the period of ten years.

is greater than zero. It means that the days of daily returns are greater than
the days of average returns in the period. The above analysis indicates that
the distribution of the time series of daily returns of the exchange rate has
the characteristics of peak, long tails and right skew, so it is not a normal
distribution.
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Figure 2.3: Statistical information. To the left is the histogram of log re-
turns of exchange rates EUR/USD during ten years, and to the right is the
description of the histogram.

2.2 The Heterogeneous Autoregression Con-

ditional Heteroskedastictity Model (HARCH)

Let {Rt : t ∈ Z+} be a random process

Rt = σtεt , (2.3)

for all t and where {εt : t ∈ Z+} is white noise which is a sequence of inde-
pendent and identically distributed (iid) random variables of εt ∼ N(0, 1),
then {Rt} is a HARCH(p) process if

σ2
t = a0 +

p∑
k=1

ak

(
k∑
j=1

Rt−j

)2

, (2.4)

where Rt are the log returns of exchange rates of EUR/USD time series and

a0 > 0, ap > 0, aj ≥ 0 , for j = 1, . . . , p− 1 .

For the case considered in this study we let p = 2

σ2
t = a0 + a1R

2
t−1 + a2(Rt−1 +Rt−2)

2 . (2.5)
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2.3 The Stationarity Conditions for HARCH(2)

If the EUR/USD exchange rates time series is stationary, mean and variance
are constant. The mean of equation (2.3) is

E(Rt) = E(σtεt) = E(σt)E(εt) . (2.6)

The mean of εt is zero, since εt ∼ N(0, 1), so we can write (2.6)

E(Rt) = 0 . (2.7)

The mean of R2
t is equal to

E(R2
t ) = E((σtεt)

2) = E(σ2
t )E(ε2t ) . (2.8)

The variance of εt is one, since εt ∼ N(0, 1), so we can write (2.8)

E(R2
t ) = E(σ2

t ) , (2.9)

from equation (2.5), we have

E(R2
t ) = E(a0 + a1R

2
t−1 + a2(Rt−1 +Rt−2)

2)

= E(a0 + (a1 + a2)R
2
t−1 + a2R

2
t−2 + 2a2Rt−1Rt−2) .

Since we know Rt−1 = σt−1εt−1, we obtain

E(R2
t ) = a0 + (a1 + a2)E(R2

t−1) + a2E(R2
t−2) + 2a2E(σt−1εt−1Rt−2) .

Due to E(εt−1) = 0 we get

E(R2
t ) = a0 + (a1 + a2)E(R2

t−1) + a2E(R2
t−2) . (2.10)

Having assumed stationarity of the process Rt, we have that

E(R2
t ) = E(R2

t−k), k ≥ 1 , (2.11)

so we have

E(R2
t ) = E(R2

t−1) = E(R2
t−2) . (2.12)

From Equation (2.10), we get

E(R2
t ) = a0 + (a1 + a2)E(R2

t ) + a2E(R2
t ) . (2.13)

Factorizing the above equation, we obtain

E(R2
t ) =

a0
1− a1 − 2a2

. (2.14)
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So the volatility is equal to a0
1−a1−2a2 , and we let E(R2

t ) = M to simplify the
notations.
For calculating the expectation of R4

t , we observe that

E(R4
t ) = E((σtεt)

4) = E(σ4
t )E(ε4t ) . (2.15)

Since E(ε4t ) = 3 and due to Equation (2.5), we have that

E(R4
t ) = 3E((a0 + a1R

2
t−1 + a2(Rt−1 +Rt−2)

2)2) . (2.16)

Since we know Rt−1 = σt−1εt−1, E(εt−1) = 0 and the stationary implies
that E(R4

t ) = E(R4
t−1) = E(R4

t−2), we may derive the restrictions on the
parameters for stationarity. For a simple calculation, we let E(R4

t ) = Z.
Substitute equations (2.14) into equation (2.16), then we obtain

1
3
Z = a20 + 2a0(a1 + 2a2)M + (a22 + (a1 + a2)

2)Z + (2a1a2 + 6a22)N , (2.17)

where

N = E(R2
t−1R

2
t−2)

= E(ε2t )E((a0 + (a1 + a2)R
2
t−1 + a2R

2
t−2 + 2a2Rt−1Rt−2)R

2
t−1) .

Because of E(ε2t ) = 1, we substitute equation (2.12) into the above equation,
then we have

N =
a20

(1− a1 − 2a2)(1− a2)
+
a1 + a2
1− a2

Z . (2.18)

Substituting equation (2.18) into equation (2.17), we obtain

Z =
T

1
3
− (a1 + a2)2 − a22

, (2.19)

where T =
a20(1+2a2(a1+3a2)−(a1+2a2)2)

1−(a1+2a2)2
. Since Z ≥ 0,M ≥ 0, a0 > 0, a1 > 0, a2 >

0, we deduce that the numerator is positive. Therefore we have

1

3
− (a1 + a2)

2 − a22 > 0 .

So the parameter restrictions due to the stationarity of the HARCH(2) model
are

(a0, a1, a2) : a0 > 0, a1 > 0, a2 > 0, (a1 + a2)
2 + a22 <

1

3
. (2.20)



10 Chapter 2. Methods

2.4 The Likelihood Function

Now we will consider the likelihood function and the likelihood ratio of the
HARCH(2) model. The concept of likelihood is where random variables have
already been obtained and the goal is to find the best fitting parameter values
according to the distribution of the random variables.

Let R2, . . . , Rt be a sequence of independent random variables and θ be
a parameter in the distribution of Rt in the parameter space Θ. When
there is a marginal density function f(rt; θ) of Rt, f(r2, . . . , rt; θ) is the joint
density function of R = (r2, . . . , rt), then the likelihood function is L(θ) =

f(r2, . . . , rt; θ) =
t∏

s=2

f(rs; θ).

In our case, however, we consider the sequence (R2, . . . , Rt) of variables
according to a HARCH(2) process. Thus, denoting the conditional density
function by f(rt|rt−1, rt−2; θ), the joint density function and likelihood func-
tion may be expressed

L(θ) = f(r2, . . . , rt|r0, r1; θ)

=
t∏

s=2

f(rs|rs−1, rs−2; θ),

conditional on the initial states R0 = r0 and R1 = r1.

The likelihood ratio is L(θ1)
L(θ0)

where θ1 and θ1 are alternative parameter
values. In order to detect change-point time, we consider parameter θ as
time whose change have occurred at time s < t, have not occurred by time
t. Then likelihood ration L(s, t) is

L(s, t) = log
f(r2, r3, . . . , rt|θ = s, r1, r0)

f(r2, r3, . . . , rt|θ > t, r1, r0)

= log

s−1∏
u=2

f0(ru|ru−1, ru−2)
t∏

u=s

f1(ru|ru−1, ru−2)

t∏
u=2

f0(ru|ru−1, ru−2)
.

By simplifying the above equation, we obtain

L(s, t) =
t∑

u=s

log
f1(ru|ru−1, ru−2)
f0(ru|ru−1, ru−2)

. (2.21)
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2.5 The Change-point Problem

Many time series, particularly the variance of financial time series has time-
varying characteristics. In other words, the variance behave in such a way
that it begins from some time and remains the same value. Then the value of
the variance changes to another value suddenly at some time, and it remains
unchanged in this level. We call this time point the change-point.

From the statistical literature, research about the change-point of variance
began with Hsu, Miller and Wichern in 1974 [11]. Then in 1982 Booth and
Smith used Bayes ratio to determine whether there exists variance of change-
point for the time series at some time Booth [12].

First we recall the equation of the HARCH(2) model

Rt = σtεt ,

σ2
t = a0 + a1R

2
t−1 + a2(Rt−1 +Rt−2)

2 .

Let θ be the change-point, which means that the variance does not change
before time θ, and we say that the process is in control, while at time θ and
after we say that the process is out of control. The conditional distribution
of Rt given that Rt−1 = rt−1 and Rt−2 = rt−2 is

Rt
D
=

{
f0(rt|rt−1, rt−2) , t < θ ,
f1(rt|rt−1, rt−2) , t ≥ θ .

Here, in this study, a change in the parameter a2 is considered

σ2
t

D
=

{
a0 + a1R

2
t−1 + a2(Rt−1 +Rt−2)

2 , t < θ ,
a0 + a1R

2
t−1 + ã2(Rt−1 +Rt−2)

2 , t ≥ θ ,

where t is the time (measured in days), and ã2 is the value of the variance’s
increment.

The choice of changing parameter is motivated by what change that can be
discerned from Figure 2.2.

2.6 The Stopping Time

The decision of investment is multifaceted, but when the investment is irre-
versible, time becomes more important. How to choose the optimal stopping-
time is a critical issue. For each step we have two choices: stopping or con-
tinuation. Once having chosen to stop one can not continue, but avoiding
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false alarms by continuing for very long will result in long delay of motivated
alarm. Thus, in order to be optimal, one has to choose in what sense.

Early in the sequence analysis of statistical inference techniques the op-
timality of stopping-times was mentioned. Wald and Wolfowitz linked the
random process to analysis of sequences in 1949 Wolfowitz, [13]. And then
Arrow, Blackwell and Girshick extended the sequence analysis [14]. Shell
established the general problem of optimal stopping-time [15], which solved
the problem of random sequences and semi-martingales called the martingale
method. In 1963, Dynkin considered the optimal stopping-time in the process
of Markov [16]. This method for deriving the optimal stopping-time is called
the Markov method. Peskir explained more about optimal stopping-time
problems in 2001 [17].

Let τ be a stopping time expressed

τ = inf{t ≥ 2 : at ≥ D} , (2.22)

where t is the time of days, t = 2, 3, . . ., at = f(rt, rt−1, rt−2, . . . , r2) and D is
a control limit.

2.7 Methods of Statistical Process Control

There are many methods to detect a parameter shift in a stochastic process:
Shewhart method [9], CUSUM method [8], EWMA method [10], Shiryayev-
Roberts control chart [18], [19], regression models control chart [20], Bayesian
statistical control chart [21], residual process control chart [22], Cuscore con-
trol chart [23], generalized likelihood ratio control charts [24], A reference-
free Cuscore control chart [25], Contour control diagram [26], proportional
integral derivative control chart [27] and so on. We give the definitions of
Shewhart method, CUSUM method and EWMA method, and focus on dis-
cussing the Shewhart method and CUSUM method in this thesis work.

2.7.1 Shewhart Method

In 1924, Shewhart proposed the concept of process control and prevention
of defects, and successfully created a control chart. The invention of the
Shewhart control chart is a sign of the formation of statistical quality control.
In 1931, Dr. Shewhart published a book about statistical quality control
named ”Economic Control of Quality of Manufactured product”, which laid
a solid foundation of control chart applications.
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Let {Rt : t = 2, 3, 4, . . .} be the process of log returns. We would like to
know whether the variance of the process changed or not. We can use the
likelihood ratio at time t, L(t, t), to express the alarm time

τ = min{t ≥ 2 : L(t, t) ≥ D} , (2.23)

where D is a constant called the threshold value.

2.7.2 Cumulative Sum Method

The cumulative sum method (CUSUM) was proposed by Page and Kemp in
1954. The CUSUM method is the principle of the sequential analysis based
on the cumulative result of previous observations to determine whether the
distribution of process is in or out of control.

In 1998, Kokoszka and Leipus used the CUSUM method to estimate
change-point of the mean of a random sequence [28]. Potarakis estimated
the change-point of the mean and variance by generalized least squares in
2004 [29]. Emmanuel Yaschin monitored the sources of Variance by the
CUSUM method [30].

We can use the likelihood ratio to express the alarm time

τ = min{t : max(L(s, t); s = 2, 3 . . . , t) ≥ D} , (2.24)

where D is a constant called the threshold value.

2.7.3 Exponentially Weighted Moving Average Method

In 1995, Roberts proposed the control chart of exponentially weighted moving
average (EWMA) [10], which was the result of estimating current process
based on historical process. This method is common in financial applications.

The EWMA control chart is used as a monitoring instrument in the pro-
cess control area on a wide range of applications. Mostly EWMA control
charts are used to monitor the mean of processes. Crowder proposed a mon-
itoring scheme for the variance of a random process in 1992 [31].

The EWMA method may be defined by the likelihood ratio as

τ = min{t ≥ 2;λt−sL(s, t) : s = 2, 3, . . . t ≥ D} , (2.25)

where D is a constant called the threshold value and λ ∈ (0, 1). If the value
of λ tends to zero, the formula becomes the Shewhart method, and if the
value of λ equals one, we get the CUSUM method.
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2.8 Performance Measures

There are some methods to measure the quality of monitoring statistical
processes such as average run length (ARL), expected delay (ED), predictive
value (PV) and probability of successful detection (PSD). We want to detect
the change-point time as early as possible, and get the false alarms as rarely
as possible.

2.8.1 The Average Run Length (ARL)

Average run length (ARL) is the most commonly used way to measure the
performance of quality control charts until the first alarm. ARL0 is the ARL
when there is no change in the statistical process called in control. ARL1 is
the ARL when the process is out of control right form the start. We want the
value of ARL as large as possible when the process is in control, but we want
the value of ARL as small as possible when the process goes out of control.
It is commonly relatively simple to calculate and to use as an argument in
discussions with people in the application area. Sweet [32], Crowder [33],
[34], Lucas & Saccucci [35] and Chen [36] investigated properties of the ARL
for the EWMA method. In 1972, Brook and Evans proposed the application
of Markov chain to calculate the ARL of the CUSUM method [37].

The formulas are defined as follows

ARL0 = E(τ |θ =∞) , (2.26)

ARL1 = E(τ |θ = 2) . (2.27)

2.8.2 The Expected Delay (ED)

In 1963, Shiryaev suggested the expected value of delay of the alarm time
as a quality measure of a process control method [38]. Let us denote the
change-point by θ and then alarm time by τ . Then the ED may be expressed

ED(ν) = E(τ − θ|τ ≥ θ) , (2.28)

where ν is a parameter in the distribution of the change point, θ.

The conditional expected delay given that the change-point occurs at
time θ = s is

CED(s) = E(τ − θ|τ ≥ θ = s) . (2.29)
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2.8.3 Predictive Value (PV)

In 1992, Frisén suggested the predictive value of the alarm as a performance
measure of process control methods [39]. This captures the credibility of an
alarm under assumptions about the distribution of the change-point.The PV
equation expressed at change-point time s

PV (s) = P (θ ≤ s|τ = s) . (2.30)



16 Chapter 2. Methods



Chapter 3

Results

3.1 The Parameter Estimation for HARCH(2)

We estimate the values of the parameters for HARCH(2) a0, a1 and a2 to
measure the performance by means of ARL0. First consider the normal
density function

f(x) =
1

σ
√

2π
exp

(
−x− µ

2σ2

)
. (3.1)

For the HARCH(2) process {Rt} we have that µ = 0 and σ2
t = a0 +a1R

2
t−1 +

a2(Rt−1 +Rt−2)
2, so the equation (3.1) becomes

f(rt|rt−1, rt−2) =
1

σt
√

2π
exp

(
− r2t

2σ2
t

)
. (3.2)

Considering the log-likelihood function for the parameters a0, a1 and a2,
we can write

L(a0, a1, a2) =
n∑
t=2

log f(rt|rt−1, rt−2) . (3.3)

Substituting equation (3.2) into equation (3.3), we obtain

L(a0, a1, a2) =
n∑
t=2

(
log

1

σt
√

2π
exp

(
− r2t

2σ2
t

))
=

n∑
t=2

(
log(2π)−

1
2 + log(σ2

t )
− 1

2 − r2t
2σ2

t

)
.

17
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Removing the brackets

L(a0, a1, a2) = −n− 1

2
log(2π)− 1

2

n∑
t=2

log(σ2
t )−

1

2

n∑
t=2

(
r2t
σ2
t

)
. (3.4)

Substituting the equation (2.5) into the equation (3.4), we have

L(a0, a1, a2) = −n− 1

2
log(2π)− 1

2

n∑
t=2

log(a0 + a1r
2
t−1 + a2(rt−1 + rt−2)

2)

− 1

2

n∑
t=2

r2t
a0 + a1r2t−1 + a2(rt−1 + rt−2)2

. (3.5)

By taking the partial derivative of the equation (3.5) with respect to a0, we
obtain

∂L(a0,a1,a2)
∂a0

= −1
2

n∑
t=2

1
a0+a1r2t−1+a2(rt−1+rt−2)2

+ 1
2

n∑
t=2

r2t
(a0+a1r2t−1+a2(rt−1+rt−2)2)2

.

Simplify the above equation, we have

∂L(a0, a1, a2)

∂a0
=

n∑
t=2

r2t − (a0 + a1r
2
t−1 + a2(rt−1 + rt−2)

2)

2(a0 + a1r2t−1 + a2(rt−1 + rt−2)2)2
. (3.6)

By taking the partial derivative of the equation (3.5) with respect to a1, we
obtain

∂L(a0,a1,a2)
∂a1

= −1
2

n∑
t=2

r2t−1

a0+a1r2t−1+a2(rt−1+rt−2)2
+ 1

2

n∑
t=2

r2t r
2
t−1

(a0+a1r2t−1+a2(rt−1+rt−2)2)2
.

Simplify the above the equation, we have

∂L(a0, a1, a2)

∂a1
=

n∑
t=2

r2t r
2
t−1 − r2t−1(a0 + a1r

2
t−1 + a2(rt−1 + rt−2)

2)

2(a0 + a1r2t−1 + a2(rt−1 + rt−2)2)2
. (3.7)

By taking the partial derivative of the equation (3.5) with respect to a2, we
obtain

∂L(a0,a1,a2)
∂a2

= −1
2

n∑
t=2

(rt−1+rt−2)2

a0+a1r2t−1+a2(rt−1+rt−2)2
+ 1

2

n∑
t=2

r2t (rt−1+rt−2)2

(a0+a1r2t−1+a2(rt−1+rt−2)2)2
.

Simplify the above the equation, we have

∂L(a0,a1,a2)
∂a2

=
n∑
t=2

r2t (rt−1+rt−2)2−(rt−1+rt−2)2(a0+a1r2t−1+a2(rt−1+rt−2)2)

2(a0+a1r2t−1+a2(rt−1+rt−2)2)2
. (3.8)
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In order to maximize the likelihood function with respect to the parameters
a0, a1 and a2, we form a system of equations by equating (3.6), (3.7) and
(3.8) to zero. Therefore, we get the maximum likelihood estimators of the
parameters a0, a1 and a2 by solving, with respect to these parameters, the
system of equations 

∂L(a0,a1,a2)
∂a0

= 0 ,
∂L(a0,a1,a2)

∂a1
= 0 ,

∂L(a0,a1,a2)
∂a2

= 0 .

3.2 The Shewhart Method

Let us first review the definition of stopping-time

τ = inf{t ≥ 2 : at ≥ D} .

In order to obtain the control statistic, at, we firstly discuss the case before
the variance changed. From the HARCH(2) model we have

σ2
t = a0 + a1R

2
t−1 + a2(Rt−1 +Rt−2)

2 . (3.9)

The definition of the conditional density function is

f0(rt|rt−1, rt−2) =
d

drt
P (Rt ≤ rt|Rt−1 = rt−1, Rt−2 = rt−2) . (3.10)

Substituting equation (3.9) into equation (3.10), we obtain

f0(rt|rt−1, rt−2) =
d

drt
P

(√
a0 + a1r2t−1 + a2(rt−1 + rt−2)2εt ≤ rt

)
=

d

drt
P

(
εt ≤

rt√
a0 + a1r2t−1 + a2(rt−1 + rt−2)2

)
.

Since εt ∼ N(0, 1), we have

f0(rt|rt−1, rt−2) =
d

drt
Φ

(
rt√

a0 + a1r2t−1 + a2(rt−1 + rt−2)2

)

=
1√

a0 + a1r2t−1 + a2(rt−1 + rt−2)2
φ

(
rt√

a0 + a1r2t−1 + a2(rt−1 + rt−2)2

)
.
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Then we get that the conditional density function is

f0(rt|rt−1, rt−2) = 1√
2π(a0+a1r2t−1+a2(rt−1+rt−2)2)

exp
(
− r2t

2(a0+a1r2t−1+a2(rt−1+rt−2)2)

)
.

(3.11)

Next we treat the case when the variance has changed. For the HARCH(2)
model we then have

σ2
t = a0 + a1R

2
t−1 + ã2(Rt−1 +Rt−2)

2 . (3.12)

Substituting the equation (3.12) into the equation (3.10), we obtain

f1(rt|rt−1, rt−2) =
d

drt
P

(√
a0 + a1r2t−1 + ã2(rt−1 + rt−2)2εt ≤ rt

)
=

d

drt
P

(
εt ≤

rt√
a0 + a1r2t−1 + ã2(rt−1 + rt−2)2

)
.

Since εt ∼ N(0, 1), we have

f1(rt|rt−1, rt−2) =
d

drt
Φ

(
rt√

a0 + a1r2t−1 + ã2(rt−1 + rt−2)2

)

=
1√

a0 + a1r2t−1 + ã2(rt−1 + rt−2)2
φ

(
rt√

a0 + a1r2t−1 + ã2(rt−1 + rt−2)2

)
.

Then we get the conditional density function in the form

f1(rt|rt−1, rt−2) = 1√
2π(a0+a1r2t−1+ã2(rt−1+rt−2)2)

exp
(
− r2t

2(a0+a1r2t−1+ã2(rt−1+rt−2)2)

)
.

(3.13)

Substituting equation (3.11) and (3.13) into equation (2.21), and also using
the definition of the Shewhart method τ = min{t ≥ 2 : L(t, t) ≥ D}, we
obtain

L(t, t) =
t∑

u=t

log f1(ru|ru−1,ru−2)
f0(ru|ru−1,ru−2)

= log

1√
2π(a0+a1r

2
t−1+ã2(rt−1+rt−2)

2)
exp

(
− r2t

2(a0+a1r
2
t−1+ã2(rt−1+rt−2)

2)

)
1√

2π(a0+a1r
2
t−1+a2(rt−1+rt−2)

2)
exp

(
− r2t

2(a0+a1r
2
t−1+a2(rt−1+rt−2)

2)

) .
(3.14)
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In order to simplify, we substitute equation (3.14) by

σt =
√
a0 + a1r2t−1 + a2(rt−1 + rt−2)2 ,

and

σ̃t =
√
a0 + a1r2t−1 + ã2(rt−1 + rt−2)2 .

Then we obtain

L(t, t) = log

1
σ̃t

exp
(
− r2t

2σ̃t
2

)
1
σt

exp
(
− r2t

2σ2
t

)
= log

σt
σ̃t

+ log exp

(
− r2t

2σ̃t
2

)
− log exp

(
− r2t

2σ2
t

)
= log

σt
σ̃t
− r2t

2σ̃t
2 +

r2t
2σ2

t

.

Therefore, we obtain

L(t, t) = log
σt
σ̃t

+
r2t (ã2 − a2)(rt−1 + rt−2)

2

2σ2
t σ̃t

2 . (3.15)

3.3 The CUSUM Method

We have calculated the f0(rt|rt−1, rt−2) and f1(rt|rt−1, rt−2), so we get the log
likelihood ratio for CUSUM method as

L(s, t) =
t∑

u=s

log
σu
σ̃u

+
r2u(ã2 − a2)(ru−1 + ru−2)

2

2σ2
uσ̃u

2 , (3.16)

where

σu =
√
a0 + a1r2u−1 + a2(ru−1 + ru−2)2 ,

and

σ̃u =
√
a0 + a1r2u−1 + ã2(ru−1 + ru−2)2 .

We defined the CUSUM method in Chapter 2.7.2

τ = min{t : max(L(s, t); s = 2, 3 . . . , t) ≥ D} .

For the stopping-time in the HARCH(2) model, we write control statistic

at = max
2≤s≤t

L(s, t)

= max(L(t, t), L(t− 1, t), . . . , L(2, t)) , (3.17)

since we consider the initial time point to be t = 2, the values r0 and r1 of
{Rt} are already given.
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3.4 The EWMA Method

Let us review the EWMA method defined by the likelihood ratio:

τ = min{t ≥ 2;λt−sL(s, t) ≥ D, s = 2, 3, . . . , t} . (3.18)

For the stopping-time in the HARCH(2) model, we write the control statistic

at = λt−sL(s, t), s = 2, 3, . . . , t . (3.19)

In order to determine the parameter λ, we assume that the change-point τ
is geometrically distributed with the parameter λ. The meaning of λ is that
the conditional probability that the change will occur in the next time-point,
given that it has not occurred yet is λ. We assume that λ = 0.1 since this
value is commonly assumed to be a small value.

3.5 The Performance Measure

Let us review the definitions of ARL0 and ARL1 in the form

ARL0 = E(τ |θ =∞) ,

ARL1 = E(τ |θ = 2) .

In the case of the Shewhart method, the ARL0 is calculated as follows. From
the definition of ARL0 as ARL0 = E(τ |θ =∞), we have

ARL0 =

∞∑
t=2

tP (min{s≥2 : L(s, s)≥D} = t | τ <θ, L(s−1, s−1), L(s−2, s−2))

=

∞∑
t=2

tP (L(2, 2) <D|L(1, 1) < D,L(0, 0) <D)× . . .

×P (L(t− 1, t− 1) <D|L(t− 2, t− 2) <D,L(t− 3, t− 3) <D)

×P (L(t, t) ≥D|L(t− 1, t− 1) <D,L(t− 2, t− 2) <D) . (3.20)

However it is difficult to find the analytical solution for ARL0 and ARL1

because of the complexity of the control statistic, at. Thus, we will use Monte
Carlo simulation in Chapter 3.6 for numerical solutions.
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3.6 Monte Carlo Simulation

Firstly, the parameters which are given in Chapter 3.1 will be used for the
simulation. Secondly, we define the changing parameter ã2 which is a distin-
guishing parameter of HARCH(2) model. Thirdly, by using those parame-
ters and the Shewhart method of statistical process control, we will choose
the control limit such that the ARL0 will attain some predetermined level.
Lastly, the performance of the Shewhart method, the CUSUM method and
the EWMA method will be compared by using ARL0, ARL1 and CED(s).

3.6.1 Determination of the out-of-control parameter
value ã2

As previously mentioned in Chapter 2.5, we assume that the parameter a2
will be changed after change-point since this parameter is a distinguishing
parameter from any other ARCH model family.

Figure 2.2 shows that some crucial event has happened around the year
of 2008 and abrupt change of fluctuation has appeared after that. In fact,
in October 2008, there was Europe’s debt crisis and this event was one of
the biggest events that affects EUR/USD exchange rate market. Thus, it is
assumed that the out-of-control parameter value ã2 is attained at the time
point 2290. Let us name this time point θc.

In order to determine the parameter ã2, we use stationary condition and
its 4th moment, E(R4

t ). From the empirical data, the 4th moment is

E(R4
t )1 = 5.52311× 10−9 , where 2 ≤ t < θc , (3.21)

E(R4
t )2 = 1.89270× 10−8 , where θc ≤ t ≤ T . (3.22)

From Chapter 3.1, parameters can be estimated from time point 0 to θc which
yields

a0 = 3.63943× 10−5, a1 = 3.46678× 10−2, a2 = 2.74561× 10−3 .

In order to calculate ã2, we assume that the parameter a0 and a1 are fixed.
From the equation (3.22) and the equation (2.19), parameter ã2 is

ã2 = 0.20188 .

Figure 3.1 shows that comparison of the empirical data and simulated
data with the parameters a0, a1, a2 and ã2. When parameter a2 is changed,
it shows that empirical data and simulated data are better agreeing with
each other even though long tails and heteroskedasticity are not very well
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Figure 3.1: A comparision between returns of the EUR/USD foreign exchange
rates and returns of simulated data of HARCH(2) process using parameters
from the empirical data where a0 = 3.63943×10−5, a1 = 3.46678×10−2, a2 =
2.74561× 10−3 and ã2 = 0.20188 after time point θc = 2290.

fitted after the change-point since the HARCH(2) simulation was made with
{εt ∼ N(0, 1)}. Table (3.1) also indicates the coincidence of the empirical
data and the simulated data.

3.6.2 Simulating the ARL0 and ARL1

Since the parameters have been calculated, we move on to choose control
limit D. In order to calculate the control limit, the in control Average Run
Length (ARL) which is ARL0 = 100 will be used. This means that after 100
time points the first false alarm is given on average. The reason for setting
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E(R4
t )1 E(R4

t )2 E(R4
t )

2 ≤ t < θc θc ≤ t ≤ T 2 ≤ t ≤ T
Empirical 5.5231× 10−9 1.8927× 10−8 8.2216× 10−9

Simulation 4.5526× 10−9 2.3748× 10−8 8.4183× 10−9

Table 3.1: A comparison between the fourth moments of the empirical data
and the simulated data.

the value for ARL0 as a constant is that it justifies making comparisons
between methods. By doing so, it is possible to discern better statistical
process control methods. Also, the value 100 is commonly used for the in
control ARL.

Let us move on to the process of simulation. We set the control limit
(D = d1) and simulate the random process according to the HARCH(2)
model with the parameters given that change never happened (a0, a1, a2)
and initial two random variables, r0, r1, are 0. By using this control limit
and the control statistic, the stopping time, τ , is calculated

τ1 = inf{t ≥ 2 : at ≥ d1} ,

where at is a control statistic.
We repeat this simulation for at least 106 times and calculate the stop-

ping times, {τ1, τ2, . . . , τ106}. Based on the Law of Large Numbers (LLN)
the average of stopping times converges to the ARL0, and thus serve as an
unbiased estimator of the expected run length in the in control state:

ÂRL0 = E( ̂τ |τ < θ) =
1

106

106∑
i=1

τi .

If the estimated ARL0 is bigger than its pre-specified value, 100, then we set
another control limit d2 < d1. Otherwise, if the estimated ARL0 is less than
the pre-specified value, d2 > d1 will be chosen. By doing this simulation
several times, the proper control limit D, which satisfies the condition of
ARL0 being close to 100±0.1 will be found. The results of the control limits
of the Shewhart method, the CUSUM method and the EWMA method are:

DShewhart = 0.7308 , DCUSUM = 0.9705 , DEWMA = 0.7325 .

We notice that the control limit of CUSUM is higher than the limit of the
Shewhart method since the CUSUM method is less sensitive to an abrupt
change of volatility. Also, the control limit of the EWMA method is between
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the limits of the Shewhart method and the CUSUM method because when
the value of λ tends to zero, the formula becomes the Shewhart method. Cor-
respondingly when the value of λ tends to one, we get the CUSUM method.
From the definition of ARL1 (2.27), it is assumed that change has already
happened at time point t = 2. Thus, the random process according to the
HARCH(2) model will be simulated with the parameters given that change
has already happened (a0, a1, ã2). The procedure of simulation of ARL1 is
similar to ARL0 except we do not change the control limit D:

ÂRL1 = E( ̂τ |τ ≥ θ = 2) =
1

106

106∑
i=1

τi .

With 106 times of iteration, an accurate value of ARL1 can be estimated.

3.6.3 Simulating the Conditional Expected Delay

The Conditional Expected Delay (CED) assumes that the change has hap-
pened at time point s and equation may be expressed

CED(s) = E(τ − θ|τ ≥ θ = s) .

The simulation of CED of the Shewhart method is similar to ARL0 and
ARL1. Before the change point s, the random process is simulated with
parameters a0, a1, a2 and after the change point s, the random process is
simulated with parameters a0, a1, ã2. Also, based on the LLN the conditional
expected delay can be estimated by

̂CED(2) = E( ̂τ − θ|τ ≥ θ = 2) =
1

106

106∑
i=1

τi − 2 .

Since CED consider the difference of the stopping time, τ , and the change
point, s, it is easily concluded that CED(2) = ARL1 − 2 for all methods.

3.6.4 Simulation Results

Figure 3.2 shows that ARL0 and ARL1 of the Shewhart method and the
CUSUM method with respect to change of parameter ã2.

As we can see, if there is a reasonably large shift of the parameter ã2, both
ARL0 and ARL1 are decreasing. Also, it shows an interesting feature about
the CUSUM method. When the shift size increases, ARL0 of the Shewhart
method decreases radically. On the other hand, ARL0 of the CUSUM method
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Figure 3.2: The estimated expected ARL0 and ARL1 with respect to size of
shift of ã2. The number of iterations is 106.

decreases gradually. It means that the CUSUM method is more unlikely to
give us false alarm than the Shewhart method when both method give us
similar true alarm. Equation (3.16) shows that the CUSUM method considers
cumulative likelihood ratio. Thus, if there is just one jump of volatility which
is a false alarm, the CUSUM method is less likely to indicate it as an alarm.
Besides, Figure 3.3 also shows that the CUSUM method give us true alarm
faster whenever a change of volatility happens. In addition, we can easily see
that the values of the EWMA method place between the Shewhart method
and the CUSUM method. That is because of the property of the λ in the
EWMA method.
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Figure 3.3: The estimated expected CED with respect to the change-point time
θ = s. The number of iterations is 106.



Chapter 4

Conclusions

4.1 Conclusions

The exchange rates between two countries vary continually and often rapidly.
This unavoidable variability is generally not welcomed when it comes to risk
management. This is why we focus on variability of FX market and monitor
its behaviour.

In this study, a HARCH model which has the properties of ‘long mem-
ory’ and slower decreasing variables than in the case of any other ARCH
family models is used for explaining the volatility of the returns of exchange
rates since the abrupt change of exchange rates is well documented to have
happened. In addition, in order to detect a change-point where the volatility
shifts, the parameter a2 is considered, since the parameter a2 is a distinguish-
ing characteristic of the HARCH(2) model. In fact, we can see from the plots
of the empirical data of exchange rates between EUR/USD and simulated
data of the HARCH(2) model, see Figure 3.1, that the HARCH(2) is fitting
well with respect to its 4th moment.

In order to define the stopping rules we use the log likelihood ratio

L(s, t) =
t∑

u=s

log
σu
σ̃u

+
r2u(ã2 − a2)(ru−1 + ru−2)

2

2σ2
uσ̃u

2 ,

where

σu =
√
a0 + a1r2u−1 + a2(ru−1 + ru−2)2 ,

and

σ̃u =
√
a0 + a1r2u−1 + ã2(ru−1 + ru−2)2 .

The Shewhart method, the cumulative sum method (CUSUM) and the ex-
ponentially weighted moving average (EWMA) are used to control the sta-

29
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tistical process. The control statistics for HARCH(2) model are defined as
follows. The Shewhart method is defined by using the alarm function

at = L(t, t) .

The CUSUM method is defined by using the alarm function

at = max(L(s, t); s = 2, 3, 4, . . . , t) .

The EWMA method is defined by using the alarm function

at = λt−sL(s, t), s = 2, 3, . . . , t .

Because of the complexity of the control statistic, Monte Carlo simulation is
applied to discover the numerical solution.

In the results, we notice that all methods are effective for detecting for
shift of volatility. Moreover, the CUSUM method shows better result about
detection problem since the CUSUM method gives later false alarm compared
to the Shewhart method under the same value of ARL1 i.e it is unlikely
to gives us false alarm. Also, as can be seen in Figure 3.3, the CUSUM
method give us true alarm faster than the Shewhart method whenever change
has happened. This is because of the fact that the CUSUM method is less
sensitive than the Shewheart method.

4.2 Some Ideas about Future Work

The HARCH(2) model is an effective model for surveillance exchange rates
and the Shewhart method, the CUSUM method are efficient methods for
detection of a change-point. The future research is to construct change-point
detection methods for higher order HARCH processes. Also, another control
statistics such as the Shiryaev-Roberts method should be investigated in the
case of the HARCH model. Besides, more performance measures such as the
Predictive Value (PV) should be calculated in order to obtain more accurate
detection of a change-point. In addition, stationary distribution regardless
of starting point also should be investigated for generalization of HARCH
model explaining exchange rate. Lastly, study about considering change of
volatility, σ̃t, as not only change of parameter ã2 but also change of parameter
a1 and a2 should be investigated.



Notation

Pt The price of exchange rate.

Rt The log of return of exchange rate.

σt Volatility.

εt Random variables of independent

identically distributed (iid).

E(Rt) Expectation of the random variable Rt.

Φ(x), φx Normal distribution function.
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Appendix

Data for the graph on the page 27 and 28 of Shewhart method, CUSUM
method and EWMA method of ARL0 and ARL1 with respect to parameter
ã2. DShewhart = 0.7308, DCUSUM = 0.9705, DEWMA = 0.7325 where D are
each control limit.

Shewhart CUSUM EWMA
ã2 ARL0 ARL1 ARL0 ARL1 ARL0 ARL1

0.2 10.0042 25.2571 100.0407 24.2628 100.2357 25.0912
0.25 82.2478 20.2215 86.6413 19.9619 82.7045 20.1260
0.3 71.3359 17.1947 77.9372 17.2004 72.4017 17.0025
0.35 64.2306 15.1805 71.8832 15.3482 65.0365 15.3192

Data for the graph on the page 26 of Shewhart method, CUSUM method
and EWMA method of CED with respect to change-time point θ = s.

θ = s Shewhart CUSUM EWMA

2 23.1649 22.2543 22.8150
3 22.2100 21.2943 22.1496
4 21.8426 20.5993 21.5679
5 21.7493 20.5135 21.5786
6 21.6128 20.3632 21.5972
7 21.3266 20.4505 21.4517
8 21.2704 20.2854 21.3697
9 21.6111 20.2550 21.6188
10 21.5332 20.3983 21.5754
11 21.4563 20.3034 21.5977
12 21.6044 20.1952 21.4169
13 21.7528 20.4433 21.3789
14 21.8693 20.2523 21.5120
15 21.7570 20.4224 21.5498
16 21.7211 20.2360 21.4855
17 21.6326 20.2848 21.4823
18 21.4087 20.3019 21.4369
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θ = s Shewhart CUSUM EWMA

19 21.6183 20.3275 21.6094
20 21.7399 20.3525 21.5813
21 21.8124 20.4515 21.6128
22 21.7156 20.3231 21.5419
23 21.6426 20.2194 21.5547
24 21.6822 20.2790 21.5681
25 21.6694 20.2532 21.4468
26 21.6914 20.3034 21.4531
27 21.5985 20.2417 21.4983
28 21.7020 20.3083 21.5339
29 21.5931 20.2250 21.5498
30 21.7356 20.2866 21.5519
31 21.7901 20.3138 21.4980
32 21.6914 20.3437 21.7954
33 21.7125 20.3379 21.6074
34 21.6836 20.2648 21.5630
35 21.6486 20.2116 21.4971
36 21.6657 20.3223 21.5497
37 21.6786 20.2321 21.3579

The code for the simulation study of this thesis with MATLAB is follow-
ing.

% % % % % % % % % % % % % % % % % % % % % % % %

% % ARL0 measure of shewhart method % %

% % % % % % % % % % % % % % % % % % % % % % % %

close all;

clear all;

clc;

a0=0.0000363943;

a1=0.0346678;

a2=0.00274561;

a3=0.2; % Parameter a2tilde
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n=1500; % Number of simulation data

c=0.7308; % Control limit

count=1000000; % Number of iterations

i=1;

result=[];

while i<=count

r=[0 0];

L=[0 0];

% Generating HARCH(2) and calculating control statistic

for t=3:n

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2)*randn(1);

sigma=a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2;

sigma2=a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2;

L(t)=0.5*log(sigma/sigma2)+(r(t).^2*(a3-a2)*...

((r(t-1)+r(t-2)).^2))/(2*sigma*sigma2);

if L(t)>=c

result=[result t-1];

break;

end

end

i=i+1;

end

mean(result) % Result

% % % % % % % % % % % % % % % % % % % % % % % %

% % ARL1 measure of shewhart method % %

% % % % % % % % % % % % % % % % % % % % % % % %

close all;

clear all;

clc;

a0=0.0000363943;

a1=0.0346678;

a2=0.00274561;

a3=0.2; % Parameter a2tilde
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n=1500; % Number of simulation data

c=0.7308; % Control limit

count=1000000; % Number of iterations

i=1;

result=[];

while i<=count

r=[0 0];

L=[0 0];

% Generating HARCH(2) and calculating control statistic

for t=3:n

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2)*randn(1);

sigma=a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2;

sigma2=a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2;

L(t)=0.5*log(sigma/sigma2)+(r(t).^2*(a3-a2)*...

((r(t-1)+r(t-2)).^2))/(2*sigma*sigma2);

if L(t)>=c

result=[result t-1];

break;

end

end

i=i+1;

end

mean(result) % Result

% % % % % % % % % % % % % % % % % % % % % % % %

% % ARL0 measure of CUSUM method % %

% % % % % % % % % % % % % % % % % % % % % % % %

close all;

clear all;

clc;

a0=0.0000363943;

a1=0.0346678;

a2=0.00274561;

a3=0.3; % Parameter a2tilde
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n=1500; % Number of simulation data

c=0.9705; % Control limit

count=1000000; % Number of iterations

Lt=[];

i=1;

result=[];

while i<=count

L=[0 0];

r=[0 0];

Lt2=[0 0];

% Generating HARCH(2) and calculating control statistic

for t=3:n

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2)*randn(1);

sigma=a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2;

sigma2=a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2;

L(t)=0.5*log(sigma/sigma2)+(r(t).^2*(a3-a2)*...

((r(t-1)+r(t-2)).^2))/(2*sigma*sigma2);

for s=3:t

Lt=[Lt sum(L(s:t))];

end

Lt2=[Lt2 max(Lt)];

Lt=[];

if Lt2(t)>=c

result=[result t-1];

break;

end

end

i=i+1;

end

mean(result) % Result

% % % % % % % % % % % % % % % % % % % % % % % %

% % ARL1 measure of CUSUM method % %

% % % % % % % % % % % % % % % % % % % % % % % %

close all;

clear all;
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clc;

a0=0.0000363943;

a1=0.0346678;

a2=0.00274561;

a3=0.2; % Parameter a2tilde

n=1500; % Number of simulation data

c=0.9705; % Control limit

count=1000000; % Number of iterations

Lt=[];

i=1;

result=[];

while i<=count

L=[0 0];

r=[0 0];

Lt2=[0 0];

% Generating HARCH(2) and calculating control statistic

for t=3:n

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2)*randn(1);

sigma=a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2;

sigma2=a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2;

L(t)=0.5*log(sigma/sigma2)+(r(t).^2*(a3-a2)*...

((r(t-1)+r(t-2)).^2))/(2*sigma*sigma2);

for s=3:t

Lt=[Lt sum(L(s:t))];

end

Lt2=[Lt2 max(Lt)];

Lt=[];

if Lt2(t)>=c

result=[result t-1];

break;

end

end

i=i+1;

end

mean(result) % Result

42



% % % % % % % % % % % % % % % % % % % % % % % %

% % CED measure of shewhart method % %

% % % % % % % % % % % % % % % % % % % % % % % %

close all;

clear all;

clc;

a0=0.0000363943;

a1=0.0346678;

a2=0.00274561;

a3=0.2; % Parameter a2tilde

cedresult=[];

for cedt=3:20 % Change-time point theta=s

n=1500; % Number of simulation data

c=0.7308; % Control limit

count=1000000; % Number of iterations

i=1;

result=[];

while i<=count

L=[0 0];

r=[0 0];

% Generating HARCH(2) simulation with normal distribution

for t=3:cedt-1

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2)*randn(1);

end

for t=cedt:n

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2)*randn(1);

end

% Calculating of control statistic

for t=3:n

sigma=a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2;

sigma2=a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2;

L(t)=0.5*log(sigma/sigma2)+(r(t).^2*(a3-a2)*...

((r(t-1)+r(t-2)).^2))/(2*sigma*sigma2);

if L(t)>=c

if t>=cedt
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result=[result t-cedt];

break;

end

break;

end

end

i=i+1;

end

cedresult=[cedresult mean(result)];

end

cedresult % The result from change-point time 2 to 19

% % % % % % % % % % % % % % % % % % % % % % % %

% % CED measure of CUSUM method % %

% % % % % % % % % % % % % % % % % % % % % % % %

close all;

clear all;

clc;

a0=0.0000363943;

a1=0.0346678;

a2=0.00274561;

a3=0.2; % Parameter a2tilde

cedresult=[];

for cedt=3:20 % Change-time point theta=s

n=1500; % Number of simulation data

c=0.9705; % Control limit

count=1000000; % Number of iterations

Lt=[];

i=1;

result=[];

while i<=count

L=[0 0];

r=[0 0];

Lt2=[0 0];

% Generating HARCH(2) simulation with normal distribution
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for t=3:cedt-1

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2)*randn(1);

end

for t=cedt:n

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2)*randn(1);

end

% Calculating of control statistic

for t=3:n

sigma=a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2;

sigma2=a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2;

L(t)=0.5*log(sigma/sigma2)+(r(t).^2*(a3-a2)*...

((r(t-1)+r(t-2)).^2))/(2*sigma*sigma2);

for s=3:t

Lt=[Lt sum(L(s:t))];

end

Lt2=[Lt2 max(Lt)];

Lt=[];

if Lt2(t)>=c

if t>=cedt

result=[result t-cedt];

break;

end

break;

end

end

i=i+1;

end

cedresult=[cedresult mean(result)];

end

cedresult % The result from change-point time 2 to 19

% % % % % % % % % % % % % % % % % % % % % % % %

% % ARL0 measure of EWMA method % %

% % % % % % % % % % % % % % % % % % % % % % % %

close all;

clear all;

clc;
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a0=0.0000363943;

a1=0.0346678;

a2=0.00274561;

a3=0.2; % Parameter a2tilde

lam=0.1; % lambda

n=1500; % Number of simulation data

c=0.7325; % Control limit

count=1000000; % Number of iterations

Lt=[];

i=1;

result=[];

while i<=count

L=[0 0];

r=[0 0];

Lt2=[0 0];

% Generate HARCH(2) and calculate control statistic

for t=3:n

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2)*randn(1);

sigma=a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2;

sigma2=a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2;

L(t)=0.5*log(sigma/sigma2)+(r(t).^2*(a3-a2)*...

((r(t-1)+r(t-2)).^2))/(2*sigma*sigma2);

for s=3:t

Lt=[Lt lam^(t-s)*sum(L(s:t))];

end

Lt2=[Lt2 max(Lt)];

Lt=[];

if Lt2(t)>=c

result=[result t-1];

break;

end

end

i=i+1;

end

mean(result) % Result
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% % % % % % % % % % % % % % % % % % % % % % % %

% % ARL1 measure of EWMA method % %

% % % % % % % % % % % % % % % % % % % % % % % %

close all;

clear all;

clc;

a0=0.0000363943;

a1=0.0346678;

a2=0.00274561;

a3=0.2; % Parameter a2tilde

lam=0.1; % lambda

n=1500; % Number of simulation data

c=0.7325; % Control limit

count=1000000; % Number of iterations

Lt=[];

i=1;

result=[];

while i<=count

L=[0 0];

r=[0 0];

Lt2=[0 0];

% Generate HARCH(2) and calculate control statistic

for t=3:n

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2)*randn(1);

sigma=a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2;

sigma2=a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2;

L(t)=0.5*log(sigma/sigma2)+(r(t).^2*(a3-a2)*...

((r(t-1)+r(t-2)).^2))/(2*sigma*sigma2);

for s=3:t

Lt=[Lt lam^(t-s)*sum(L(s:t))];

end

Lt2=[Lt2 max(Lt)];

Lt=[];
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if Lt2(t)>=c

result=[result t-1];

break;

end

end

i=i+1;

end

mean(result) % Result

% % % % % % % % % % % % % % % % % % % % % % % %

% % CED measure of EWMA method % %

% % % % % % % % % % % % % % % % % % % % % % % %

close all;

clear all;

clc;

a0=0.0000363943;

a1=0.0346678;

a2=0.00274561;

a3=0.2; % Parameter a2tilde

cedresult=[];

lam=0.1;

for cedt=3:20 % Change-time point theta=s

n=1500; % Number of simulation data

c=0.7325; % Control limit

count=1000000; % Number of iterations

Lt=[];

i=1;

result=[];

while i<=count

L=[0 0];

r=[0 0];

Lt2=[0 0];

% Generate HARCH(2) simulation with normal distribution

for t=3:cedt-1

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2)*randn(1);
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end

for t=cedt:n

r(t)=sqrt(a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2)*randn(1);

end

% Calculate control statistic

for t=3:n

sigma=a0+a1*r(t-1)*r(t-1) + a2*(r(t-1)+r(t-2)).^2;

sigma2=a0+a1*r(t-1)*r(t-1) + a3*(r(t-1)+r(t-2)).^2;

L(t)=0.5*log(sigma/sigma2)+(r(t).^2*(a3-a2)*...

((r(t-1)+r(t-2)).^2))/(2*sigma*sigma2);

for s=3:t

Lt=[Lt lam^(t-s)*sum(L(s:t))];

end

Lt2=[Lt2 max(Lt)];

Lt=[];

if Lt2(t)>=c

if t>=cedt

result=[result t-cedt];

break;

end

break;

end

end

i=i+1;

end

cedresult=[cedresult mean(result)];

end

cedresult % The result from change-point time 2 to 19
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