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Abstract

It has been recognized by trading community for some time that the limit order
has some option characteristics. Obviously, this is a special type of option as it
is owned by the entire trading community as a whole. The exchanges recognized
this fact by rewarding the limit orders with rebates. This paper is an attempt to
determine the faire value of this rebate, based on the absence of statistical arbitrage.

1 Preliminary considerations

The basic law of economics teaches us that the prices are driven by the equilibrium of
supply and demand. For a double sided auction market this materializes in the form
of continuous presence of buy and sell orders. The difference between the lowest priced
sell order ( Ask) and the highest priced buy order ( Bid ) is defined as spread. For
various securities, spread varies based on many factors. Numerous studies devoted to
spread formation and its dynamics. We will not be concerned ourselves with this issue
in this paper. Instead, we approach the problem of limit order pricing taking the spread
as an exogenous variable. This gives us the freedom to aggregate the interests of limit
and market order traders into two categories and consider only two “aggregated” market
participates: the limit and the market order traders.

The economics of the stock market also teaches us that the supply and demand pattern
changes under the influence of economic news. Naturally, the news can affect the market
in a different way. For simplicity we assume that we have only two types of news: bad or
good with equal appearance magnitudes.

Most of the time traders are using both limit and market orders at the same time.
Philosophically speaking no trader belong to one group for a prolong period. However,
the migration from one group to the next should not change the fact that the two groups
should not derive any statistically justify profit from their choices. Otherwise one of the
group will eventually withdraw from the market and the market will fail.

To summarize the assumptions of the model:

1. The spread for a given security is constant.

2. There is one aggregate market order trader and one aggregate limit order trader. 1

∗High-frequency trading group, Deutschebank, NY, USA.
†IDE-section, Halmstad University, Halmstad, Sweden
1In what follows for simplicity we will drop the word ”aggregate”.
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3. The economic news follow the random walk. The approach will still be valid with any
other assumption but the calculation will not be so straightforward.

4. The size of the bid and the offer are equal.

———————————————————————
Let us denote by (bt, at) the pair of the market maker quotes: bt for the bid price and

at for the ask price. These quotes usually contain volumes for each side, but we suppose
that both volumes are equal. The maximal difference at− bt between the market maker’s
quotes usually is restricted by correspondent exchange rules.

Under these requirements the market maker can only shift his quotes up or down in
response to traders activity. If they sell more frequent than buy, then the market maker
should move quotes down to avoid increasing long position in his portfolio. If frequency of
buys increases, then the market maker has to raise his quotes to keep number of executions
on each side equal.

The most favorable situation for the market maker is equal number of trades between
sides without any need to change the quotes. In this situation he get a maximal profit
from this activity, when each pair of executions in opposite directions amounts to a profit
equal to the difference at − bt between quotes.

Unfortunately the price process has properties of a random walk. And one of these
properties is that excess of upper price movements over down price movements can reach
any fixed positive number with probability 1 on the infinite time horizon. This means
that market prices can deviate from the current level and never came back. Therefore if
the market maker will try to keep his quotes steadily, hi can get to any loss with positive
probability.

Let us consider the process of market maker’s quotes adjustments to price movements
on a simple example2.

An execution made by some trader at the moment t at the ask price at supposes that
the market maker’s portfolio decreases by 1 lot (trader bought). At the same moment
the market maker raises his quotes up to one spread in such a way, that bt+1 = bt + l = at
and at+1 = at + l. In fact market maker can change his quotes in arbitrary manner, but
now we suppose it this way.

If at the next moment some other trader made an execution at the bid price bt+1,
then the market maker’s portfolio increases by 1 lot to the previous volume and financial
result3 of these trades will be equal to 0, because both trades were made by the same
price (at = bt+1). If we continue these considerations it will end to the conclusion that
each return to the previous price resulting to the zero profit for market-maker.

If market maker’s response to an execution will be higher than one spread, then each
return to the previous price level will result to some loss for the market maker. If his
shift of quotes as a response to an execution is less than one spread, then each return to
the previous price will result to some profit for the market maker. This explains at some
extent why we use shift of quotes equal to one spread4.

Let we consider a dynamics of the market maker’s portfolio with the help of a simple
binomial framework. Let random sequence ξ1, . . . , ξn, . . . of independent bernoulli random
variables be the process which drive executions against the market maker’s quotes. If ξn

2We suppose in the presented model that the difference between quotes usually referred to as a spread
is fixed and equal to l = at − bt for any moment of time.

3Financial result of trading activity usually denoted as P&L (profit and loss).
4The situation when no one side can use it’s position for unrisky profit corresponds to the so called

“fair pricing” or “risk-neutral pricing”.
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takes the value +1, then some trader took one lot long trade at the moment n. If ξn takes
the value −1 then some trader took one lot short trade at the moment n. Therefore,
number of stocks in the market maker’s portfolio at the moment n is equal to

γn = −
n∑
i=1

ξi =
n∑
i=1

−ξi,

where −γn can be interpreted as a joined opposite portfolio of all traders against the
market maker.

If we consider a model with fixed spread, then dynamics of the prices is completely
defined by the dynamics of the average between bid and ask prices, which usually called
“mid-spread” (middle of the spread). This dynamics is given by the formula

Sn = S0 + l

n∑
i=1

ξi,

where S0 is the value of the mid-spread at the starting point and l is the value of the
spread, l = ask− bid.

Money inflow/outflow to/from the market maker can be easily calculated by the fol-
lowing algorithm. If at the moment n a trader bought a lot of shares (ξn = 1), then
market maker get Sn−1 + l/2 = Sn−1 + ξn l/2, because the trader have to buy at the
ask price which are l/2 higher than mid-spread price Sn−1. By the same logic if at the
moment n a trader sold a lot of shares (ξn = −1), then the market maker spent (he have
to buy this lot from the trader) Sn−1− l/2 = Sn−1 + ξn l/2, because the trader has to use
bid price which is l/2 less then the mid-spread Sn−1. Therefore, the money flow to the
market maker up to the moment n is equal to

Un =
n∑
i=1

(Si−1 + ξi l/2)ξi.

Thus we get the value for the money pocket of the market maker. If we get an
estimation for the liquidation value Ln of the market maker’s portfolio, then we will be
able to find it’s P&L as the sum of both parts: P&L = Un + Ln.

There are two slightly different ways for the estimation of a market maker’s portfolio
value. The first one uses the last trade (last observed execution) as an estimation of
the portfolio value. The second one make some difference between bid and ask prices
depending on the type of the portfolio (short or long). If the portfolio is long, then to
close this portfolio we shall use current bid price otherwise we shall use current ask price.
We consider both approaches in the following section.

2 Portfolio liquidation value

Consider a market maker’s portfolio, which consists of gn lots of shares. If we estimate it’s
liquidation value by the last execution price then the value Ln of the portfolio depends
on the direction of the last trade ξn. In response to the positive (long trade) value of ξn
the market maker will shift up quotes and therefore last trade price will correspond to the
current bid price Sn − l/2 = Sn − ξn l/2. If the value of ξn is negative (short trade), the
market maker will shift down the quotes and the last execution price will correspond to
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the current ask price Sn+ l/2 = Sn−ξn l/2. Thus we get an expression for the liquidation
value Ln of the market maker’s portfolio by multiplying number of shares by the price

Ln = γn(Sn − ξn l/2).

Taking into account an expression gn = −
∑
ξi and formula for money value Un of the

market maker’s operations up to the moment n we get a formula for the P&L

P&L1
n =

n∑
i=1

(Si−1 + ξi l/2)ξi −
n∑
i=1

ξi(Sn − ξn l/2).

If we take the point that liquidation value of a portfolio should depend on the type of
the portfolio, when positive number of shares (long position) should be liquidated (sold) at
the current bid price and negative number of shares (short position) should be liquidated
(bought) at the current ask price, then the formula will depend not on the sign of the
last trade ξn but on the sign of all portfolio γn. If γn is positive, then liquidation price is
equal to Sn − l/2 = Sn − sign(γn) l/2. Otherwise, if γn is negative, then liquidation price
is equal to Sn + l/2 = Sn − sign(γn) l/2. Therefore, with use of the same logic as above
we get a formula for P&L for this case

P&L2
n =

n∑
i=1

(Si−1 + ξi l/2)ξi −
n∑
i=1

ξi

(
Sn − sign

(
−

n∑
i=1

ξi

)
l/2

)

=
n∑
i=1

(Si−1 + ξi l/2)ξi −
n∑
i=1

ξi

(
Sn + sign

(
n∑
i=1

ξi

)
l/2

)
.

If we take into account independence of the random variables ξn, then we get the
following formulae for the expected liquidation values

E
[
P&L1

]
=

l

2
E

[
n∑
i=1

ξ2i

]
− lE

[
n∑
i=1

ξ2i

]
+
l

2
E[ξ2n] = − l(n− 1)

2

E
[
P&L2

]
=

l

2
E

[
n∑
i=1

ξ2i

]
− lE

[
n∑
i=1

ξ2i

]
− l

2
E

[∣∣∣∣ n∑
i=1

ξi

∣∣∣∣
]

It is easy to see that average loss per pair of quotes for the P&L1 converges to l/2
when n increases up to infinity. The same result is true for the P&L2 if we use asymptotic
properties of binomial distribution which converges to normal distribution such that∑

ξi√
npq
∼ N(0, 1)

and

E
[
P&L2

]
∼ − ln

2
− l

2

√
2npq

π
.

Therefore the average loss per pair of quotes for the P&L2 also converges to l/2 when n
increases up to infinity.

It is interesting that limit order sent to the market can be considered as an option
which trader provide for other participants. If we have on a long run a price of a couple
of orders equal to l/2, it turns out that price of one quote should be equal to l/4 which
equal to the current value of a rebate on the market. Thus it looks like the market found
an equilibrium price by it self.
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3 Continuous time model

For analytical purposes it is better to transform discrete time model to the continuous
time model which is usually more convenient. After some evident transformation we get
the P&L2 represented as

P&L2
n = l

n∑
i=1

(
i−1∑
j=1

ξj

)
ξi +

l

2

n∑
i=1

ξ2i − l

(
n∑
i=1

ξi

)2

− l

2

∣∣∣∣ n∑
i=1

ξi

∣∣∣∣.
It is quite natural to replace random walk

∑
ξi by the Brownian motion5 Bt and thus get

the following representation for the P&L2

P&L2
t = l

∫ t

0

BsdBs +
lt

2
− lB2

t −
l

2
|Bt|

With use of integration by parts formula for the Brownian motion we get

P&L2
t = − l

2
(B2

t + |Bt|).

This formulation allow us easily discover properties of the moment when losses P&L2
t will

reach a given level a. Let us denote

τa = inf{t ≥ 0 : P&L2
t ≥ a} = inf

{
t ≥ 0 : B2

t + |Bt| ≥ 2a/l
}
.

It can be easily verified that

B2
t + |Bt| ≥ 2a/l ⇔ |Bt| ≥ â = (−1 +

√
1 + 8a/l)/2

and therefore

τa = inf{t ≥ 0 : P&L2
t ≥ a} = inf {t ≥ 0 : |Bt| ≥ â} .

Properties of the moment τa are well known in the probability theory and some of
them described by the following formulae

P[τa <∞] = 1, E[τa] = â2,

E[e−λτa ] = cosh−1(â
√

2λ),

pτa(t) = 2
∞∑
i=0

(−1)i
â(1 + 2i)

t
ϕt(â(1 + 2i)),

where pτa(t) is a probability density function for τa and ϕt(x) is a density function for the
standard normal distribution with zero mean and variance t (see [?]).

These properties enable risk-manager to calculate the probability P[τa ≤ t] that losses
will reach level a before the time t. Moreover these properties tell him, that for any given
level a this will occur with probability one.

If we try to incorporate in our model rebates equal to one quart of spread per side,
then expression for the market maker’s losses will turn to be

P&L2
t = − l

2
(B2

t + |Bt| − t)

5This corresponds to the symmetrical random walk. We choose the way to simplify considerations,
which can be done in the non-symmetrical case also.
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and moment when losses hit the level a will be defined as

σa = inf{t ≥ 0 : P&L2
t ≥ a} = inf{t ≥ 0 : |Bt| ≥ â(t)},

where â(t) = (−1 +
√

1 + 8a/l + 4t)/2.
The problem of discovering probabilistic properties of σa is more difficult, but sill

tractable. Therefore this formulation make sense for the research.
Similar model we will get if we make an assumption about density c(x) of simultaneous

trades depending on the level x of the price6. This function describes the density of trades
with opposite directions per unit of time which give to the market maker a net income
proportional to the spread l and the quantity of such a trades at the specified level x.
Denote by zt(x) the time7 which Brownian motion Bt spent on the level x up to the time
t. Then the income of the market maker up to the time t from these trades ie equal to

v(t) =

∫ ∞
−∞

lc(x)zt(x)dx.

By the occupational time formula we get that

v(t) =

∫ t

0

lc(Bs)d < B,B >s=

∫ t

0

lc(Bs)ds

and expression for the losses P&L2
t at the moment t

P&L2
t = − l

2

(
B2
t + |Bt| − 2

∫ t

0

c(Bs)ds

)
.

If we suppose that density c(x) does not depend of x, then we get

P&L2
t = − l

2

(
B2
t + |Bt| − 2ct

)
,

which is equivalent to the model considered above.

4 Conclusion

In the presented paper we considered some simple models which intended to formulate
an approach to estimation of a market maker’s portfolio dynamics.

In spite the simplicity of formulations these considerations discover some properties
similar to the real market, where the price of a limit order is very close to 1/4 of a spread
value.

We formulated continuous time approximation8 to one of the discrete time models and
sketched the properties of this model. This consideration can give some intuition about
the model behavior and also shows risk-management tools in this area connected to the
properties of the hitting time

σa = inf{t ≥ 0 : P&L2
t ≥ a} = inf{t ≥ 0 : |Bt| ≥ â(t)}.

It is also possible to consider reverse problem when we try to determine density of
executions per unit of time which makes market maker activity profitable with big enough
probability. The problem of finding the spread size looks similar, but it should be more
difficult because intensity of trades crucially depend of the distance between bid and ask.

6We suppose that c(x) is a Borel function on R.
7Usually this time called “local time”.
8It could be considered in general semimartingale settings, but we tried to avoid any difficulties

concerning advanced mathematical technique which can hide the idea of the model.
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