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Abstract

One of the major problem faced by banks is how to manage the risk
exposure in large portfolios. According to Basel II regulation banks
has to measure the risk using Value-at-Risk with confidence level 99%.
However, this regulation does not specify the way to calculate Value-
at-Risk. The easiest way to calculate Value-at-Risk is to assume that
portfolio returns are normally distributed. Altough, this is the most
common way to calculate Value-at-Risk, there exists also other methods.
The previous crisis shows that the regular methods are unfortunately
not always enough to prevent bankruptcy. This paper is devoted to
compare the classical methods of estimating risk with other methods
such as Cornish-Fisher Expansion (CFVaR) and assuming generalized
hyperbolic distribution. To be able to do this study, we estimate the risk
in a large portfolio consisting of ten stocks. These stocks are chosen from
the NASDAQ 100-list in order to have highly liquid stocks (bluechips).
The stocks are chosen from different sectors to make the portfolio well-
diversified. To investigate the impact of dependence between the stocks
in the portfolio we remove the two most correlated stocks and consider
the resulting eight stock portfolio as well. In both portfolios we put equal
weight to the included stocks.
The results show that for a well-diversified large portfolio none of the
risk measures are violated. However, for a portfolio consisting of only
one highly volatile stock we prove that we have a violation in the classical
methods but not when we use the modern methods mentioned above.
Keywords: Value-at-Risk, Expected Shortfall, Cornish-Fisher Expan-
sion, Gaussian distribution, Generalized Hyperbolic distribution.
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Chapter 1

Introduction

- All of life is the management of risk, not its elimination. (Walter Wriston,
former chairman of Citicorp)

As a result of increasingly growing global markets, market risk may be
originated from the events that occur thousands of miles away, like tsunamis,
earthquakes, wars or nuclear plants which have nothing to do with the do-
mestic market.

Today, we have an international, informational and fully integrated global
market that reacts instantaneously whenever new information is available.
Because of this risk management and accurate risk estimation has becoming
vital in order to deal with the unexpected outcomes of markets, not only for
financial institutions but also for individual traders.

The magnitude of risk in a portfolio, even if it is well-diversified, is not
deterministic and obvious. Although it is not always possible to eliminate
risk, the primary step is to understand and determine how to manage the
risk. There are several strategies to manage risk. Value-at-risk (VaR) is the
most common and widely used method of financial risk management. Also,
today many banks in Europe are forced to adopt a risk management policy
due to new decisions from Basel Committee on Banking Supervision.

VaR is a tool for risk management that tells us the worst expected loss
of portfolio with a certain confidence level and for a given period of time. It
was introduced in financial terminology in early 1990s but the history of VaR
goes further back, till the beginning of the 20th century. The philosophical
root may even be dedicated to Hume (1748): “Though there be no such thing
as chance in the world; our ignorance of real cause of any event has the same
influence on the understanding, and begets a like species of belief or opinion.”

There are many ways to calculate VaR. An essential problem is that
there is no universal unique method to calculate VaR. However there are
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2 Chapter 1. Introduction

three basic methods which are often used. These are the historical method,
the mean-variance method and monte-carlo simulation, [27]. Another, more
sophisticated method is Cornish-Fisher-Expansion, which assumes that the
main value of a portfolio is Gaussian distributed, [15]. But, depending on
which types of assets included, the portfolio may have a distribution that
differs significantly from the Gaussian distribution. However, VaR has sev-
eral weaknesses. The significant weakness of VaR is that the method is not a
coherent measure of risk, which means that the risk of a diversified portfolio
might be higher than the risk of a single asset and VaR only works properly
under the assumption that the underlying portfolio is Gaussian distributed.
A closely related concept to VaR is Expected Shortfall (ES). VaR has the
draw-back that it gives no indication on the extent on the loss that might
occur beyond the estimated threshold. ES on the other hand does quantify
the possible loss beyond this threshold. In this thesis we explain some differ-
ent approaches to calculate VaR, using both the normal and the generalized
hyperbolic distribution. We then use this theoretical models on real world
data and compare the results.

We set up a portfolio consisting of ten different stocks from the NASDAQ
100-list. The stocks are chosen from different sectors in order to diversify the
portfolio. Most of the calculations are carried out in Excel, which is common
practice in many banks. Some calculations, that are not suitable for Excel
are made in R and Mathematica.

In Chapter 2 we describe different approaches for measuring risk, both
classical methods that are widely used and also other more advanced meth-
ods. We use some of the findings here to calculate the expected loss of a
portfolio according to the different methods described. The data set that we
use is presented in Chapter 3. In Chapter 4 we present the findings from our
calculations and in Chapter 5 we discuss these results. Finally, the Appendix
contains the code we used to perform the calculations together with a table
of the results.



Chapter 2

Methods

The approaches for risk management mentioned below are defined and de-
scribed according to Rockafellar (2007), [22].

To minimize the risk of the portfolio S, where S is a set of <n composed of
vectors x = (x1, ..., xn) we should solve the following standard optimization
problem.

General Optimization Problem Minimize c0(x, ω) over all x ∈ S satis-
fying ci(x, ω) ≤ 0 for i = 1, ...,m for a set S ⊂ <n and functions ci : S 7−→ R.

Here c0(x, ω) : <n → < is called the objective function. The vectors x
in S represent the underlying asset and n is the number of assets in the port-
folio S. ω is an element of the set Ω which represents forecast of the future
price of the asset. Since we have ω as a parameter, we get a set of functions
on Ω as a result. However, uncertainty parameter ω will be omitted while
constructing basic setting since they usually make no sense here. We define Ω
as a probability space and define P as a probability measure, so our function
ci(x) : Ω→ < is a random variable. If we have an arbitrary function X such
that X : Ω → < then this induce a probability distribution on < with the
cumulative distribution function FX . Taking FX(z), we can define FX with
probability P such that X(ω) ≤ z.

We consider only the case when the mean and the standard deviation of
X are well defined and finite

µ(X) = EX

and
σ(X) =

√
E[(X − µ(X))2].

Any random variable X for which E[X2] is finite make up a linear space that
we denote L2.

3



4 Chapter 2. Methods

2.1 Quantification of Risk

We define risk as a probability of loss. It is important to quantify the risk
measure in optimization problems. In order to measure risk we define a
function X : Ω→ < where X(ω) is a random variable that stands for a cost
or loss. Obviously negative costs represents gains and therefore we want to
minimizeX(ω). Risk can be viewed as the degree of uncertainty by measuring
the deviation from the mean or it can be viewed as a substitution for the
overall cost by introducing the measure R of a potential loss. From now on
we concentrate our attention to the second idea. R is a functional defined on
the linear space R : L2 → <. To be able to quantify losses we must assign a
value R(X) for each X ∈ L2.

The general approach to the uncertainty in an optimization problem fol-
lows the steps below First we choose measures Ri of the risk of a potential
loss and define the functions c̄i on Rn by c̄i(x) = Ri(ci(x)). Finally we min-
imize c̄0(x) over x ∈ S satisfying c̄i(x) ≤ 0, i = 1, ...,m. The functional R,
should satisfy some properties to be a good quantifier of risk which is called
coherency and this was first introduced in Artzner et al. [2], [3].

2.1.1 Coherency

R is a coherent measure of risk in the extended sense if

(R1) R(C) = C for all constants C

(R2) R((1 − λ)X + λX ′) ≤ (1 − λ)R(X) + λR(X ′) for λ ∈ (0, 1) and X ≤
X ′(convexity)

(R3) R(X) ≤ R(X ′) when X ≤ X ′ (monotonicity)

(R4) R(X) ≤ c when Xk → X with R(Xk) ≤ c (closedness)

R is called a coherent measure of risk in the basic sense if it also satisfies
the property (R5).

(R5) R(λX) = λR(X) for λ > 0 (positive homogeneity)

(R6) R(X) > EX for all nonconstant X (aversity)

R is an averse measure of risk if it satisfies (R1), (R2) (convexity),
(R4) (closedness) and (R6) (aversity). The first property is based on the
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fact that if a random variable always takes on the same value C then when
transforming it to a single value this value has to be C.

(R2) + (R5) ⇒ R(X +X ′) ≤ R(X) +R(X ′) (subadditivity).

This property says that if we diversify our portfolio the risk will not exceed
the risk in an undiversified portfolio.

If R(X) ≤ 0, for a given choice of R(X), this means that the cost is non-
positive and the risk is acceptable. We know from (R3) (monotonicity) that
R(X) ≤ supX for all X, so X is always acceptable when supX ≤ 0 which
means there is no chance for positive costs X(ω) > 0.

As a consequence of a coherency property for optimization, we have the
following three properties

convexity ; if ci(x, ω) is convex then convexity property is preserved for
c̄i(x) with respect to x. This holds through the composition of (R2) (con-
vexity) and (R3) (monotonicity) conditions.

certainty ; if ci(x) is independent of ω, i.e. ci(x) is a constant random
variable, then c̄i(x) = ci(x). This holds through (R1) condition.

insensitivity of scaling ; problem remains the same after rescaling the units
of the ci’s. This holds through (R5) (positive homogenity) condition.

The following properties of coherency show that a collection of coherent
measures of risk automatically gives us an even larger collection of coherent
measures of risk. The following theorem is cited from Artzner et al. [2], [3].

Theorem 1 (Operations that preserve coherency) We have

(a) If R1, ...,Rr are coherent measures of risk in the basic sense, and if
λ1, ..., λr are positive coefficients adding to 1 then the following is a def-
inition of a coherent measure of risk

R(X) = λ1R1(X) + λ2R2(X) + ...+ λrRr(X)

The same also holds for coherent measures risk in the extended sense.

(b) If R1, ...,Rr are coherent measures of risk in the basic sense, then

R(X) = max{R1(X), R2(X), ..., Rr(X)}

is also a coherent measure of risk.
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2.2 Risk Measures from Subdividing the Fu-
ture

In this approach we subdivide the future and the risk measure is given by

Rk(X) = sup
ω∈Ωk

X(ω)

Here Ω has been partitioned into subsets Ω1, ...,Ωr where P (Ωi) 6= 0 and
k = 1, ..., r.

Rk is a coherent measure of risk in the basic sense and from the above
theorem it follows that also

R(X) = λ1 sup
ω∈Ω1

X(ω) + ...+ λr sup
ω∈Ωr

X(ω)

Here the coefficients λi > 0 add to 1. The weights λk could be viewed as
giving different levels of importance to different areas of Ω.

2.2.1 Risk Envelope Characterization of Coherency

Q ∈ L2 is called risk envelopes, which satisfy

(Q1) Q is nonempty, closed and convex

(Q2) for every nonconstant X there is some Q ∈ Q having E[XQ] < EX

(Q3) EQ = 1 for all Q

(Q4) Q ≥ 0 for all Q

In this case Q is the set of densities of Q with respect to the probability
measure P this defines a collection of probability measures which has the
form QP on Ω.

Theorem 2 (Basic Dualization) There exists a one-to-one relation be-
tween coherent risk measures R in the basic sense and coherent risk envelopes
Q such that

R(X) = sup Q ∈ QE[XQ]

and
Q = {Q|E[XQ] ≤ R(X)}

for all X.
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To summarize, choosing a coherent risk measure R is the same thing as
choosing a risk envelope Q.

Now we explain some of the most traditional approaches how to transform
random variables which depend on x back to real numbers that depend on x
and then we minimize the function ci(x, ω) in each approach.

ci(x) : ω → ci(x, ω) for i = 0, 1, ...,m.

Guessing the Future

In this approach one element is identified as ω̄ ∈ Ω where ω represents the
best guess about the future. Then our optimization problem become

Optimization Problem I.Minimize c0(x, ω̄) over all x satisfying ci(x, ω̄) ≤
0 for i = 1, ...,m.

This approach is attractive since it is simple but if the uncertainty is not
concentrated around ω̄, the method of guessing the future can lead to prob-
lems. Since we solve the problem assuming we have the best estimation of
the future price, the solution to the Optimization Problem I will be useful
under the circumstances that uncertainty is minor and in the neighborhood
of best estimation ω̄, otherwise guessing the future approach will not be able
to hedge all possible outcomes. This is clearly a weakness of this approach.

• For a choice of ω̄ ∈ Ω with positive probability, R(X) = X(ω̄) the
functional R gives a not averse but a coherent measure of risk in the
basic sense. If ci(x, ω̄) ≤ 0 then the risk in X is acceptable.

Worst-Case Scenario Analysis

Here the worst case is determined. Later we just focus on the worst possible
outcomes even if it is very unlikely.

Optimization Problem II. Minimize supω∈Ωc0
(x, ω̄) over all x ∈ S sat-

isfying supω∈Ωci
(x, ω) ≤ 0 for i = 1, ...,m.

We might be dealing with the least upper bound when Ω is infinite that
is why we are using supremum instead of maximum. Since we take into
consideration only the worst case we ignore other possible outcomes and the
hedging will be very expensive, it also may not be feasible because the other
possibilities that we ignored may be more likely to occur. However we do not
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need to define the probability measure P on Ω because we put all attention
on the worst case scenario.

• R(X) = supX. Here the functional R gives a coherent and averse
measure of risk in the basic sense, but it is conservative. If ci(x, ω) ≤ 0
with probability one then the risk in X is acceptable.

Relying on Expectations

The idea of this approach is to focus on average behavior of the random
variables ci(x).

Optimization Problem III. Minimize E[c0(x)] over all x ∈ S satisfy-
ing E[ci(x)] ≤ 0 for i = 1, ...,m.

The expectation approach is applicable in the case of long-term invest-
ments where changes in prices will tend to cancel out. However in the real
world, short-term investments are more common.

• R(X) = µ(X) = EX. The functional R is not an averse measure of
risk while it is a coherent measure of risk in the basic sense, but it is
weak since we are taking into consideration only the expected value of
the cost. If ci(x, ω) ≤ 0 on average then the risk in X is acceptable.

Safety Margins in Units of the Standard Deviation

One way to improve the above approach is to define safety margins. This
margins is based on a standard deviation in order to ensure that the expected
value is below 0. We introduce λi which only takes on positive values and
the constraint becomes

Optimization Problem IV. Minimize µ(c0(x))+λ0σ(c0(x)) over all x ∈ S
satisfying µ(ci(x)) + λiσ(ci(x)) ≤ 0 for i = 1, ...,m.

In spite of the fact that the above model is attractive and simple in theory,
it is lacking coherency which is an important property.

• Ri(X) = µ(X) + λiσ(X) for some λi > 0

The functional R is averse but not a coherent measure of risk since mono-
tonicity axiom (R3) fails. This says that ci(x) could be bigger than ci(x

′)
although ci(x, ω) < ci(x

′, ω) with probability 1. If µ(X) < 0 at least λi times
the standard deviation of X then the risk in x is acceptable.
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Specifying Probabilities of Compliance

For this approach we should define a confidence level αi ∈ (0, 1) and

minimize z over all (x, z) ∈ S ∗R, P {c0(x) ≤ z} ≥ α0 and the constraints
P {ci(x) ≤ 0} ≥ αi for i = 1, ...,m.

An obvious drawback with this method is that we do not define what will
happen when the constraint is violated. From a mathematical point of view
probability function does not often satisfy convexity and continuity.

• Ri(X) = qαi(X) = αi-quantile in the distribution of X, for some αi ∈
(0, 1)

The term quantile is explained in Serfling (1980) [24] in the following way for
a random variable X, the q-quantile is the value x such that P (X ≤ x) = q.
For example, the 0.05-quantile of a random variable X is any value x such
that P (X ≤ x) = 0.05. Some q-quantiles have special names, 0.25−, 0.50−
and 0.75− quantiles are called first, second and third quartiles and the
0.01−, 0.02−, 0.03−, ..., 0.99−quantiles are called first, second, third,... and
ninety-ninth percentiles.

The functional R is not a coherent measure of risk since the convexity
axiom (R2) fails. This contradicts the property that the risk of a diversified
portfolio can not exceed the risk in an undiversified portfolio. The risk in X
is acceptable if positive costs do not occur with probability bigger then or
equal to αi.

2.3 Value-at-Risk and Expected Shortfall

2.3.1 VaR

Value-at-Risk, VaR is the maximum loss not exceeded with a given probabil-
ity defined as the confidence level, over a given period of time. VaR basically
consists of the parameters time period, confidence level and loss amount. It
answers the following question, [4]

-What is the most I can expect to lose, with 95% or 99% level of confi-
dence, over the next time period?

The VaR estimation is defined by Franke, Hardle and Hafner (2004) in
the following way

V aRq,t = F−1
t (q)

where F−1
t represents the inverse function of the cumulative distribution of

the underlying at time t and confidence level q.
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There is no universal method to calculate VaR but there exists three
common widely used methods to calculate VaR, [27]. These are described
below.

The Historical Method

This method is the simplest one. To apply it we just need historical data and
we assume that the asset returns in the future will follow the same pattern as
they did in the past. The rate of returns are calculated from the data that we
have and then we organize these returns from worst to best in a histogram.
For the given confidence level, 95% or 99% is the most common confidence
levels, we look for the worst 5% or 1% respectively of the outcomes. Then
we can say that the loss for a given period of time will not exceed this
worst outcome with probability 95% or 99%. The weakness of the historical
approach is that it relies on the assumption that history will repeat itself
which is far from the truth.

The Monte-Carlo Simulation

In this method we are generating a large number of samples from a distri-
bution based on historical data. This gives us many different scenarios and
for each scenario the price of the portfolio is calculated. After choosing one
of the simulated scenarios, we look for the worst 5% or 1% outcomes of the
chosen scenario and the interpretation of the result is the same as in the
historical method and parametric VaR method. The more scenarios we sim-
ulate the better the approximation is. This means that this method is very
time consuming and slow compared to the above method. But on the other
hand it gives better approximation because it can incorporate both historical
observations and future expectations.

The Parametric VaR

To apply the parametric VaR, we need the necessary parameters of the un-
derlying distribution. These parameters are estimated from historical data.
After plotting the chosen distribution curve with the calculated parameters,
we look for the location of the worst 5% or 1% of the distribution curve.
Then the interpretation of the result is the same as in the historical method.
The weakness of the parametric VaR is that it relies on the assumption that
the returns of the portfolio follow the chosen distribution. However, in the
real world, the behaviour of potfolio returns are not following the chosen
distribution exactly. Despite this wekaness, the parametric VaR approach is
probably the best way to get a quick estimation for VaR.
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In our calculations we are using this method. First we are assuming that
the loss distribution of the portfolio is Gaussian distributed and then we
compare this result with the case that the loss distribution is following the
generalized hyperbolic distribution.

The definition for the Gaussian distribution case is given in accordance
with [10]

VaRα = µ+ σΦ−1 (α) .

Here µ and σ2 denotes the mean and the variance respectively for the Gaus-
sian loss distribution FL. α denotes the confidence level and α ∈ (0, 1).
Φ represents the standard Gaussian cumulative distribution function and
Φ−1 (α) is the α-quantile of Φ.

For the calculations of the portfolio we use the following path and nota-
tions in line with Embrechts et al. (2005). We begin with taking the natural
logarithm of the prices for each stock and obtain

Zt,i = lnSt,i, for 1 ≤ i ≤ n.

We use these logarithmic prices as risk factors which is common practice.
The price for stock i at time t is represented by St,i.

The changes in the risk factor R, corresponding to the log-returns of the
stocks in the portfolio, is given by the formula

Rt+1 = lnSt+1,i − lnSt,i

We define the value of the portfolio at time t as

Vt =
n∑
i=1

λi exp (Zt,i)

λi denotes the number of shares of stock i. The loss of the portfolio at time
t+ 1 can be written as

Lt+1 = − (Vt+1 − Vt)

The linearized loss L∆
t+1 is given by

L∆
t+1 = −

n∑
i=1

λiSt,iRt+1,i = −Vt
n∑
i=1

ωt,iRt+1,i

the weight ωt,i gives the percentage of the value invested in stock i at time t
in the portfolio. The formula for the weights is

ωt,i =
λiSt,i
Vt
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Ω denotes the weight vector of the portfolio while Ω′ denotes the transpose
of the weight vector. The next step is to calculate the covariance matrix Σ
from the log-returns. The mean vector µ is calculated by taking expectation
for each stock’s log-returns. The linearized loss operator is defined as

l∆[t] (r) = −VtΩ′tr = −Vt
n∑
i=1

ωt,iri

Using the formulas above and general rules for the mean and variance of
linear combinations of a random vector the first two moments (mean and
variance) of the linearized loss distribution L∆ can be calculated by the
following formulas

E
(
l∆[t] (R)

)
= −VtΩ′µ

and (
l∆[t] (R)

)
= V 2

t Ω
′ΣΩ

where Σ is the covariance matrix for the log-returns.

2.3.2 ES

Conditional Value-at-Risk is an alternative measure to Value-at-Risk and has
been proposed by Basel Committee banking regulation. VaR tells you the
loss at a particular quantile q. It therefore tells you nothing about what the
distribution looks like below qα, [4]. ES on the other hand gives the average
loss in the tail below qα and answers the question “What is the expected loss
if things do get bad?”

Definition 1 (Conditional value-at-risk) One common definition for the
conditional value-at-risk is

ESα(X) =
1

1− α

∫ 1

α

VaRβ(X)dβ.

Conditional Value-at-Risk is also known as Expected Shortfall, Tail-VaR
or Mean Excess Loss. For a given portfolio

ESα(X) ≥ VaRα(X)

is always true.

Theorem 3 R(X) = ESα(X) is a coherent measure of risk in the basic sense
for any probability level α ∈ (0, 1).



Cornish-Fisher expansion and Value-at-Risk method 13

The functional R is also an averse measure of risk in this case. The main
difference between VaR and ES is that while ES is always a coherent measure
of risk, VaR sometimes fails the property of subaddivity which means that
the risk in a diversified portfolio is higher than in an undiversified portfolio.
When this is the case, VaR is not a coherent measure of risk, [22]. In prac-
tice ES is a more common used risk measure since it has more advantages
than VaR. From the definitions of risk measures, it is evident that the exact-
ness of the estimations depends heavily on the assumption of the underlying
distribution.

For calculating ES for our portfolio under the assumption of normal loss
distribution we use the following formula given in Embrechts et al. (2005)

ESα = µ+ σ
φ (Φ−1 (α))

1− α
,

where φ denotes the density of the standard normal distribution, Φ represents
the standard Gaussian cumulative distribution function and Φ−1 is the α-
quantile of Φ.

2.3.3 Specifying Probabilities of Compliance

This approach focus on Value-at-Risk for a choice of probability levels αi ∈
(0, 1) for i = 0, ...,m, to

minimize VaRα0(c0(x)) over all x ∈ S subject to VaRαi(ci(x)) ≤ 0 for
i = 0, ...,m.

In this approach we are looking for the smallest value of c with the con-
straint c0(x) ≤ c with probability bigger than or equal to α0.

• Ri(X) = VaRαi(X)

The functional R is not a coherent measure of risk since it does not sat-
isfy convexity (R2) property which may lead to that diversification is not
optimal.

2.3.4 Safeguarding with Conditional Value-at-Risk

In this approach we are using ES instead of VaR for each ci(x) that we used
in the approach above.

Minimize ESα0(c0(x)) over all x ∈ S subject to ESαi(ci(x)) ≤ 0 for
i = 0, ...,m.
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• Ri(X) = ESαi(X)

The functional R is equal to ES, instead of VaR and it is a coherent mea-
sure of risk since it satisfy all the properties. ESαi(ci(x)) ≤ 0 means that
ci(x) ≤ 0 with probability at least 100αi%. It also means that the average
of the worst 100(1−αi) of all possible outcomes will be less than or equal to
0. Since ES is a coherent measure of risk, it is a better risk measure than VaR.

2.3.5 Backtesting VaR and expected shortfall

The approach for backtesting mentioned below is described according to Em-
brechts et al (2005). In the previous sections we have described some common
methods for risk measures estimation. The estimation for the distribution of
losses for the next period is done at time t. In the case of continuous imple-
mentation of this procedure over time we have the possibility of evaluate and
compare the performance of the different methods. This kind of procedure
is called backtesting.

Suppose that we at time t estimate VaR and expected shortfall for h
periods. In our calculations h is equal to ten. Let the true h-period mea-
sures be denoted by VaRt,h

α and ESt,hα respectively. Then at time t + h we
can compare our estimations with what actually happened. Assuming a
continuous loss distribution and using the definition for VaR we know that
P
(
Lt+h > VaRt,h

α

)
= 1− α. This means that the probability that the actual

loss will exceed the VaR-estimate, which is called violation of VaR, is equal
to 1−α. In order to measure the violations of the VaR estimates we use the
indicator function. If the VaR estimation is violated we get one, otherwise
zero.

Î
(h)
t+h = I{

L
(h)
t+h>V̂aR

t,h

α

}.
If we make many comparisons between VaR estimations and actual losses we
expect that the VaR estimate will be violated in about 1− α percent of the
cases.

In order to backtest the expected shortfall estimation we use the following
identity

E
((
Lt+h − ESt,hα

)
I{Lt+h>VaRtα}

)
= 0.

This means that, on days when the VaR-estimate is violated we look at
the difference Lt+1 − ÊS

t,h

α . The reason for backtesting expected shortfall
only on days when VaR is violated is of course that the expected shortfall
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estimate is always bigger or equal the VaR estimate, so if the VaR prediction
is not violated nor is the expected shortfall estimate.

In our calculations we did the backtesting in the following way. We took
the difference between the value of the portfolio at the day the estimates for
VaR and expected shortfall are done and the value of the portfolio for each
day during the ten-day period. Then we took the maximum of this value
and by using a simple if-statement we compared this value with the VaR-
estimate. If the loss exceeded the prediction we got a one, otherwise zero.
In order to perform backtesting on the expected shortfall prediction we took
the average of the differences of the portfolio values for the ten-day period
instead of the maximum. This value was compared to the prediction with
the same if-statement. That is, we got one in case of violation and zero if
the loss did not exceed the estimate.

2.4 Cornish-Fisher-Expansion

The following description of Cornish-Fisher-Expansion is according to the
one given in [5]. Cornish-Fisher-Expansion, also called Modified VaR or
Modified Cornish-Fisher VaR, is an alternative approach to calculate VaR.
If the return of a portfolio is not Gaussian distributed then the classical
VaR method is no longer an efficient measure of risk. In order to account
for non-Gaussian one can use the Cornish-Fisher method which is accurate
when returns are close to the Gaussian distribution. This method takes into
account the higher moments, skewness and kurtosis. Skewness is the tilt of
the returns and kurtosis is a measure for the fat-tails of the returns.

The moments for a portfolio may be estimated either by using the his-
torical returns of the portfolio or one can use multivariate estimate for the
moments. When the returns have negative skewness or fat-tails (that is
platykurtic) the Cornish-Fisher VaR will give a larger estimation for the loss
than the usual VaR. On the other hand, when returns possess positive skew-
ness or are leptokurtic, the loss estimation will be smaller than traditional
VaR. When returns are Gaussian distributed this method converges to the
usual parametric VaR.

A limitation to Cornish-Fisher VaR is that it is not a good estimation
for the risk when one is dealing with products that has a complex structure
and whose return functions are non-continuous. The main difference be-
tween historical measures and Cornish-Fisher VaR is that while the former
will not deviate from observed returns since it relies on historical returns,
Cornish-Fisher VaR tries to estimate the shape of the tail for the returns
mathematically even though extreme returns have not been observed yet.



16 Chapter 2. Methods

In order to explain this method we first need to explain some basic con-
cepts.

2.4.1 Cumulants

To define cumulants we first start with defining the moment generating func-
tion according to M.G. Bulmer, [7]. Given a random variable X and a prob-
ability distribution P (X) then the moment generating function is defined
as

MX(t) = E[etX ], t ∈ <

under the condition that the expected value is finite.
In the continuous case we have

MX(t) =

∫ ∞
−∞

etXP (X)dX.

The Taylor series expansion of etX about the origin is

etX = 1 + tX +
t2X2

2!
+
t3X3

3!
+ ...

By taking expectation, the moment generating function can be written in
the following way

MX(t) = E[etX ] = 1 + tm1 +
t2m2

2!
+
t3m3

3!
+ ... =

∞∑
i=0

mi
ti

i!

where mi is the ith moment, E[X i].
If we take the logarithm of the moment generating function for a random

variable X we get the Taylor series representation of the cumulant generating
function about the origin,

KX(t) = lnMX(t) = K1t+K2
t2

2!
+K3

t3

3!
+ ... =

N∑
i=1

Ki
ti

i!

where Ki’s are called cumulants. The relation between moments and cumu-
lants is explained in Stuart and Ord (1994) [26].

• K1(t) = m1 = E[t] (mean)

• K2(t) = m2 = E[(t− E[t])2] (variance)

• K3(t) = m3 = E[(t− E[t])3] (skewness)
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• K4(t) = m4 − 3m2
2 = E[(t− E[t])4]− 3E[(t− E[t])2]2 (kurtosis)

• K5(t) = m5− 10m2m3 = E[(t−E[t])5]− 10E[(t−E[t])2]E[(t−E[t])3]

To apply the Cornish-Fisher method we need the first four cumulants; mean,
variance, skewness and kurtosis.

Figure 2.1: Graphical visualization of skewness and kurtosis.

Some properties of cumulants

• K1(X + c) = K1(X) + c and Kn(X + c) = Kn(X) for n ≥ 2.

This means that if we shift the random variable X by adding a constant c
only the first cumulant, the mean, will change. The other cumulants are not
affected.

• Kn(cX) = cnKn(X) for any constant c. This is called homogeneity.

• Kn(X +Y ) = Kn(X) +Kn(Y ) for the independent variables X and Y .
This property is called additivity.

Now we give the cumulants of some basic probability distributions.
For the Gaussian (normal) distribution the density function is given by

P (x) =
1

σ
√

2π
e−(x−µ)2/(2σ2)

and the cumulant generating function is given by

K(t) = ln
(
eµteσ

2 t2

2

)
= µt+ σ2t2/2
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K1 = µ, K2 = σ2, Kn = 0 for n > 2

For the Poisson distribution the probability mass function is given by

f(k, λ) =
λke−λ

k!
for k = 0, 1, 2, ...

where the frequency parameter λ > 0. and the cumulant generating function
is given by

K(t) = λ(et − 1), Kn = λ

for all n.

2.4.2 The formula for mVaR

The VaR under the assumption that the log-returns of the portfolio are nor-
mally distributed is calculated by the formula

VaR = µ(X) + σ(X)qp

where qp is the parametric VaR critical value for the confidence level p.
The formula for the modified VaR (also here under the assumption that

the log-returns of the portfolio are normally distributed)

mVaR = µ(X) + σ(X)zcf

zcf = qp +
(q2
p − 1)S(X)

6
+

(q3
p − 3qp)K(X)

24
−

(2q3
p − 5qp)S

2(X)

36

where S(X) is skewness, K(X) is kurtosis and zcf is the Cornish-Fisher
critical value for the confidence level p

As a result, when returns are normally distributed usual VaR and mVaR
will give the same answer and therefore mVaR can be used as a substitution to
VaR. If the distribution of the portfolio returns is close to normal distribution
then, according to [15], mVaR is a more efficient way to measure the risk
exposure than other available numerical methods. However, if the returns
of the portfolio significantly deviate from normality then a different method
should be used.

2.5 The Generalized Hyperbolic distribution
The generalized hyperbolic distribution (GH) is named hyperbolic because
its log-density function is a hyperbola, in the case of Gaussian distribution
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the log-density function is a parabola. This means that the hyperbolic distri-
bution is a better alternative to model heavy tail distributions. The reason
for using hyperbolic distribution is that it takes into account five parameters,
hence it is more flexible than the Gaussian distribution and provide a better
fit to real data.

The definition of GH was first introduced by Barndorff-Nielsen (1977).
The density function of the GH distribution ∀x ∈ R in the univariate case
can be represented as in

fGH (x;λ, α, β, δ, µ) = a (λ, α, β, δ, µ)

Kλ−1/2

(
α
√
δ2 + (x− µ)2

)
(√

δ2 + (x− µ)2

)1
2
−λ

eβ(x−µ)

where

a(λ, α, β, δ, µ) =
(α2 − β2)λ/2

√
2παλ−1/2δλKλ

(
δ
√
α2 − β2

)
and Kλ (x) denotes the modified Bessel function of the third kind with order
λ,

Kλ (x) =
1

2

∫ ∞
0

yλ−1e−
x
2 (y+y−1)dy, x > 0.

Further, we have the following restrictions on the parameters

µ ∈ <,
δ ≥ 0, |β| < α if δ > 0,

δ > 0, |β| < α if δ = 0,

δ > 0, |β| ≤ α if δ < 0.

The parameter µ describes location, δ describes the scale and β describes
the skewness. If β is equal to zero this means that the distribution is symmet-
ric and otherwise the value (positive or negative) of β determines the type
of skewness. α determines the shape, if δ

√
α2 − β2 decreases this leads to

an increase in the kurtosis. λ stands for the subclass of the GH distribution
and is also related to the flatness of the tail.

We calculated the VaR and ES for our portfolio under the assumption that
log-returns follow the generalized hyperbolic distribution. In our calculations,
we used the formulas which are defined in Chapter 2.3 for Value-at-Risk and
Expected Shortfall.
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2.6 Copulas
Before describing copulas we give the definition for the joint distribution
function.

For the n dimensional random variable X, the joint probability distribu-
tion function FX : RN → [0, 1] defined in [13] in the following way

FX(X) = P (X1 ≤ x1, ..., XN ≤ xN) ∀x ∈ RN

FX(X) =

∫ b1

a1

...

∫ bn

an

fX(X1, ..., XN)dX1, ..., dXN = P (X ∈ A) = 1

where fX is the joint probability density function with fX(X1, ..., XN) ≥ 0
and for any set A = [a1, b1]× ...× [an, bn]

Copula is a Latin word and means “a link, tie, bond”. It was first in-
troduced by A. Sklar in 1959 but were not applied in finance until 1999 by
Embrechts, McNeil and Straumann. What are copulas? Copulas are a tool
to understand dependence. They join or “couple” multivariate distribution
functions to their lower dimensional margins. Copulas can also be viewed as
multivariate distribution functions where the one-dimensional margins are
uniform on the interval. Then the copula function C is the multivariate joint
distribution function with uniform one-dimensional margins [21], [19]. C is
called a copula function if it satisfies the following properties

• Dom C = [0, 1]N

• C is grounded and N -increasing

• The margins Cn of C satisfy Cn(u) = C(1, ..., 1, u, 1, ..., 1) = u for all
u ∈ [0, 1].

Grounding and N -increasing properties means that the copula function
C is a positive probability measure according to [6].

The following theorem is probably the most important result about cop-
ulas and is widely used in applications of copulas, [8]. The theorem is given
according to [16].

Theorem 4 (Sklar’s Theorem) Let X = (X1, ..., Xm) be a random vector
with values in <m. For i = 1, ...,m denote by Fi the distribution function of
the random variable Xi (Fi(x) = P(Xi ≤ x)). There exists a copula C such
that, for all (x1, ..., xm) ∈ <m,

P(X1 ≤ x1, ..., Xm ≤ xm) = C(F1(x1), ..., Fm(xm)).

Moreover, if the functions Fi are continuous, the copula C is unique.
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For the proof, see Lamberton (2008) [16].
This theorem says that any joint distribution function F can be regarded

as a copula function. This means that copula functions give a flexible way
to study joint distributions according to [17]. The boundaries for copulas
are described by Fréchet-Hoeffding inequality in the following way for the
bivariate case

max{u+ v − 1, 0} = W (u, v) ≤ C(u, v) ≤ min{u, v} = M(u, v).

W and M represents the lower and upper bound respectively for all copulas,
and W and M are also copulas, [20]. In the multivariate case the lower and
upper boundaries are given by

W (u1, ..., un) = max

{
1− n+

n∑
i=1

ui, 0

}
≤ C(u1, ..., un) ≤ min

j∈{1,...,n}
uj = M(u1, ..., un)

2.6.1 Gaussian Copulas

The definition for the Gaussian copulas is given in accordance with [27]. For
the n-multivariate Gaussian distribution with linear correlation matrix R the
copula is given by

CR(u) = Φn
R(Φ−1(u1), ...,Φ−1(un)).

Here Φn
R denotes the joint distribution function of the n-variate standard

Gaussian distribution function with linear correlation matrix R. Φ−1 denotes
the inverse of the distribution function of the univariate standard Gaussian
distribution. For Φ−1 there exists no closed-form expression and hence nei-
ther for Φn

R. However, we can approximate the joint distribution function
Φ for the bivariate case by using the standard bivariate Gaussian distribu-
tion function’s dependence structure with non-Gaussian marginals. Hence,
for the bivariate case the Gaussian copula can be described by the following
formula

CR(u, v) =

∫ Φ−1(u)

−∞

∫ Φ−1(v)

−∞

1

2π(1−R2
12)1/2

exp

{
−s

2 − 2R12st+ t2

2(1−R2
12)

}
dsdt.

Multivariate normal distributions do not give enough probability to the
occurrence of events of common and rare risk factors. This is explained by
the fact that Gaussian copulas do not have upper or lower tail dependence.

According to Melchori (2003) non-gaussian copulas, for example t and
Archimedean copulas, can give a better description of the real behavior of
the financial and credit markets. Because in reality asset returns have either
an upper tail dependence or a lower tail dependence, or both.
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Chapter 3

Data set

In order to perform our calculations we set up a portfolio consisting of ten
blue chips from the list of NASDAQ-100. A blue chip is, according to NYSE,
“a stock in a company with a national reputation for quality, reliability and
the ability to operate profitably in good times and in bad.” We chose the
stocks randomly from different sectors to make the portfolio well-diversified.
In the table below we list the stocks included in our portfolio along with the
sectors they belong to. We also fix the number of each stock according to
the stock prices on the 31st of January 2011. We put equal weight to each
stock, which means that the day we set up the portfolio, the weight for each
stock is ten percent.

Table 3.1: Table for the names of the stocks, the sectors which they belong
to and the number of each stock that is included in the portfolio.

The data were obtained from NASDAQ for the period 01.02.2010 to

23
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21.04.2011. The estimations are done for the period 14.02.2011 to 21.04.2011.
The change in the stock prices for this period is given in Figure 3.1. We see
that the stock prices roughly follow the same pattern.

Figure 3.1: Changes in the stock prices included in the portfolio.

The loss estimations are made for a period of ten trading days, which
means for example that the estimation for the 14th of February is based
on data from the 31st of January. We have calculated expected loss for
every trading day for the period 14th of February 2011 to the 21st of April
2011. Each calculation is based on data that goes one year back in time.
We use a running frame approach, which means that we move the time
frame forward for every estimation. That is, we do not use a fixed time
frame for all the estimations. The drawback with this method can be the
fact that any extraordinary movements in the stock prices, which is unlikely
to happen again, may affect a wider range of estimations than it should.
This is because since we are moving the time frame one step ahead for each
estimations without removing the extraordinary price movements, this affect
the calculations until this specific days run out the frame. But according to
Figure 3.1, Figure 3.2 and Figure 3.3 the portfolio seems to be not so volatile,
the biggest deviation from the average for the returns of the portfolio is about
twice the mean value. Therefore it is reasonable to adopt the method of
running frame. We chose to use data for only one year. When it comes to
the stock market, it is often not so informative to use data that goes many
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years back in time since the economy is changing all the time. We use the
closing price for each stock. In financial institutions it is more common to
use a higher frequency, for example 30 or 10 minutes frequency of quotation.
But we do not have access to this data, since it is not publicly available.
In order to check whether our portfolio is diversified or not we calculate the
correlation matrix. The result is given in Table 3.2 and is based on data from
the day we set up the portfolio, that is 31st of January 2011.

Table 3.2: The correlation matrix for the portfolio, based on data from
31.01.2011.

The largest correlation is between Wynn and Joy whose correlation co-
efficient is equal to 0,66. Therefore we decide to set up another portfolio
besides the original portfolio, where we remove Wynn and Joy and keep the
other eight stocks. This is because we want to see how much the correlation
affects the VaR- and ES calculations.

In order to perform our analysis we are interested in the returns of both
the portfolio and the stocks and therefore we introduce returns defined by
the following formula

Return = ln (pricen/pricen−1), n = 1, 2, ..., N.

Here N denotes the sample size.
The graphs in Figure 3.2, Figure 3.3 and Figure 3.4 show the return of

the portfolio with ten stocks respectively the portfolio with eight stocks. We
also include a graph for the returns of Wynn and Joy. Note that the range
here is broader than in the two previous graphs. Clearly the returns for Joy
and Wynn are more volatile than the returns for the portfolios.

We are interested in if the log-returns follow a normal distribution or not.
In Figure 3.5 we investigate the deviation from normality for the log-returns.
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Figure 3.2: Logreturns for the 10-stock portfolio. The horizontal axis rep-
resents time measured in days, the time period is one and a half year, from
25.09.2009 to 21.04.2011.

If the log-returns are normally distributed, the difference between each day’s
logarithmic rate of returns should be equal to

√
2. The maximum deviation

from normality is about 93%.
Since we need to calculate the third and fourth moment (skewness and

kurtosis) of the portfolio in order to perform the Cornish-Fisher analysis, we
investigate the skewness and kurtosis of the portfolio for two different trading
days and compare it in the case of normal distribution. If the returns of the
portfolio are normally distributed the skewness should be equal to zero and
the kurtosis should be equal to three. We have marked this values in the
diagrams with a thick line for easier comparison. The results are given in
Figure 3.6 to Figure 3.9.

It is evident from the graphs in Figure 3.6 to Figure 3.9 that the returns
are not normally distributed but still close to being normally distributed.
The big exception is Cisco.

In Figure 3.10 and Figure 3.11 we present the histogram for the portfolios.
The thick line represents the normal distribution with mean and standard
deviation calculated from the portfolios. We see that the normal distribu-
tion does not capture the losses in the left tail. We investigate this fact in
more detail in Chapter 6 where we also investigate the generalized hyperbolic
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Figure 3.3: Logreturns for the 8-stock portfolio. The horizontal axis repre-
sents the time measured in days, the time period is one and a half year, from
25.09.2009 to 21.04.2011.

distribution to see if this provides a better fit to our data.
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Figure 3.4: Logreturns for Joy andWynn. The horizontal axis represents time
measured in days, the time period is one and a half year, from 25.09.2009 to
21.04.2011.

Figure 3.5: Deviation of log-returns from normality for the P10.
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Figure 3.6: Skewness for the stocks included in the portfolio. Based on one
year data from 02.02.2010 to 31.01.2011. The stocks corresponds to number
on the x-axis in the following way: (1) Apple, (2) Cisco, (3) Vodafone, (4)
Biogen, (5) Ebay, (6) Expedia, (7) Joy, (8) Ross, (9) Starbucks, (10) Wynn.
The thick line corresponds to the normal case (skewness is equal to zero).
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Figure 3.7: Kurtosis for the stocks included in the portfolio. Based on one
year data from 02.02.2010 to 31.01.2011. The stocks corresponds to number
on the x-axis in the following way: (1) Apple, (2) Cisco, (3) Vodafone, (4)
Biogen, (5) Ebay, (6) Expedia, (7) Joy, (8) Ross, (9) Starbucks, (10) Wynn.
The thick line corresponds to the normal case (kurtosis is equal to three).
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Figure 3.8: Skewness for the stocks included in the portfolio. Based on one
year data from 02.02.2010 to 31.01.2011. The stocks corresponds to number
on the x-axis in the following way: (1) Apple, (2) Cisco, (3) Vodafone, (4)
Biogen, (5) Ebay, (6) Expedia, (7) Joy, (8) Ross, (9) Starbucks, (10) Wynn.
The thick line corresponds to the normal case (skewness is equal to zero).
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Figure 3.9: Kurtosis for the stocks included in the portfolio. Based on one
year data from 02.02.2010 to 31.01.2011. The stocks corresponds to number
on the x-axis in the following way: (1) Apple, (2) Cisco, (3) Vodafone, (4)
Biogen, (5) Ebay, (6) Expedia, (7) Joy, (8) Ross, (9) Starbucks, (10) Wynn.
The thick line corresponds to the normal case (kurtosis is equal to three).
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Figure 3.10: Histogram for the 10-stock portfolio. The left part of the his-
togram shows the losses and the right part represents the gains. The thick
line represents the normal distribution with the mean and standard deviation
calculated from the portfolio.
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Figure 3.11: Histogram for the 8-stock portfolio. The left part of the his-
togram shows the losses and the right part represents the gains. The thick
line represents the normal distribution with the mean and standard deviation
calculated from the portfolio.



Chapter 4

Results

In this chapter we present the results of our study. We start with the esti-
mation of VaR and ES for the 10-stock portfolio (hereafter we refer to the
10-stock portfolio as P10 and the 8-stock portfolio as P8). Then we show
the results for the P8 and thereafter we discuss the Cornish-Fisher Expan-
sion (referred to as CFVaR). All these calculations are carried out in Excel.
We calculate the VaR level ten days ahead, as is common in most of the
banks. Every estimation is based on 252 data points. The next step is then
to compare the estimated losses with the actual losses on the market, i.e.
we provide backtesting. We use two different methods to calculate the loss.
The method most used by financial institutions is to take the value of the
portfolio on the day the estimation is made, minus the value of the portfolio
ten days later. If the resulting value is positive then we have a loss and if this
value is negative we have a profit (since a negative loss is equal to a profit).
Besides this method we also calculate the loss according to the formula

max(Vt − Vt+i), i = 1, ..., 10.

Here Vt denotes the value of the portfolio at the day when the estimation is
done. The reason that we also include this way of calculating the loss is that
it may be interesting for the financial institution to know what the maximal
loss in the portfolio was for the considered ten-day period. It may happen
that if we do not consider all the days in the time frame we may see a profit
although during this time frame we actually had a loss. In the graphs we
refer to this losses as Max. Loss and the other as Real Loss.

The purpose is to see which of the methods for estimated risk gives the
most accurate estimation for the chosen portfolios.

In the next step we use the generalized hyperbolic distribution to calculate
the risk for the same portfolios and the same time period. The reason for this
is that we have seen that the log-returns for the portfolios are not normally
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distributed and therefore we use the generalized hyperbolic distribution as
well in order to see if we can get better results. Here we use the R Software
to fit the parameters of the distribution to our data and to calculate the
estimated losses in the portfolios.

We use 99% confidence level in all calculations, as is the standard accord-
ing to Basel II. All the estimations is calculated for ten days ahead.

4.1 The Normal Distribution

In this section we give the results for the VaR, ES and CFVaR estimations
under the assumption that the log-returns are normally distributed. The
calculations are computed in Excel and Mathematica. All code is included
in the Appendix.

Ten stocks portfolio, P10 Figure 4.1 and Figure 4.2 show the graphs
for the VaR respectively the ES estimations for the P10. Figure 4.3 gives
a comparison between the ES estimation and the VaR estimation. The ES
estimation is represented by the upper line which always dominates the VaR
estimation which is represented by the lower line.

In Figure 4.4 the CFVaR estimation is shown and in Figure 4.5 the VaR,
the ES respectively the CFVaR estimations are given together with the max-
imal and real loss. Note that the VaR is never violated. Note also that the
CFVaR always dominate the ES. This result is not surprising. Cornish-Fisher
takes into account also the third and fourth cumulants when calculating the
VaR. Thus, if the returns are not normally distributed Cornish-Fisher should
give a higher VaR estimation than the normal VaR and as we have seen in
the previous chapter, the returns are not normally distributed.

The maximal difference between the CFVaR and the VaR estimation is
39,8% and the average difference is 38,3% of the VaR. The maximal difference
corresponds to about 4,2% of the total value of the portfolio. The correspond-
ing numbers for the difference between the CFVaR and the ES estimations
are 22,0% respectively 20,6%. Here the maximal difference corresponds to
about 2,5% of the total value of the portfolio.

Eight stock portfolio, P8 In Figure 4.6 to Figure 4.10 the corresponding
results for the P8 is given. The CFVaR always dominates the ES and the ES
always dominates the VaR here as well. Further, the VaR is never violated.
However, in the P8 the loss estimations are lower. The maximal VaR estima-
tion for the P8 is about 9% of the total value of the portfolio and in the P10
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Figure 4.1: The VaR estimation for the P10. The total value of the portfolio
is about one million dollar. The maximal VaR is about 11% of the portfolio
value while the average is about 10%.

the corresponding number is 10,5%. We also see that the risk estimations for
the P10 are higher than the risk estimations for the P8.

Since we also use the generalized hyperbolic distribution we are inter-
ested in if it is enough to treat the portfolio as one asset, i.e. only consider
the univariate case. When calculating the risk estimations according to the
generalized hyperbolic distribution it is faster and easier to only look at the
univariate case. In Figure 4.11 the result for the VaR and ES estimations are
given if we treat the P10 as one asset and in Figure 4.12 the corresponding
result for the multivariate case is given. In Figure 4.13 and Figure 4.14 we
compare the VaR estimation for the univariate respectively the multivariate
case and the ES estimation for the univariate respectively the multivariate
case. We see that there is only a small difference between the two cases.

The maximal difference between the VaR estimation in the univariate case
and the VaR estimation in the multivariate case is 1,45% and the average
difference is 0,75% of the multivariate VaR estimation. The corresponding
numbers for the ES estimations are 1,08% and 0,47%.

Sine the difference between the univariate and the multivariate case is
small, we only investigate the univariate case for the generalized hyperbolic
distribution.
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Figure 4.2: The expected shortfall for the P10. The total value of the portfolio
is about one million dollar. The maximal ES is about 12% of the portfolio
value while the average is about 11%.

Figure 4.3: Comparison between VaR and ES for the P10. The maximal
difference between the VaR and the ES estimation is about 15% of the VaR,
which corresponds to about 1,5% of the total portfolio value.
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Figure 4.4: VaR calculated according to the Cornish-Fisher expansion for
P10 for the period 14.02.2011 to 21.04.2011. The maximal CFVaR is about
14,2% of the portfolio value while the average is about 13,7%.

Figure 4.5: Comparison between VaR, ES, CFVaR and the maximum loss
respectively the real loss for the P10.



40 Chapter 4. Results

Figure 4.6: The VaR estimation for the P8. The value of the portfolio is
about one million dollar and the maximal VaR is about 9% of this value.

Figure 4.7: The expected shortfall for the P8. The total value of the portfolio
is about one million dollar and the maximal ES is about 10,5% of this value.
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Figure 4.8: Comparison between VaR and ES for the P8. The maximal
difference between VaR and ES is about 13% of the VaR, which corresponds
to about 1,3% of the total portfolio value.

4.2 Generalized hyperbolic distribution

In this section we give the results from the calculations based on the gen-
eralized hyperbolic distribution. In the previous section we investigated the
difference between treating the portfolio as one asset (the univariate case)
and treating the portfolio as a multiple of assets. We found that the dif-
ference was small and therefore we only investigate the univariate case in
this section. Further, we only look at the 10-stock portfolio and we do not
calculate the CFVaR estimation here. The reason for this is that the VaR
estimated according to the generalized hyperbolic distribution is based on
the quantile of the fitted distribution and should be more accurate than the
CFVaR if the returns follow a generalized hyperbolic distribution. Further,
when we assume that the log-returns of the portfolio follow the generalized
hyperbolic distribution, this takes into account the 3rd and 4th cumulants
(skewness and kurtosis) for the VaR estimation. Hence there is no need to
calculate CFVaR when we assume the generalized hyperbolic distribution.
The reason for only examine the P10 is that the P8 provides a better fit to
the normal distribution than the P10, i.e. the P10 is more problematic and
therefore more interesting to investigate further.
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Figure 4.9: The Cornish-Fisher-Expansion for the P8 for the whole period,
14.02.2011 to 21.04.2011. The total value of the portfolio is about million
dollar and the maximal CFvaR is about 12,8% of this value.

Figure 4.10: Comparison between VaR, ES, CFVaR and the maximum loss
respectively the real loss for the P8.
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Figure 4.11: The VaR and ES estimations and the maximum loss respectively
the real loss if we treat the P10 as one asset (univariate case). This means
that we calculate VaR and ES based on the average log-returns for the whole
portfolio.
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Figure 4.12: The VaR and ES estimations and the maximum loss respectively
the real loss in the multivariate case for the P10.

We introduce the following notation

• VaRnorm: Value-at-Risk estimation under the assumption that the log-
returns of the portfolio follows the normal distribution.

• VaRghyp: Value-at-Risk estimation under the assumption that the log-
returns of the portfolio follows the generalized hyperbolic distribution.

• ESnorm: Expected Shortfall estimation under the assumption that the
log-returns of the portfolio follows the normal distribution.

• ESghyp: Expected Shortfall estimation under the assumption that the
log-returns of the portfolio follows the generalized hyperbolic distribu-
tion.

Figure 4.15 shows the QQ plot (quantile-quantile plot) for the fitted dis-
tribution. This plot shows the relation between the quantiles estimated ac-
cording to the fitted generalized hyperbolic distribution and the theoretical
quantiles. It also contains the QQ plot for the normal distribution as a refer-
ence. If the fitted generalized hyperbolic distribution would perfectly fit the
data set all the points should be on the diagonal which would mean that the
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Figure 4.13: Comparison between the VaR calculations in the univariate and
the multivariate case. The maximal difference between the VaR estimation in
the univariate case and the VaR estimation in the multivariate case is 1,45%
and the average difference is 0,75% of the multivariate VaR estimation.
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Figure 4.14: Comparison between the ES calculations in the univariate and
the multivariate case. The maximal difference between the ES estimation in
the univariate case and the ES estimation in the multivariate case is 1,08%
and the average difference is 0,47% of the multivariate ES estimation.
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Figure 4.15: The QQ-Plot for the log-returns for the P10.

Figure 4.16: The histogram for the P10. The left part of the histogram shows
the losses and the right part represents the gains. The thick line represents
the normal distribution and the dotted line represents the generalized hyper-
bolic distribution.

theoretical quantiles is equal to the sample quantiles. This is not the case
here but we can see in the tails (bottom-left and top-right corner) that the
fit of the generalized hyperbolic distribution is better than the normal distri-
bution. Figure 4.16 shows the histogram for the log-returns of the portfolio.
Also in this graph we see that the generalized hyperbolic distribution fits the
data better than the normal distribution.
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Figure 4.17: The VaR estimation for the P10 according to the generalized
hyperbolic distribution. The value of the portfolio is about million dollar
and the maximal VaR is about 13% of this value while the average is 12,2%.

Figure 4.17 and Figure 4.19 show the VaR respectively the ES estimation.
The average difference between the VaR and the ES estimation is 26,3% and
the maximal difference is 27,3% of the VaR. Note here that the generalized
hyperbolic distribution gives a considerable higher loss estimation than the
normal distribution.

The average difference between the VaR estimation according to the gen-
eralized hyperbolic distribution and the VaR estimation according to the
normal distribution is 23,4% and the maximal difference is 27,1% of the
VaRnorm. The maximal difference corresponds to about 2,7% of the total
value of the portfolio. The corresponding numbers for the ES estimations are
35,8% and 41,0%. Here the maximal difference corresponds to about 4,7%
of the total value of the portfolio. The reason that the generalized hypebolic
distribution gives higher loss estimations is that this distribution takes into
account fatter tails.

Figure 4.20 and Figure 4.18 show the comparison between the VaRghyp
and the VaRnorm respectively the ESghyp and the ESnorm.

Figure 4.22 shows the VaR and the ES estimation together with the real
and maximal loss. Figure 4.23 shows the comparison between all the risk
measures.
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Figure 4.18: Comparison between the VaRghyp (top line) and the VaRnorm
(lower line). The difference between the VaRghpy and the VaRnorm esti-
mation is 23,4% of the VaRnorm estimation on average and 27,1% is the
maximal difference. The maximal difference corresponds to about 2,7% of
the total portfolio value. The average VaRnorm is 9,9% of the real value of
the portfolio while the average VaRghyp is 12,2%.
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Figure 4.19: The ES estimation for the P10 according to the generalized
hyperbolic distribution. The value of the portfolio is about million dollar
and the maximal ES is about 16% of this value while the average is 15,5%.

Although we described copulas in Chapter 2 as a way to measure depen-
dence, we do not use it in our calculations. The reason is that we see from
the comparison between the P10 and the P8 that the difference between them
is rather small and hence the dependence between the stocks in the portfolios
does not affect the risk estimation in a significant way. Further, we see from
the QQ-Plot in 4.15 and the histogram in 4.16 that the generalized hyper-
bolic distribution provides a good fit to our data and hence we do not need
copulas.

4.3 Comparison of Cisco and Apple
In this section we investigate the loss estimations for Cisco. Cisco is of inter-
est since this is the stock in the portfolio that deviates most from normality.
For example, when we calculated the skewness and kurtosis for the stocks
included in the portfolio we noticed that Cisco deviated strongly from nor-
mality. For comparison reason we also look on Apple which is in the same
sector as Cisco but is much more well-behaved.

We set up two portfolios, one with only Cisco stocks, denoted by Pcisco
and the other with only Apple stocks, denoted by Papple. We fixed the number
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Figure 4.20: Comparison between the ESghyp (top line) and the ESnorm
(lower line). The difference between the ESghpy and the ESnorm estimation
is 35,8% of the ESnorm estimation on average and 41,0% is the maximal
difference. The maximal difference corresponds to about 4,1% of the total
value of the portfolio. The average ESnorm is 11,4% of the real value of the
portfolio while the average ESghyp is 15,5%.
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Figure 4.21: The VaR and ES estimations for the P10 based on the gener-
alized hyperbolic distribution. The difference between the ES and the VaR
estimation under the assumption that the underlying portfolio follows the
generalized hyperbolic distribution is 26,3% of the VaR estimation on aver-
age and 27,3% is the maximal difference. The maximal difference corrsponds
to about 2,7% of the total value of the portfolio.
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Figure 4.22: Comparison between the VaR and the ES estimations according
to the generalized hyperbolic distribution and the maximum loss respectively
the real loss for the P10. The average ESghyp is 15,5% of the real value of
the portfolio while the average VaRghyp is 12,2%.
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Figure 4.23: Comparison of all the risk measures for the P10. The top line
represents the ESghyp, the next line represents the CFVaR, the third rep-
resents the VaRghyp, the fourth line represents the ESnorm and the lowest
line represents VaRnorm.
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Figure 4.24: The ES estimation (top line) and the VaR estimation (lower
line) along with the real loss for Cisco. The maximal difference between the
ESnorm and the VaRnorm is 33,6% and the average difference is 15,2%.

of stocks in each portfolio according to the prices on the 31st of January 2011
to have one million dollar in each portfolio.

In Figure 4.24 the VaR and ES estimations are given together with the
real loss for the amount put in Cisco. In this case we have a violation in both
the VaR and the ES estimation. In Figure 4.25 the VaR and ES estimations
are given together with the real loss for the amount put in Apple. In this
case we have no violation in neither the VaR nor the ES estimation.

Since we have a violation in Pcisco under the assumption of normal dis-
tribution we also investigate the case of generalized hyperbolic distribution.
We start with providing the histograms for Cisco and Apple in Figure 4.26
and Figure 4.27. It is evident that the generalized hyperbolic distribution
provides a better fit for Apple than for Cisco.

In Figure 4.28 we see the VaR estimation for Cisco and in Figure 4.29
the VaR estimation for Apple under the assumption of generalized hyper-
bolic distribution. The maximal VaR estimation for Cisco is 26,8% of the
total value of the portfolio while for Apple the corresponding number is only
13,5%. Under the assumption of normal distribution the maximal VaR es-
timation for Cisco is 15,0% of the total value of the portfolio and for Apple
the corresponding number is 11,9%.



56 Chapter 4. Results

Figure 4.25: The ES estimation (top line) and the VaR estimation (lower
line) along with the real loss for Apple. The maximal difference between the
ESghyp and the VaRghyp is 14,4% and the average difference is 14,3%.

Figure 4.26: Histogram for Cisco.The left part of the histogram shows the
losses and the right part represents the gains. The thick line represents the
normal distribution and the dotted line represents the generalized hyperbolic
distribution.
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Figure 4.27: Histogram for Apple. The left part of the histogram shows the
losses and the right part represents the gains. The thick line represents the
normal distribution and the dotted line represents the generalized hyperbolic
distribution.

We can make the same comparison for the ES estimations. Figure 4.30
and Figure 4.31 show the ES estimations for Cisco respectively Apple. Under
the assumption of normal distribution the maximal ES estimation for Cisco
is 17,2% of the total value of the portfolio and for Apple the corresponding
number is 13,6%.

The maximal ES estimation for Cisco is 43,9% of the total portfolio value
whereas for Apple it is 17,0%. The difference between the VaR and the ES es-
timation for Cisco with the assumption of generalized hyperbolic distribution
is 92,3% on average and the maximal difference is 127,8%. The corresponding
numbers for the normal distribution are 15,2% respectively 33,6%. For Apple
the difference between the VaR and the ES estimation is 26,1% on average
and 27,2% maximal with the assumption of generalized hyperbolic distribu-
tion. The corresponding numbers for the normal distribution are 14,3% and
14,4%.

The graph in Figure 4.32 compare the VaR estimations according to the
generealized hyperbolic distribution (upper line) respectively the normal dis-
tribution (lower line) for Cisco. Figure 4.33 compare the same thing but for
Apple. Figure 4.34 and Figure 4.35 show the corresponding comparisons for
the ES estimtions for Cisco respectively for Apple. The average difference
between the VaR estimations according to the generalized hyperbolic distri-
bution respectively the normal distribution is 55,8% for Cisco and 8,9% for
Apple. The maximal difference between the VaR estimations is 63,5% for
Cisco and 12,9% for Apple. The corresponding numbers for the ES estima-
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Figure 4.28: The VaR estimation for Cisco according to the generalized
hyperbolic distribution. The time period is from 15.02.2011 to 14.04.2011.
The maximal VaRghyp is $ 236 694,24 which corresponds to 26,8% of the
value of the Pcisco on the day the maximum occured and the average VaRghyp
is $ 213 848,47 which corresponds to 22,6% of the average value of the Pcisco

tions are 160,4% on average and the maximal difference is 175,5% for Cisco
and for Apple the difference is 20,2% on average and the maximal difference
is 25,2%.

Finally, we give the graphs with the VaR respectively the ES estimations
for both the generalized hyperbolic distribution and the normal distribution
together with the real losses. Figure 4.36 and Figure 4.37 show the compar-
ison for the VaR estimations for Cisco respectively Apple. Figure 4.38 and
Figure 4.39 show the comparison for the ES estimations for Cisco respectively
Apple.

The maximal ESghyp for Cisco is 43,9% of the total value of Pcisco and
occured on 18.02.2011. The maximal ESghyp for Apple is 17,0% of the
total value of Papple and occured on 08.04.2011. The maximal VaRghyp for
Cisco is 23,4% of the total value of Pcisco and occured on 18.02.2011. The
maximal ESghyp for Apple is 13,5% of the total value of Papple and occured
on 08.04.2011. It is evident from the graphs that we do not have any violation
for Apple in neither the normal case nor in the generalized hyperbolic case.
For Pcisco there is a violation in the normal case as we saw in the previous
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Figure 4.29: The VaR estimation for Apple according to the generalized
hyperbolic distribution. The time period is from 15.02.2011 to 14.04.2011.
The maximal VaRghyp is $ 139 916,11 which corresponds to 13,5% of the
value of the Papple on the day the maximum occured and the average VaRghyp
is $ 133 335,59 which corresponds to 13,0% of the average value of the Papple
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Figure 4.30: The ES estimation for Cisco according to the generalized hy-
perbolic distribution. The time period is from 15.02.2011 to 14.04.2011.The
maximal ESghyp is $ 440 196,16 which corresponds to 43,9% of the value of
the Pcisco on the day the maximum occured and the average ESghyp is $ 409
337,48 which corresponds to 43,3% of the average value of the Pcisco
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Figure 4.31: The ES estimation for Apple according to the generalized hy-
perbolic distribution. The time period is from 15.02.2011 to 14.04.2011.
The time period is from 15.02.2011 to 14.04.2011. The maximal ESghyp
is $176.434,42 which corresponds to 17,0% of the value of the Papple on the
day the maximum occured and the average ESghyp is $ 168.177,88 which
corresponds to 16,4% of the average value of the Papple
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Figure 4.32: The VaR estimation for Cisco. The top line corresponds to
the generalized hyperbolic distribution and the lower line corresponds to
the normal distribution. The time period is from 15.02.2011 to 14.04.2011.
The maximal difference between VaRghyp and VaRnorm is 63,5% of the
VaRnorm, while the average difference is 55,8%. The maximal difference
corresponds to about 6,4% of the total value of the portfolio.
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Figure 4.33: The VaR estimation for Apple. The top line corresponds to
the generalized hyperbolic distribution and the lower line corresponds to the
normal distribution. The time period is from 15.02.2011 to 14.04.2011. The
maximal difference between the VaRghyp and the VaRnorm is 12,9% of the
VaRnorm, while the average is 8,9%. The maximal difference corresponds to
about 1,3% of the total value of the portfolio.
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Figure 4.34: The expected shortfall estimation for Cisco. The top line cor-
responds to the generalized hyperbolic distribution and the lower line cor-
responds to the normal distribution. The time period is from 15.02.2011 to
14.04.2011. The maximal difference between the ESghyp and the ESnorm is
175,5% of the ESnorm, while the average is 160,4%. The maximal difference
corresponds to about 17,6% of the total value of the portfolio.
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Figure 4.35: The expected shortfall estimation for Apple. The top line cor-
responds to the generalized hyperbolic distribution and the lower line cor-
responds to the normal distribution. The time period is from 15.02.2011 to
14.04.2011. The maximal difference between the ESghyp and the ESnorm is
25,2% of the ESnorm, while the average is 20,2%. The maximal difference
corresponds to about 2,5% of the total value of the portfolio.
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Figure 4.36: Comparison between the VaR estimation calculated according to
the generalized hyperbolic distribution respectively the normal distribution
and the real losses for Pcisco. VaRghyp corresponds to the top line, VaRnorm
to the lower line and the real loss to the green line. The time period is from
15.02.2011 to 14.04.2011.

section but there is no violation in the VaR estimation calculated from the
generalized hyperbolic distribution. At the time for the violation, Cisco had
announced some bad news which lead to a fall in the stock price. Since
this is an extraordinary event it does not necessarily mean that the normal
VaR or ES estimations are not good risk measures. However, in the loss
estimation according to the generalized hyperbolic distribution we had no
violation. On the other hand, this way of measuring the risk requires to
hold more capital as we have seen in the above comparisons between the risk
estimations according to the normal respectively the generalized hyperbolic
distribution.
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Figure 4.37: Comparison between the VaR estimation calculated according to
the generalized hyperbolic distribution respectively the normal distribution
and the real losses for Papple. VaRghyp corresponds to the top line, VaRnorm
to the lower line and the real loss to the green line. The time period is from
15.02.2011 to 14.04.2011.
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Figure 4.38: Comparison between the ES estimation calculated according to
the generalized hyperbolic distribution respectively the normal distribution
and the real losses for Pcisco. ESghyp corresponds to the top line, ESnorm
to the lower line and the real loss to the green line. The time period is from
15.02.2011 to 14.04.2011.
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Figure 4.39: Comparison between the ES estimation calculated according to
the generalized hyperbolic distribution respectively the normal distribution
and the real losses for Papple. ESghyp corresponds to the top line, ESnorm
to the lower line and the real loss to the green line. The time period is from
15.02.2011 to 14.04.2011.



70 Chapter 4. Results



Chapter 5

Conclusions

The main goal of this thesis is to compare different risk measures for a large
portfolio and evaluate which risk measure gives the best estimation.

We first assume that the log-returns of the portfolio are normally dis-
tributed and calculate the VaR, the ES and the CFVaR estimations accord-
ingly. The next step is to assume that the log-returns of the portfolio follow
the generalized hyperbolic distribution and calculate the VaR and the ES
estimations under this assumption. The reason for choosing the generalized
hyperbolic distribution is that it takes five parameters into account, which
means that is more flexible than the normal distribution and provide a better
fit to real data.

We set up a portfolio consisting of ten stocks that we chose from the
NASDAQ 100 list. The stocks are chosen from different sectors in order to
diversify the portfolio. We investigate the correlation between the stocks
and set up a new portfolio in which we removed the two most correlated
stocks. The reason for this is that it is interesting to investigate how much
the correlation between the stocks influence the loss estimations. We see
that all the risk estimations are lower in the 8-stock portfolio than in the
10-stock portfolio. This indicates that the correlation between the stocks in
the portfolio affects the risk in a non-trivial way. Besides calculating the VaR
and ES estimations we also calculate the CFVaR. The reason for this is to
see how the third and fourth cumulants (skewness and kurtosis) affects the
risk estimation. If the log-returns are normally distributed then the CFVaR
and the VaR estimations should give the same results, which they clearly do
not in our case. The CFVaR estimations are consequently higher than the
VaR estimation. This is because our portfolios are negatively skewed and
have fat tails.

We also made an investigation of what is the difference in risk estimation
if we treat the portfolio as one asset (univariate) as opposed to treating
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it as a multivariate asset. We see that in the univariate case all the risk
estimations are about 1% higher than in the multivariate case. Calculating
the risk in the univariate case is faster and easier than calculating the risk
in the multivariate case. Further, since the difference is small between the
univariate and the multivariate case we only investigate the univariate case
when calculating the risk estimation under the assumption that the log-
returns follow the generalized hyperbolic distribution. This gives a slightly
higher risk estimation, meaning that the collateral will be higher, but this
can be compensated by the lower cost of calculating the risk.

When calculating the risk estimation assuming the generalized hyperbolic
distribution we only look at the 10-stock portfolio and we calculate just the
VaR and the ES estimations. The reason for excluding the CFVaR estimation
is that the generalized hyperbolic distribution already takes into account
the higher cumulants. Further, since the VaR estimated in the generalized
hyperbolic distribution is based on the quantile of the fitted distribution
and, if the return series follow the generalized hyperbolic distribution, should
be more accurate than the CFVaR. The outcome of all our calculations is
that the highest loss estimation is given by the ES under the generalized
hyperbolic distribution and the lowest estimation is given by the normal
VaR.

To understand the limitations of the risk estimations if the asset is volatile
and far from being normally distributed we also choose to calculate the risk
estimations for Cisco, since this is the stock in the portfolio that deviates
most strongly from normality. For comparisons reason we also look at Apple,
this stock is from the same sector as Cisco but much more well-behaved.
The results show that even if both companies are in the same sector and
in the same index list (NASDAQ 100), they have a remarkable difference
in loss estimations. Also, their maximal VaR and ES estimations does not
occur at the same dates. This result indicates that we should consider the
performance of each company together with the market performance and the
macro economic factors to be able to explain the magnitude of the difference
in the loss estimations.

For the portfolios we considered, none of the risk estimations are violated.
However, when we investigated the Cisco portfolio, which is highly volatile,
both the normal VaR and the normal ES estimations are violated. This does
not necessarily mean that normal VaR is an inadequate risk measure for a
single asset in general, just that it does not take into account extraordinary
events. As we see in the results chapter normal VaR is never violated for
the Apple portfolio which also only consists of one stock. The difference is
that Apple is less volatile and more close to being normally distributed than
Cisco.



The conclusions that can be drawn from this study is that the risk esti-
mation methods other than the normal VaR, might be considered as overes-
timating the risk exposure. Overestimating the risk might result in requiring
too high collateral and hence a lower investment capacity. For a large well-
diversified portfolio, normal VaR seems to be an adequate measure of risk and
does not require as high security deposit as the other methods. But as men-
tioned above, normal VaR does not consider extraordinary events. Which
risk measure should be used depends on the risk aversion of the investor.
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Appendix

On the following pages we give the computer code used in some of the
calculations in the programs Excel, Mathematica and R.

5.0.1 Excel

The following code we used in Excel to calculate VaR and ES. In order to use
this code you need to have the date in the first column and then the prices
for each of the stocks in the following columns for every spread sheet that
you want to use. This code is based on that you give the prices for exactly
ten stocks and 253 stock prices for each stock. If you enter more than 253
prices the code will not take these extra prices into account.

##Sub VaRCVaR()
’ VaRCVaR Makro

ActiveCell.FormulaR1C1 = "Tot.value"
Range("M2").Select
ActiveCell.FormulaR1C1 = _

"=294*RC[-11]+4728*RC[-10]+3526*RC[-9]+1527*RC[-8]+
3293*RC[-7]+3974*RC[-6]+1147*RC[- 5]+
1533*RC[-4]+3171*RC[-3]+859*RC[-2]"

Range("M2").Select
Selection.AutoFill Destination:=Range("M2:M254"), Type:=xlFillDefault
Range("M2:M254").Select
Range("M206").Select
Range("M181").Select
Range("M156").Select
Range("M131").Select
Range("M106").Select
Range("M81").Select
Range("M56").Select
Range("M31").Select
Range("M6").Select
Range("P1").Select
ActiveCell.FormulaR1C1 = "apple"
Range("P2").Select
ActiveCell.FormulaR1C1 = "=LN(RC[-14]/R[1]C[-14])"
Range("P2").Select
Selection.AutoFill Destination:=Range("P2:P253"), Type:=xlFillDefault
Range("P2:P253").Select
Range("Q1").Select
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ActiveCell.FormulaR1C1 = "cisco"
Range("Q2").Select
ActiveCell.FormulaR1C1 = "=LN(RC[-14]/R[1]C[-14])"
Range("Q2").Select
Selection.AutoFill Destination:=Range("Q2:Q253")
Range("Q2:Q253").Select
Range("R1").Select
ActiveCell.FormulaR1C1 = "vodafone"
Range("R2").Select
ActiveCell.FormulaR1C1 = "=LN(RC[-14]/R[1]C[-14])"
Range("R2").Select
Selection.AutoFill Destination:=Range("R2:R253")
Range("R2:R253").Select
Range("S1").Select
ActiveCell.FormulaR1C1 = "biogen"
Range("S2").Select
ActiveCell.FormulaR1C1 = "=LN(RC[-14]/R[1]C[-14])"
Range("S2").Select
Selection.AutoFill Destination:=Range("S2:S253")
Range("S2:S253").Select
Range("T1").Select
ActiveCell.FormulaR1C1 = "ebay"
Range("T2").Select
ActiveCell.FormulaR1C1 = "=LN(RC[-14]/R[1]C[-14])"
Range("T2").Select
Selection.AutoFill Destination:=Range("T2:T253")
Range("T2:T253").Select
Range("U1").Select
ActiveCell.FormulaR1C1 = "expedia"
Range("U2").Select
ActiveCell.FormulaR1C1 = "=LN(RC[-14]/R[1]C[-14])"
Range("U2").Select
Selection.AutoFill Destination:=Range("U2:U253")
Range("U2:U253").Select
Range("V1").Select
ActiveCell.FormulaR1C1 = "joy"
Range("V2").Select
ActiveCell.FormulaR1C1 = "=LN(RC[-14]/R[1]C[-14])"
Range("V2").Select
Selection.AutoFill Destination:=Range("V2:V253")
Range("V2:V253").Select
Range("W1").Select
ActiveCell.FormulaR1C1 = "ross"
Range("W2").Select
ActiveCell.FormulaR1C1 = "=LN(RC[-14]/R[1]C[-14])"
Range("W2").Select
Selection.AutoFill Destination:=Range("W2:W253")
Range("W2:W253").Select
Range("X1").Select
ActiveCell.FormulaR1C1 = "star"
Range("X2").Select
ActiveCell.FormulaR1C1 = "=LN(RC[-14]/R[1]C[-14])"
Range("X2").Select
Selection.AutoFill Destination:=Range("X2:X253")
Range("X2:X253").Select
Range("Y1").Select
ActiveCell.FormulaR1C1 = "wynn"
Range("Y2").Select
ActiveCell.FormulaR1C1 = "=LN(RC[-14]/R[1]C[-14])"
Range("Y2").Select
Selection.AutoFill Destination:=Range("Y2:Y253")
Range("Y2:Y253").Select
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Range("Z1").Select
ActiveCell.FormulaR1C1 = "total return"
Range("Z2").Select
ActiveCell.FormulaR1C1 = "=LN(RC[-13]/R[1]C[-13])"
Range("Z2").Select
Selection.AutoFill Destination:=Range("Z2:Z253")
Range("Z2:Z253").Select
Range("AB2").Select
ActiveCell.FormulaR1C1 = "apple"
Range("AB3").Select
ActiveCell.FormulaR1C1 = "cisco"
Range("AB4").Select
ActiveCell.FormulaR1C1 = "vodafone"
Range("AB5").Select
ActiveCell.FormulaR1C1 = "biogen"
Range("AB6").Select
ActiveCell.FormulaR1C1 = "ebay"
Range("AB7").Select
ActiveCell.FormulaR1C1 = "expedia"
Range("AB8").Select
ActiveCell.FormulaR1C1 = "joy"
Range("AB9").Select
ActiveCell.FormulaR1C1 = "ross "
Range("AB10").Select
ActiveCell.FormulaR1C1 = "star"
Range("AB11").Select
ActiveCell.FormulaR1C1 = "wynn"
Range("AC2").Select
ActiveCell.FormulaR1C1 = "294"
Range("AC3").Select
ActiveCell.FormulaR1C1 = "4728"
Range("AC4").Select
ActiveCell.FormulaR1C1 = "3526"
Range("AC5").Select
ActiveCell.FormulaR1C1 = "1527"
Range("AC6").Select
ActiveCell.FormulaR1C1 = "3293"
Range("AC7").Select
ActiveCell.FormulaR1C1 = "3974"
Range("AC8").Select
ActiveCell.FormulaR1C1 = "1147"
Range("AC9").Select
ActiveCell.FormulaR1C1 = "1533"
Range("AC10").Select
ActiveCell.FormulaR1C1 = "3171"
Range("AC11").Select
ActiveCell.FormulaR1C1 = "859"
Range("AD1").Select
ActiveCell.FormulaR1C1 = "weight"
Range("AD2").Select
ActiveCell.FormulaR1C1 = "=RC[-1]*RC[-28]/RC[-17]"
Range("AD3").Select
ActiveCell.FormulaR1C1 = "=RC[-1]*R[-1]C[-27]/R[-1]C[-17]"
Range("AD4").Select
ActiveCell.FormulaR1C1 = "=RC[-1]*R[-2]C[-26]/R[-2]C[-17]"
Range("AD5").Select
ActiveCell.FormulaR1C1 = "=RC[-1]*R[-3]C[-25]/R[-3]C[-17]"
Range("AD6").Select
ActiveCell.FormulaR1C1 = "=RC[-1]*R[-4]C[-24]/R[-4]C[-17]"
Range("AD7").Select
ActiveCell.FormulaR1C1 = "=RC[-1]*R[-5]C[-23]/R[-5]C[-17]"
Range("AD8").Select
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ActiveCell.FormulaR1C1 = "=RC[-1]*R[-6]C[-22]/R[-6]C[-17]"
Range("AD9").Select
ActiveCell.FormulaR1C1 = "=RC[-1]*R[-7]C[-21]/R[-7]C[-17]"
Range("AD10").Select
ActiveCell.FormulaR1C1 = "=RC[-1]*R[-8]C[-20]/R[-8]C[-17]"
Range("AD11").Select
ActiveCell.FormulaR1C1 = "=RC[-1]*R[-9]C[-19]/R[-9]C[-17]"
Range("AE1").Select
ActiveCell.FormulaR1C1 = "mu"
Range("AE2").Select
ActiveCell.FormulaR1C1 = "=AVERAGE(RC[-15]:R[251]C[-15])"
Range("AE3").Select
ActiveCell.FormulaR1C1 = "=AVERAGE(R[-1]C[-14]:R[250]C[-14])"
Range("AE4").Select
ActiveCell.FormulaR1C1 = "=AVERAGE(R[-2]C[-13]:R[249]C[-13])"
Range("AE5").Select
ActiveCell.FormulaR1C1 = "=AVERAGE(R[-3]C[-12]:R[248]C[-12])"
Range("AE6").Select
ActiveCell.FormulaR1C1 = "=AVERAGE(R[-4]C[-11]:R[247]C[-11])"
Range("AE7").Select
ActiveCell.FormulaR1C1 = "=AVERAGE(R[-5]C[-10]:R[246]C[-10])"
Range("AE8").Select
ActiveCell.FormulaR1C1 = "=AVERAGE(R[-6]C[-9]:R[245]C[-9])"
Range("AE9").Select
ActiveCell.FormulaR1C1 = "=AVERAGE(R[-7]C[-8]:R[244]C[-8])"
Range("AE10").Select
ActiveCell.FormulaR1C1 = "=AVERAGE(R[-8]C[-7]:R[243]C[-7])"
Range("AE11").Select
ActiveCell.FormulaR1C1 = "=AVERAGE(R[-9]C[-6]:R[242]C[-6])"
Range("AE12").Select
ActiveCell.FormulaR1C1 = ""
Range("AB13").Select
ActiveCell.FormulaR1C1 = "Covariance matrix"
Range("AB14").Select
Application.Run "ATPVBAEN.XLAM!Mcovar", ActiveSheet.Range("$P$2:$Z$253"), _

ActiveSheet.Range("$AB$15"), "C", False
Selection.Copy
ActiveWindow.SmallScroll Down:=13
Range("AB28").Select
Selection.PasteSpecial Paste:=xlPasteAll, Operation:=xlNone, SkipBlanks:= _

False, Transpose:=False

Selection.PasteSpecial Paste:=xlPasteValues, Operation:=xlNone, SkipBlanks _
:=True, Transpose:=True

Range("AB41").Select
ActiveWindow.SmallScroll Down:=11
Application.CutCopyMode = False
ActiveCell.FormulaR1C1 = "mean"
Range("AB42").Select
ActiveCell.FormulaR1C1 = "variance"
Range("AB43").Select
ActiveCell.FormulaR1C1 = "std. Dev"
Range("AB44").Select
ActiveCell.FormulaR1C1 = "Var"
Range("AB45").Select
ActiveCell.FormulaR1C1 = "ES"
Range("AC41").Select
ActiveCell.FormulaR1C1 = _

"=-1*R[-39]C[-16]*MMULT(TRANSPOSE(R[-39]C[1]:R[-30]C[1]),R[-39]C[2]:R[-30]C[2])"
Range("AC41").Select
Selection.FormulaArray = _

"=-1*R[-39]C[-16]*MMULT(TRANSPOSE(R[-39]C[1]:R[-30]C[1]),R[-39]C[2]:R[-30]C[2])"
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Range("AC42").Select
Selection.FormulaArray = _

"=R[-40]C[-16]^2*MMULT(MMULT(TRANSPOSE(R[-40]C[1]:R[-31]C[1]),
R[-13]C:R[-4]C[9]),R[-40]C[1]:R[-31]C[1])"

Range("AC43").Select
ActiveCell.FormulaR1C1 = "=SQRT(R[-1]C)"
Range("AC44").Select
ActiveCell.FormulaR1C1 = "=R[-3]C+R[-1]C*NORMSINV(0.99)*SQRT(10)"
Range("AC45").Select
ActiveCell.FormulaR1C1 = _

"=R[-4]C+(EXP(-1*NORMSINV(0.99)^2/2))/(0.01*SQRT(2*PI()))*R[-2]C*SQRT(10)"
Range("AC46").Select

End Sub

5.0.2 Mathematica
The following code we used in Mathematica to calculate MVaR.

Uni=ReadList["uni.txt2,Table[Number,{1}]];
q=Quantile[NormalDistribution[0,1],0.99]
For[i=0; j=251, j<299, i++; Print[Skewness[uni[[I;;j]]]]]
For[i=0; j=251, j<299, i++; Print[Kurtosis[uni[[I;;j]]]]]
For[m=0,m<48,m++; Print[q+(q^2-1)*lis[[m]]/6+(q^3-3*q)*lisk[[m]]/24-(2*q^3-5*q)*lis[[m]]^2/36]]
Export["zcf.xls",zcf]

5.0.3 R
The following code we used in R to calculate VaR and ES for the 10-stock portfolio. The code loops
through our data material and uses 252 data points (corresponding to one year) for each parameter
estimation and then calculate VaR and ES for each day (48 days total). The values for VaR and ES are
at each step computed and stored in the corresponding vectors VaRs and ESs. The code is written by
Marc Weibel, Zurich University, Switzerland. The following packages need to be loaded in order to use
this code: gtools, gplots, numDeriv, ghyp, DistributionUtils, fitdistrplus, GeneralizedHyperbolic, gdata,
caTools, bitops, utils, stats, methods, graphics, grid, Matrix, base, lattice. We used the version 2.12 of R.

### BEGINING OF THE CODE
# change the level of confidence if needed
conf.level <- 0.99

ghyp.fit <- list()
coefs <- VaRs <- ESs <- vector()
for (i in 1:(length(data)-251-1))
{

myData <- data[i:(i+251)]
ghyp.fit[[i]] <- fit.ghypuv(myData, silent=TRUE, method="BFGS")
coefs <- rbind(coefs, coef(ghyp.fit[[i]]))
VaRs <- rbind(VaRs, qghyp((1-conf.level), ghyp.fit[[i]]))
ESs <- rbind(ESs, ESghyp((1-conf.level), ghyp.fit[[i]]))

}
colnames(ESs) <- ’Expected Shortfall(1day)’
colnames(VaRs) <- ’Value-at-Risk (1day)’
filename <- ’myResults.csv’

write.csv(cbind(ESs,VaRs, coefs),filename)

## END OF THE CODE
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5.0.4 Results from calculations

Here is a table with the results from our calculations.

Figure 5.1: Table of the results for all calculations.
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