Technical report, IDE1141, August 25, 2011

Pricing and Hedging
of Defaultable Models

Master’s Thesis in Financial Mathematics

Magdalena Antczak Marta Leniec

T

MASTER'S PROGRAMME IN FINANCIAL \I\TIII\I\TI[\

) GSKO‘C
O ki
7. School of Information Science, Computer and Electrical Engineering

Halmstad University



Pricing and Hedging
of Defaultable Models

Magdalena Antczak
Marta Leniec

Halmstad University
Project Report IDE1141

Master’s thesis in Financial Mathematics, 15 ECTS credits

Supervisor: Prof. Lioudmila Vostrikova-Jacod
Examiner: Prof. Ljudmila A. Bordag
External referees: Prof. Mikhail Babich

August 25, 2011

Department of Mathematics, Physics and Electrical engineering
School of Information Science, Computer and Electrical Engineering
Halmstad University






Preface

This thesis has been prepared at the University of Angers under the supervi-
sion of Professor Lioudmila Vostrikova-Jacod. We would like to thank her for
help in understanding the defaultable framework and useful remarks. The
conversations at the Faculty and seminars were priceless. We also want to
express our sincere gratitude to Professor Ljudmila Bordag for organizing
our Erasmus in France.



i



Abstract

Modelling defaultable contingent claims has attracted a lot of interest in
recent years, motivated in particular by the Late-2000s Financial Crisis.
In several papers various approaches on the subject have been made.
This thesis tries to summarize these results and derive explicit formu-
las for the prices of financial derivatives with credit risk. It is divided
into two main parts. The first one is devoted to the well-known theory
of modelling the default risk while the second one presents the results
concerning pricing of the defaultable models that we obtained ourselves.
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Chapter 1

Introduction

In the world of finance, it is crucial to consider the models based on the
fact that the companies may default. Hearing the word ’default’ one can
imagine the biggest defaults in the history of economy like that of Lehman
Brothers in 2008. However, the exact definition of a default explains it only
as a failure to meet debt obligations such as loans or bonds. The debtor
is in default when he is either unable or unwilling to pay the debt. One
has to distinguish the default from a state of being unable to pay the debts
precisely which is called insolvency. The company is insolvent when it is
unable to pay debts as they fall due (cash flow insolvency) or when the
liabilities exceed the assets (balance sheet insolvency). It is worth mentioning
that the insolvency can lead to a bankruptcy which is the process of legally
defining a financial situation as insolvent. While modelling credit risk, one
usually takes under consideration the company’s default in general, without
looking into the causes and hence distinguishing between being unable or
unwilling to pay the debts.

In the world of mathematics, the default appears as default time which is
a strictly positive random variable. One can define this random variable in
many ways. However, the most common one is the first time of crossing a
barrier by a certain process, e.g. a stock price process of a company (see a

Figure :

Modelling of the default event can be done in two manners. The first one is
called structural approach. It assumes that default time 7 is a stopping time
in the assets filtration IF. The second one, called reduced-form approach, is
based on the assumption that 7 is a stopping time in a larger filtration and
may no longer be measurable with respect to the prices filtration. In our
thesis, we focus on the last approach.
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Figure 1.1: An example of a defaultable company stock price process.

We consider a non-defaultable world which consists of riskless and risky
assets. A filtration generated by the prices of those assets is denoted by F
and called the reference filtration. It represents the information available
to the regular investor in a non-defaultable world. However, when we take
under consideration a possibility of a default we have to introduce default
time 7 and create a defaultable framework which may consists of default-
free and defaultable assets, e.g. stock of the company that may default.
We have to study different types of information flows available to agents
trading in a defaultable market. On the one hand, the regular investors
add the information about default to F when it occurs, i.e. they work in
a progressive enlargement setting. On the other hand, we shall examine
also the insider, i.e. the agent who possesses information about default time
from the beginning. The information accessible to this agent is represented
by a filtration F initially enlarged by a positive random variable 7. In our
thesis, we explore the special theory which establishes methods of enlarging
the reference filtration by the additional information, namely Carthaginian
Enlargement of Filtrations (see [2]).

We distinguish two methods of modelling default time in a reduced-form
approach, namely the intensity (see [I]) and the conditional density-based
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approach (see [2] and [3]). They are used to establish the expectation and
projection tools which are necessary for pricing an hedging of financial deriva-
tives. An intensity of default is simply a ratio of probability that default will
appear in a infinitely small time interval (under the condition that there
was no default before) and the time step. However, to determine the condi-
tional density of default, we need to assume that the conditional law of 7 is
equivalent to the law of 7.

In the first chapter, we study some basic results concerning probability
spaces and filtrations, as well as stochastic processes, in particular a Brownian
motion. We introduce some facts concerning stopping times and martingales.

In the second chapter, we introduce crucial assumptions related to the
filtered probability space involving default time and all the price processes.
Then, we introduce the law of 7 and we give a definition of a default process.
We determine the form of a random variable measurable with respect to
the o-algebra generated by that process and give some properties of the
corresponding filtration.

Third chapter is devoted to the intensity approach in the filtration gen-
erated by the default process. In this framework, we give tools to compute
expectations with respect to the o-algebra generated by this process. Then,
we value under the physical measure defaultable zero-coupon bond at time
t in the case of zero and non-zero spot rate for the agent whose information
flow is the filtration mentioned above. Finally, we give formulas and prop-
erties of the survival and hazard function and we represent once again the
defaultable zero-coupon bond value using these functions.

In the fourth chapter, we present firstly the theory of Carthaginian En-
largement of Filtrations and hence, the methods to enlarge reference filtra-
tion with an additional information. Secondly, we represent random variables
with respect to the corresponding o-algebras. Then, we introduce the crucial
assumption that states that the conditional law of default time 7 is equiv-
alent to the law of 7. In addition, we present the density hypothesis which
allows to express the distribution of 7 conditioned on the information from
the reference filtration in terms of the conditional density process and the
law of 7. We show that under the additional assumption concerning the law
of 7, namely the property of being non-atomic, default time avoids stopping
times from the reference filtration. The second important part of this chap-
ter is devoted to introducing the so-called decoupling measure which makes
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7 and the underlying risky assets independent. We consider some proper-
ties of the new measure and establish the expectation tools using obtained
independence. What is more, we establish the form of the survival process
under the physical and decoupling measure. Finally, we prove that initially
enlarged filtration inherits right-continuity from the reference filtration.

Fifth chapter presents some results obtained in the initially enlarged fil-
tration, i.e. the expectation tools and the characterization of martingales
from the enlarged filtration in terms of martingales from the reference filtra-
tion. We finish the chapter with establishing the conditions for the absence
of arbitrage in the enlarged filtration.

In the sixth chapter we examine the progressive enlargement framework.
We begin with the intensity-based approach and assume that a price process
follows the log-normal distribution and the reference filtration is generated
by a standard Brownian motion. Firstly, we establish some expectation tools.
Secondly, we introduce a hazard process in terms of the results obtained from
the expectation tools. Then, we introduce the intensity in the progressively
enlarged filtration. We continue the chapter by studying the hypothesis that
martingales from the reference filtration remain martingales in the enlarged
filtration, namely H-hypothesis which is strongly related to the absence of
arbitrage. We finish the intensity-based approach part with demonstrating
the value of the default information, i.e. the difference between the price of
a defaultable contingent claim for an agent who possesses the information
about the default when it occurs and the one who does not have this in-
formation. In the second part of this chapter, we analyse the density-based
approach. We begin with establishing the projection of random variables on
the progressively enlarged filtration and we obtain the Radon-Nikodym on
this filtration. We continue with examining the relation between the density
hypothesis and the H-hypothesis and finish with the martingales character-
ization.

The seventh chapter consists of our own results. We calculate the price
of the option written on a investment consisting of both, default-free and
defaultable assets. We consider a default-free market consisting of one risk-
less asset and one risky asset and a defaultable market created by adding
one defaultable asset to the preceding model. We define a reference filtra-
tion as a filtration generated by a price process of a default-free asset. We
define default time 7 as the first time when defaultable asset’s price crosses
a certain barrier from interval (0,1) and we establish distribution of 7. We
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consider two agents trading in a defaultable market, a regular investor who
observes only a price process of a default-free asset and a special agent who
has additional information concerning default time 7 from the beginning, i.e.
its distribution. We put an accent on the fact that the defaultable market is
arbitrage-free and incomplete for the regular investor and hence, we find it
interesting to calculate the price of the option for such an investor. We find a
pricing measure using the connection between two well-known methods, the
utility maximization and the f-divergence minimization.



CHAPTER 1. INTRODUCTION




Chapter 2

Stochastic background

In the Theory of Financial Markets pricing is based either on the stochastic
or partial differential equations approach. We will focus on the former one.
It is important to remind the most important definitions from the Theory of
Stochastic Processes which will be used throughout our thesis.

2.1 The probability space and filtrations

While considering the randomness, it is necessary to introduce a proba-
bility space (€2, F,P) which is a mathematical form essential for modelling
the stock prices and default processes consisting of the states which occur
with uncertainty. A non-empty sample space €2 is an universe of all possi-
ble random events w. In our case it is a space of all possible scenarios that
can happen on the financial market. For further calculations and reasoning
it is crucial to use a certain type of collections of these events w € ). Let
us denote P(Q2) the set of all subsets of Q. From the Theory of Probabil-
ity we know how to treat the collections which are closed under countable
unions and joints. Consequently, we introduce the most important algebraic
structure, o-algebra over (2, as following.

Definition 2.1. Let Q be a non-empty sample space. F C P(f2) is called a
o-algebra over (), if

i) 0 eF,
i) Fe F=F°eF,
iii) Vie I, F; € F = U, Fi € F, where I C N.

N is a set of natural numbers.
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From the De Morgan’s laws we can easily combine ii) and iii) from the
previous definition and get that the countable joints remain in the o-algebra.

Remark 2.1. If F is a o-algebra over €2, then
i) Qe F,
i) Viel, ;€ F = FieF

Through equipping the sample space with the o-algebra F we get a pair
(Q, F) called a measurable space. On such a space we can define a probability
measure and obtain the probability space.

Definition 2.2. Let Q2 be a non-empty sample space and F a o-algebra over
Q2. The pair (£2, F) is called a measurable space.

In the Mathematical Finance, for pricing financial derivatives, one can use
several probability measures calculated from the actual market movements.
For instance, a martingale measure is based on the risk-neutrality approach.
Accordingly, in pursuance of the previous notations and assumptions we can
define a probability measure P on measurable space (€2, F) defined on the
set of events from (2.

Definition 2.3. We call a function P : F — [0, 1] a probability measure on
(Q, F) it

i) P(0) =0,
i) P(Q) =1,
iii) Vi € I F, € F are disjoint, i.e. F;NF; =0 if i # j then
P(JF) =) P(F),
icl icl
where [ C N.

Broadly speaking, a probability space is a measurable space such that the
measure of the whole space is equal to one. In accordance with the previous
suppositions we can define it more formally.

Definition 2.4. We call a triplet (€2, F,P) a probability space where Q # 0,
F is a o-algebra over 2 and PP is a probability measure on (2, F).

In mathematics there are some sets which can be ignored. In the Theory
of Probability we call them P-negligible sets. They can be omitted when
calculating integrals of measurable functions.
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Definition 2.5. A set A € F is called a P-negligible set if P(A) = 0.

In general, the probability space (€2, F,P) does not have to contain all
P-negligible sets. However, it can be completed by incorporating all subsets
of P-negligible sets in a suitable manner.

Definition 2.6. A triplet (2, F,P) is called a complete probability space if
F contains all P-negligible sets.

It is important in the Theory of Martingales to define the filtration on
a measurable space (€2, F). In the mathematical finance we understand the
filtration as the information available up to and including each time t which
is more and more precise as more data from the stock becomes accessible.

Definition 2.7. [ is a filtration if ' is a family of non-decreasing sub-o-
algebras (PF})i>o such that V¢ > 0 F, C F and V0 < s <t < oo Fs; C Fy.

Similarly as before, we define a filtered probability space (2, F,F,P) also
known as a stochastic basis or a probability space with a filtration of its
o-algebra.

Definition 2.8. We call the quadruple (Q2, F,F,P) a filtered probability
space, where Q # (), F is a o-algebra over €, F is a filtration and P is a
probability measure.

For further considerations we introduce a complete filtered probability
space.

Definition 2.9. (Q, F,F,P) a complete filtered probability space if F con-
tains all P-negligible sets and V¢ > 0 F contains all P-negligible sets.

2.2 Stochastic processes

In the study of stochastic processes there is an important reason to include
o-fields and filtrations because they are necessary to keep the track of the
information. The relating to time feature of stochastic processes implies the
flow of time. It means that at every moment ¢ > 0 we can talk about the
past, present and future as well as ask how much the observer of the process
knows about them at present. We can compare this information with how
much he knew in the past or will know in some certain time in the future.
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In this chapter we give the definition of a stochastic process, a natural
filtration and we distinguish three types of measurability.

Definition 2.10. A stochastic process X = (X;);>o is a family of (R?, B(R?))-
valued random variables X;, where Vi > 0 X, is defined on the probability
space (), F,P).

We will assume that d = 1 in further considerations.

Given the stochastic process X the most intuitive and the simplest way to
choose the filtration is to take the one generated by the stochastic process
itself.

Definition 2.11. A natural filtration F* of a process X = (X;);>0 is a
filtration
F* = (F )0,
where
Ff=0(X,,s<t)
is the smallest o-algebra with respect to which X is measurable for every
s € [0,t].

One can interpret set A € F* as follows. By the time ¢ the observer
knows if the set A has occurred or not.

To avoid problems with the measurability in the Theory of Lebesgue
Integration, the probability measures are defined on o-algebras and consid-
ered random variables are assumed to be measurable with respect to these
o-algebras.

X is a function of two variables (¢,w) and it is convenient to have the
following definitions of the measurability.

Definition 2.12. The stochastic process X = (X});>0 is called B(Ry) ® F-
measurable if for every A € B(R), the set

{tw)teR,we: X (w) e A}
belongs to the product o-algebra B(R,) ® F.
One can be more precise and say that the stochastic process is B(Ry) ® F-
measurable if V¢ > 0 the mapping
(t,w) = Xi(w): (R, xQBR,)®F) = (R,BR))

is measurable.
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The concept of measurability presented in the previous definition is rather
weak. Given the definition of the filtration we can define a stronger and more
interesting concept.

Definition 2.13. A stochastic process X is F-adapted if V¢t > 0 X; is F-
measurable.

Certainly, every process X is adapted to its natural filtration FX. Further-
more, if F¥X consists of all P-negligible sets and a process Y is a modification
of X then Y is also F-adapted. We can extend the previous study with the
definition of a progressive measurability as follows.

Definition 2.14. We say that a process X is progressively measurable if for
every A € B(R) the set

{(s,w)|s <t,we N: X (w) € A}

belongs to the product o-algebra B([0,t]) ® F;.

In other words, X is a progressively measurable stochastic process if Vs > 0
the mapping

(s,w) = Xo(w) = ([0,4] x 2, B([0,1]) © 1) = (R, B(R4))

is B([0,t]) ® F,-measurable. Fr the further calculations it is necessary to
introduce the following lemma.

Lemma 2.1. Let Y be an integrable random variable defined on a probability
space (2, F,IP). Let (A;)ien be a sequence of disjoint sets such that ;o Ai =
Q. Then

Ep(Y) = ZEP(Y|Ai)P(Ai)- (2.1)

1€EN

2.3 The Brownian filtration

In this section we will remind the definition of a standard Brownian motion
and make discussion about the Brownian filtration. In describing the Brow-
nian motion we put an accent on the fact that it is important to distinguish
different filtrations.

Definition 2.15. A standard, one-dimensional Brownian motion is a con-
tinuous adapted process B = (By, Fi)i>0 defined on some probability space
(Q, F,P) with the properties that:
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i) By =0 as.,
ii) for each t > s > 0, the increment B, — B, is independent of F,

iii) for each t > s > 0, the increment B, — By is normally distributed with
mean 0 and variance t — s.

Consequently, the filtration F = (F;);>0 is a part of the definition of a
Brownian motion. However, if it is not precise which filtration we are dealing
with but we know that B has stationary independent increments and that
B, — B, is normally distributed with mean 0 and variance ¢t — s, then B =
(B, FP)i>0 is a Brownian motion. F? = (FP),5 is Brownian motion’s
natural filtration. Moreover, it Vt FP C F; and B; — B, is independent of
Fs then (B, Fi)i>o is also a Brownian motion. We mentioned before how to
construct the natural filtration F? = (F5),50. We will study the definition
of an augmented filtration.

Firstly, we denote by F? a o-algebra generated by a Brownian motion, i.e.

FB =0(Bs,s €R,).

We remind that FP = o(B,,s < t). We consider the following definition
of a collection of P-negligible sets relative to a o-algebra F.

Definition 2.16. We say that N is a collection of P-negligible sets relative
to a o-algebra F if for any set A € N there exists a set B € N such that
AC B and P(B) =0.

Let us denote by N a collection of P-negligible sets relative to FZ. We
consider the following filtration.

Definition 2.17. In the previous notations we call FB = (F2);20 an aug-
mentation of F? where Vt FP = o(FF UN).

From this definition we also get a o-algebra Fp. We can easily consider the
process B on the filtration (€2, Fp,P) and get that (By, F2)i>o is a Brownian
motion.
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We can define the usual conditions for a filtration.

Definition 2.18. We say that the filtration F satisfies the usual conditions
if it is complete and right-continuous.

Lemma 2.2. The augmented filtration FB = (FP)q satisfies the usual
conditions.

We will be only considering filtrations which satisfy the usual conditions.

2.4 Stopping times

In the Financial Mathematics it is essential to introduce the Stopping
Times Theory.

Let us consider an American option. The buyer of such a financial deriva-
tive can decide when to exercise it. The choice of such a moment, let us call
it 7, depends on the information about the stock price process up to time
t. Then the value of an American call at 7 is (S, — K)*. When the agent
pricing the option knows which stopping time the buyer will follow the cost of
such a financial derivative at time 0 will be Ep. (exp(—r7)(S,; — K)T), where
P* is the equivalent martingale measure. However, if we do not know which
stopping time exactly will the observer use, he has to take the supremum.
Accordingly, the price of the contingent claim at time 0 will be

sup Ep. (exp(—r7)(S, — K)*).

It is crucial to consider the following definition of a random time.

Definition 2.19. A random time 7T is a strictly positive P-a.s. random
variable.

It is essential to define an F-stopping time 7, which is an example of a
random time.

Definition 2.20. A random variable 7 such that
7:(Q,F) = (RTB(R™))
is called an F-stopping time if V¢ > 0

{r <t} is F-measurable.
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Definition 2.21. X7 = Xy, is a process stopped at a stopping time T if
i) X is a stochastic process,

ii) T is a stopping time.

2.5 The Martingale Theory

In this section we present a fundamental characteristic which underlies
many important results in Finance, namely a martingale property. Its mo-
tivation lies in the notion of a fair game. Broadly speaking, the martingale
property states that tomorrow’s price is expected to be today’s and thus it
is its best prediction. The martingale condition is assumed to be essential
for an efficient market in which the information included in the past prices is
fully reflected in the current prices. Furthermore, the Fundamental Theorem
of Asset Prices states that if the market is arbitrage-free then discounted
assets prices are martingales under a risk-neutral measure.

Here, we give a formal definition of a martingale and more general processes
such as a submartingale and a supermartingale.

Definition 2.22. An adapted, integrable stochastic process M = (M;):>o
on a filtered probability space (Q, F,F,P) is a

i) martingale if Ep (M;|F;) = M, Vs < t,
ii) submartingale if Ep(M;|Fs) > M, Vs < t,

iii) supermartingale if Ep(M,|F;) < M, Vs < t.



Chapter 3

The default setting

3.1 Basic assumptions

We consider a probability space (€2, F,P) equipped with a filtration F =(F3);>o,
where I fulfills the usual conditions, i.e. it is right-continuous and complete,
F, is trivial o-field. Let us specify that o-algebra F, represents a t-time
information available to the agent in the default-free market.

We can define default time 7 as a Rt-valued finite random variable on
(Q,F,P).

Let us determine the distribution of 7 as a cadlag function F' such that
F(t) = P(r < t), where F(0) = 0 and limg,, F'(s) = P(r < t) = F(t—). F

defines a measure 7 which is the distribution of 7 on R, e.g.
n(la,b]) = F(b) = Fla=), [a,b] € B(R+)

and
n(du) = P(1 € du).

Assumption 3.1. Let us assume that 7 is absolutely continuous with respect
to the Lebesgue measure A\. Then, 7 admits a Radon-Nikodym density f;
such that
dn
f T Iy
d\

Moreover, if F' is differentiable, then f, = F".

15
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Remark 3.1. Let us now interpret P(7 € du). This is a probability of 7 being
in a small interval which we can denote also as (u, u + du). We know that

P(7 € (u,u+du)) = F(u+ du) — F(u).
If F is continuously differentiable, then from the Taylor series we have that
F(u+du) = F(u) + F'(u)du
which gives us
F'(u)du =P(7 € (u,u+du)) = P(r € du).

Then, since in this case the law n of 7 has a density with respect to the
Lebesgue measure, the equality above becomes

P(r € du) = f(u)du.

In addition,

VAe B(R) P(re A)= /AP(T € du) = /An(du) = /AfT(u)du.

3.2 The default process

We define a default process indicating whether the default occured or not as
N =(N;)i»0 where Ny = Ii;<y is cad and increasing. We denote H=(H;):>0
as a natural filtration generated by N, ie. H, = o(N,,u < t) and we
complete H with all P-negligible sets. The o-algebra H, represents the in-
formation generated by the observations of 7 on the time interval [0,¢]. Tt is
necessary to mention two main properties of the filtration H. First of all, H is
the smallest filtration such that 7 is H-stopping time. Moreover, o(7) = Hoo.

Let us now establish the form of an H,-measurable random variable with
the following proposition.

Proposition 3.1. A random variable U; is H,-measurable if and only if it
s of the form
Ui(w) = ullr(wy>ty + M)z )<ty

where h is a Borel function on [0,t] and @ is constant.
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Proof. We can base the proof on the fact that H,-measurable random vari-
ables are generated by random variables of the form UQ(w) = h(t A 7(w)),
where h is a bounded Borel function on R™. Now we can specify h(t A 7(w))
on before the default set and after the default set, i.e.

Bt A(w)) = Bt A (@) + it AT@) <y =

= h(O){r@)>t + AT (W) L)<ty
For a fixed ¢, h(t) is constant. We denote it as 4 and we have
Up(w) = @llgrsgy + h(T(w))Iir)<ty-

Since we use function h only on the set {7 <t} we can characterize the
function h as a Borel function on [0, t] without loss of generality. O
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Chapter 4

The intensity-based approach in
filtration H

The intensity-based approach has a lot in common with the Reliability
Theory. Clearly, default time is precisely expressed by the likelihood of the
default event conditional on the information flow. These considerations help
us to deliver the reduced form of a price for a defaultable contingent claim.
Specifically, we assume that the agent pricing the contingent claim knows
only time of default. The assumption of the agent’s lack of knowledge about
the price process is crucial for the first glance at the valuation.

Let 7, as defined before, be a positive random variable on the probabil-
ity space (2, F,P). Firstly, we study the distribution function F(¢) of 7
which is absolutely continuous with respect to the Lebesgue measure. In this
case we can easily compute the intensity function which is a non-negative
deterministic function defined as follows.

4.1 The H-intensity of 7

In this section we give the definitions of H-intensity of default time 7
and deliver the expectation tools which are essential for pricing defaultable
claims.

4.1.1 The intensity of default
Let us define more formally an intensity of default time.

Definition 4.1. An intensity of default time is a ratio of the probability
that default will appear in a infinitely small time interval As, condition on

19
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that there was no default before, and the time step As, i.e.

A — lim P(r € (s,s + As)|T > s)
As—0 As

Consequently, from the Reliability Theory, we can obtain the following
form of the intensity.

fr(s)
1-F(s)

Proposition 4.1. )\, = 1s the intensity function for a default time T.

Proof. Let us assume that the distribution function of 7 is absolutely con-
tinuous with respect to the Lebesgue measure. From the definition we have

that P A
= lim (1 €(s,5s+ As)|T > s)

As—0 As
Using the definition of the conditional probability we can write

= lim P{7r € (s,s+ As)}n{r > s})
* T AsS0 P(7 > s)As '

We have that
{w:T(w) €(s,s+As)} N{w: 7(w) > s} ={w:7(w) € (s,5s+ As)}.

Thus, we can write

_ P({r € (s,s+ As)})
As—0 P(r > s)As

From the definition of the distribution function F(¢) of 7 and the fact that
F(t) is absolutely continuous it follows that

= lim F(s+ As) — F(s) _ f-(s)
oass0 (7> s)As 1—F(s)

[]

Recall that we introduced the intensity function for default time 7. Since
we defined the default process N =(Ny)i>o with N; = H{Tgt} and the filtra-
tion H is generated by the default process we can formulate the following
definition.

Definition 4.2. An H-adapted non-negative process
A= (A)i=0

is called an H-intensity of 7 if (I[{Tgt}—f(f Aul{r>uydu)e>o is an (P, H)-martingale.
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Here, we give a proposition which is essential in delivering the expectation
tools for pricing defaultable claims.

Proposition 4.2. Let ¢ be an F-measurable random variable, then

]I T>1
Es(C|H,) = H{T»}W

Proof. Since ( is an F-measurable random variable, we can represent

+ Tir <y Ep (¢ Hoo)-

Ep (C[H:)

on two sets {7 <t} and {7 > t} in the following way

Ep(¢|He) = LirsnyEp (C|He) + Liz<nEp (C|He).

Firstly, let us study the first term on the right-hand side of the last equation.
Then using the properties of conditional probability with respect to o-algebra
H; we have

E CH T E C]I -
Ter>Be (C[He) = H{mﬂ{»t}% Hh»ﬂ{«ﬂw.

We see that the second term on the right-hand side vanishes and we obtain

Ep (L,
Lrsiy B (C[H:) = H{T>t}%-

Secondly, let us ponder the term

Lir<eyEp (C|Hy).

To prove that
Lir <ty Ep (C[Hoo) = Lir<y Er (| He)

we use the fact that
Hoo = 0(Ng, s € RY)

and
VAe Ho AN{r <t}eH:.

From the properties of the conditional expectation we have

/ Ep (CLir<ty|Hoo)dP = / (Lir<pydP,
A A



22 CHAPTER 4. THE INTENSITY-BASED APPROACH IN FILTRATION H

which is also equal to

An{r<t}

Again, using the property of the conditional expectation we obtain

/ Ep (g <ty Hoo )P = / Ep (CLirep [Ho)dP,
A

An{r<t}

which can be written as
/ [ <y Ep (C|Hs)dP.
A

Finally, we obtain the result

[ Ee((oct o) = [ BelLipcod Hode,
A A

We give a lemma concerning previously defined intensity of 7.

Lemma 4.1. A process A = (A)i>0, where

)\t — f'f' (t)
1— F(t)
1s an H-intensity of 7.
Proof. The process
)\t — fT (t)
1— F(t)

is deterministic and non-negative. Thus it is H-adapted.
Now, we will check that M =(M,);>; with

t
M, = (H{fgt} - / Auﬂ{rzu}d@
0

is a (P, H)-martingale.
Let us assume that s < t.

We will show that
Ep(M; — My|Hs) =0
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Using the previous notations and the additive property of integrals we obtain
t
Ee (M, — My|H,) = Es(N, — No|H,) — Es (/ )\u]I{TZu}dule).
We will show that
¢
Ep (N, — Ny[H,) = B ( / Ny dulH, ).

Let us use the fact that

Ep(Irsey|Hs) = P(r > t[H,).
Then, we can rewrite the right-hand side of the last equality on two sets,

{r < s} and {7 > s}, and use the definition of the conditional probability to
obtain

P(r>t,7>5s)
P(r > s)

P(r>t7<5s)
P(r <s)

P(r > t[H;) = [7>4q + Lir<sy

We easily see that the second term on the right-hand side of the last equation
vanishes. We have that

{r>t}n{r>s}t={r>t}.

Thus we have

1— F(t)
EP<H{T>t}|H5) = ]I{T>S}1_—F1(s>'
We have that Flt) — F(s)
t) — S
]E[p(Nt — Ns’H3> = H{T>s}1_—}?(s>.

Let us denote .
J = / Aullfr>uydu.

tAT
J = / Audu.
SAT

Then we can write

Knowing that
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we get
1—-F(sAT)

ST T Faany

As previously, we can study J on two sets, before and after the default and
get

1—F(sAT 1—F(s)
J=Ipeqgn—-— =+l cnln—H—=.
e T TR Ay T T TR
Consequently, we get
1—F(sAT)
J=Ienln ——=.
s BT TR AT
Thus
J:J]I{7—>S}

Now, we use the Proposition [£.2] and calculate the conditional expectation of
J.

EP(J]I T>5 )
Ep(J|Hs) = ]I{T>S}P(T—{>>t)} + Loy Ep (J[Hoo)-
Due to the fact that
J - J]I{T>S}

we get

Ee(J
EP@n}g)::ﬂﬁ>ﬁﬁq§é;%5.

Using the definition of J and A\, we get

Ee(f; Mlr>uydu)

E]P’(J|Hs) = ]I{T>S} ]P(T N S)

We can take the expectation operator inside the integral and get

I[ fst /\uE]P’ (]I{TZU})CZU
{T>S} 1 . F(S) .

From the fact that

Ep (]I{TZU}) = ]P(T > u)

we obtain
I fst AP (T > w)du
{r>s} 1—F(s)
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Consequently, from the form of the function A\, we get

Ji fo(w)
H{T>S}1——Md

u,

which is equal to
. F@) - F(s)
{’7’>S} 1 . F(S) .

Finally,

t

t
Ep (N, — Nif#H,) = Es / NIy dulHy ) = (Trsy - / )\uI[{TZu}du)t
s 0

>0

is a (P, H)-martingale.
0

Using those results we can value a defaultable zero-coupon bond which pays
1 if the default has not appeared before maturity time 7. Let us consider
a case when default time 7 is exponentially distributed with a deterministic
intensity function ;.

Proposition 4.3. FExpected value of this contingent claim for an agent who
knows only that the default is exponentially distributed, is

T
Ep (]I{T>T}|7‘[t) = [7>p exp ( — / )\sd(g)'
t

Proof. We use the Proposition [1.2] Firstly, we realize that I~y is an Hp-
measurable random variable. We have

]EIP’ (]I{T>t}]I{T>T} )

Be(liron)[e) = Lo =575y

Using the property that
Ep(I4) = P(A)

and the fact that 7 is exponentially distributed we obtain

T
Ep (]I{T>T}|7‘[t) = [7>p exp ( — / )\sd(g)'
t
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4.1.2 The hazard function I

In this section we define a survival and hazard function which are frequently
used further. We begin with the assumption necessary for those functions to
be well defined.

Assumption 4.1. We assume that V ¢t > 0 F(t) < 1.
Definition 4.3. We say that G(t) = 1 — F(¢) is a survival function of 7 if
F(t) Vt > 0 is a distribution function of 7.

From the Assumption above we have that V¢t > 0 G(t) : R — (0, 1] because
Vt >0 F(t) : R — [0,1). In the default framework we have that the survival
function for 7 is given by the following formula

G(t) =P(r > t).

From the fact that V¢t > 0 G(t) > 0 we can take a natural logarithm of G(t)
and define a hazard function for .

Definition 4.4. We call a function I'(t) = —In(G(t)) a hazard function of

7, where G(t) is a survival function for 7 vVt > 0.

If F(u) is differentiable we can approximate it by dF(u) = F'(u)du. With
the analogical argumentation we get dI'(u) = I"(u)du. We can write the
hazard function in a form as follows.

=], @

Proposition 4.4.

1 a hazard function ¥t > 0.

PdAF(s) b dF(s)
0= ] 5w =) Ee

We can easily obtain the result after realizing that the nominator of the
fraction inside the integral is a derivative of the denominator but without
the minus sign. By the formula

Proof. We have

bV (s) I T
| Tt = mvie) —m(v(o)

and the fact that G(0)

1 we end the proof. O
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From this form of the hazard function it is obvious that I'(¢) satisfies the
following property.

Proposition 4.5. The hazard function I'(t) of T is increasing.

Proof. From the definition of an integral and the fact that if the integrand
does not change but we integrate on a larger interval the integral will be
greater. More formally, Vs < ¢

In the case when F'(t) is continuous and has a derivative F'(t) = f,(t) we
can write the hazard function of 7 as

! fT(S)d

S

Consequently, the derivative of I'(¢

/’ﬂ- ) _ )
G(t)

Definition 4.5. We will call the derivative of I' an H-generalized intensity
of 7 if

(H{Tﬁ} CT(A T))

>0
is a (P, H)-martingale.

Let us introduce and prove the following proposition which is important
for further calculations.

Proposition 4.6. Let h(7) be a Borel function (i.e. h(T) is o(T)-measurable
random variable). Then

Ep(h(T)|H:) = Tir>y Be gl((:)f{;;t}) + H{TSt}h(T).

Proof. We mentioned before that o(7) = H. According to the Proposition
[4.2] we have

Er (h(r)[H) = LpeoyEe (h(r) o) + Lrog 04T Er>0),

P(r > t)

From the fact that h(7) is an H..-measurable random variable we get

Ee (h()Hs) = Liroy gl(gf{;t})

+ H{Tgt}h(T) .
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Let us study a zero-coupon defaultable contingent claim that pays h(7) if
the default has not appeared before the maturity time 7. We assume that
the spot rate r(s) = 0. It is natural to reckon such a payoff because the
agent pricing the claim knows that it is a defaultable one and he studies the
payoff as a Borel function of 7. Here, we do not assume that the distribution
function F' of 7 is absolutely continuous but we assume it is continuous.

Proposition 4.7. The expected value of this derivative in the case of the
knowledge only about the default time distribution is

o0

Ee (h(7)Lir>1y[He) = sy eXP(F(t))/ h(u)dF (u).

T

Proof. From the Proposition [4.6] we induce

Ep (7)o Lir>y)

Ep (h(7)Lir>7y | He) = Lirsny P(r > 1)

-+ ]I{rgt}H{T>T} h(T) .

The second term of the right-hand side of the equation above vanishes as well
as the indicator ]I{T>t} in the second term. From the definition of expected
value we obtain

f]R h(u)]l{u>T} dF(u)

Using the correlation between F' and I' we obtain

> 1 — F(u)

e ((r) Loy M) = Lo, | B0

. 1_—F(t)df‘(u).

Substituting the terms with F' by the terms with I we get

o0

Ep (W(7) >y [He) = Lirsyy eXp(F(t))/ h(u) exp(=T'(u))dl(u).

T

Finally, after coming back to the terms with ' we obtain

o

Ep (X (N)pyary[He) = Lo exp(T(2)) /T h(u)dF (u)
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Now, let us derive a value similar to that one in the Proposition but
without any assumption about the distribution of 7 except this one that the
distribution is continuous. We consider a defaultable zero-coupon financial
derivative which pays 1 if the default has not appeared before the maturity
time 7. We assume that the spot rate r(s) = 0.

Proposition 4.8. The expected value of the payoff for an agent who observes
default when it occurs is

Ep (H{T>T}|Ht) = sy exp(—[['(T) = T'(1)]).

Proof. From the Proposition [4.7] we have

[e.9]

Ee (Lo ) = L) exp () [~ dF(w)

From the definition of the improper integral we induce
oo

Irsey exp(I(t)) / dF(u) = Iirspy exp(L()) lim ' dF (u).

T V—00 T

Then, after calculating the integral, taking the limit and writing F' in terms
of I', we obtain the result

Ep (L7} [He) = Lirsey exp(=[I(T) — (1))
O
Let us assume that there exists a deterministic spot rate r(s). Then the

present value (at time ¢) of a zero-coupon bond which pays 1 when the default
has not appeared before maturity time 7' is

exp ( _ /tTr(s)ds>,

where t € [0,T]. Let us study a firm which issues a zero-coupon bond which
pays 1 at the maturity time 7" when the default has not appeared before 7.
On this financial market we have the following.

Proposition 4.9. We assume that T admaits an H-intensity As. Then, the
expected value at time t of described contingent claim calculated by an agent
who has the information H; is

Ez (exp(— / P(5)ds) L rory [He) = Ty exp(— / (r(5) + A)ds).
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Proof. We can take the deterministic part outside the integral and obtain
after taking under consideration the Proposition that the left-hand side
is equal to

exp ( . /t Tr(s)ds)]I{T>t} exp ( —[0(T) — r@)]).

We can take

exp (= (1) = T(1)])

inside the integral and obtain

tsyoxp (~ [ (r(o)is = I0(D) - 1@)]) ).

From the fact that 7 admits a H-intensity A; and IV(s) = \; we get

g oxp (= [ (1) + To)as) )

Consequently,

Ep (exp ( — /tTr(s)ds> ]I{T>T}\’Ht) = {754y exp < — /tT <r(s) + )\S>ds>.

]

However, we should not treat the last result as an actual price for a de-
faultable zero-coupon bond. This is because we are calculating it under the
initial measure P. What is more, it is impossible to hedge this default. We
can only use this value to see that the default might act as a change in the
interest rate r(s). The expected value calculated at time ¢ of a contingent
claim H under the condition that the default has not appeared before time
T is

T
Ep (H exp ( — / r(s)ds) ]I{T>T}|’Ht>.
t
This was the case when H was dependent on 7.

Proposition 4.10. If ¢ is independent of default time T then

Ep (C exp (—/tT r(s)ds) ]I{T>T}]”Ht> = I{75iy exp (—/tT(r(s)+)\s)ds>E]p(C).
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Proof. We can take the exponent outside the expected value and obtain

Ep (Cexp (- / ' r()ds ) Lirary ) = exp (= / Tr(s)ds) Ep (CTiromy )

Then, using the fact that Ij;-7} is H;-measurable we can also take the in-
dicator function outside and from the independence ¢ of 7, we obtain the
independence ( of H; and get

Ep(C) exp ( - /t Tr(s)ds) T(ro1y €Xp ( — (T — F(t)]).

Finally, analogically to the proof of the Proposition we obtain the result

B (Coxp ([ 16008 oy ) = Ty esp (— [ (r(6) 40 )08) 2 0.

]
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Chapter 5

The Carthaginian enlargement of
filtrations

5.1 Introduction

To add the information about the default to the filtration generated by
the price process, we have to enlarge it by a positive random variable which
is default time 7. It can be done in two different manners: initially, i.e.
from the beginning with the corresponding information o(7) or progressively
with (7 A t). The procedure of enlargement lets us to obtain three nested
filtrations, hence it was called Carthaginian Enlargement of Filtrations. The
adjective "Carthaginian" was first introduced by Callegaro, Jeanblanc and
Zargari (see [2]) and it refers to three levels of different civilizations which
can be found at the archaeological site of Carthage.

The initially enlarged filtration G™ = (G );>o is generated by o-algebras of
the form G] = F, vV o(7). More generally G] = F,V F, where F is o-algebra.

The progressively enlarged filtration G = (G,);>¢ is generated by o-algebras
of the form G, = F, V H,, where H is the natural filtration of the default
process N =(Ny)i>o with Ny = I;<;3. More generally G, = F, V F,, where

F = (F,)t>0 is the natural filtration generated by additional process. Usually
we consider the right-continuous version of G, namely

Vt>0 G =G, =[()FVH,

s>t

The three acquired filtrations represent different sources of information
available to the investors. The Enlargement of Filtrations Theory plays very

33
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important role in modelling additional gain due to such asymmetric informa-
tion as well as information itself.

In the previous chapter we introduced the intensity approach in filtration
H. Hereafter, some of the results for progressively enlarged filtration are also
obtained using this approach. Nonetheless, the intensity process allows for
a knowledge of the default conditional distribution only before the default.
Thus, we have to consider density approach which gives the full characteri-
zation of the links between the default time and the filtration generated by
the price process before and after the default.

5.2 General projection tools

Working in the initially enlarged filtration is easier since the whole infor-
mation concerning the default is possessed by the insider from the beginning.
However, we would like to represent the obtained results in terms of the pro-
gressively enlarged filtration so that they are accessible to the regular investor
as well. Thus, we have to establish some projection tools. Let us introduce a
following proposition determining a method of projecting martingale adapted
to some arbitrary filtration on the smaller filtration.

Proposition 5.1. [2] Let K and K be filtrations such that K C K and let
¢ =(Gt)i>0 be uniformly integrable (P, K)-martingale.

Then, there exists an (P, K)-martingale ¢ = ()0 such that
Ep(GIK) =G, t>0.

Proof. From ¢ being a uniformly integrable (P, K)-martingale it follows that
P-a.s.

G = EP(COOVCt>'

We define ¢, as Ep((o|Ky). Let us check that it is a (P, K)-martingale.
For any s <t we have that

Ep(GIKs) = Ep(Er(Col Ko) K-
Applying the tower property we obtain P-a.s.

EP(EP(COO“@t)’K:5> = EP<EP(COO‘I€S)‘,€t> = EIP(COO’K:3> = 65



PRICING AND HEDGING OF DEFAULTABLE MODELS 35

and hence the martingale property.
Let us now prove that Ep((;|KC,) = (. Indeed, from the uniform integrability
and the tower property we obtain that

G = EP(CooVCt) = EIP’(]EIP’(Coo|lCt)|’€t) = EP(EP(Coo|I€t)|’Ct) = ]EIP’(EtVCt)-
]

5.3 Measurability properties in enlarged filtra-
tions

Let us now introduce some important results on the characterization of
the random variables measurable with respect to the filtrations G™ and G.
We begin with the representation of a G/-measurable random variable.

Proposition 5.2. [2]/ A random variable Z; is G -measurable if and only if
it is of the form
Zy(w) = z(w, 7(w)),

where Yt > 0 z(-,7(+)) is a F, @ B(RT)-measurable random variable.
For the proof see [2].
Let us now give the analogous results about the representation of a G,-
measurable random variable.

Proposition 5.3. [2/ A random variable X, is G,-measurable if and only if
it 1s of the form

Xi(w) = gt(w)ﬂ{r(u})>t} + Z(w, T(W))H{T(W)St}v

where §; is an F,-measurable random variable and (Z;(w, w)wequer )t>u S @
family of F, ® B(R™)-measurable random variables.

Proof. G,-measurable random variables are generated by the random vari-
ables of the form X (w) = y;(w)h(t A 7(w)), where y; is an F,-measurable
random variable and h is a Borel function on R*. Specifying X} (w) on before
and after the default set we obtain

XP(w) = ye(w)h(t A T(w)Lir@)sey + ye(w)h(t A 7(w)) iz )<

which is equal to

Y (W)W () Lr(wy>ty + Yo (W) (T (W) L)<ty -
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We can replace y;(w)h(t) with the F,-measurable random variable g;(w).
What is more, it is well known that the measurable function of two variables
can be approximated by the sum of the products of one variable measurable
functions, i.e.

N—o00 <

fla,y) = lim > hi(x)gi(y).

where in this case z € 2 and y € R". The random variable y;(w)h(7(w))
is measurable with respect to the c-algebra F, ® B(R*) and the sum of
random variables of such form is also measurable with respect to F, ® B(R™).
Then, by passing to the limit with N — oo, we obtain that the random
variable Z;(-,7(-)) which is an approximation of functions as in (5.3 is also
an F, ® B(R")-measurable random variable. Finally we have that

Xi(w) = Je(w)rysty + 2e(w, T(W) Lir )<t} -

5.4 The £-hypothesis

Let us consider now the crucial assumption which will be in force through-
out the rest of our thesis. It is called £-hypothesis.

Hypothesis 5.1. (£-hypothesis) We suppose that V¢ > 0, P-a.s.
P(7 € dulF,) ~ n(du),
i.e. the F-conditional law of 7 is equivalent to the law of 7.

As aresult, there exists a strictly positive F, @ B(R™)-measurable function
(t,w,u) — q(w, u), such that for every u > 0, (g¢(u))>o is (P, F)-martingale
and

P(r > 0|F,) = / qe(u)n(du) Vt >0, P-—a.s.
0

or equivalently

Ep(Z|F,) = E(a(7)|F)) = / " (w)au(wn(du),

for any F, ® B(R")-measurable random variable Z; = z/(7). The family of
the processes g(u) is called the (IP,F)-conditional density of 7 with respect
to n. In particular,

P(r >0) =P(r > 0|.F,) = /600 qo(u)n(du) and go(u) = 1,Vu > 0.
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Remark 5.1. One can consider a particular case when Yu > 0
@(u) = qu(u), Vt>u dP—a.s.

It means that
P(r > s|F,) =P(r > s|F,), 0<s<t

and new information does not change the conditional distribution of 7.

In the structural approach introduced by Merton 7 is an F-stopping time.
In the reduced-form approach which we work with this property is no longer
fulfilled. Let us now present a proposition which shows that under the special
assumption concerning the measure n, 7 avoids F-stopping times.

Assumption 5.1. We assume that the law of 7 is non-atomic.

Proposition 5.4. [3] The Assumption[5.1] and the Hypothesis[5.1] are satis-
fied. Then, we have for every F-stopping time & bounded by T that

Proof. From the tower property we have
P(r = §) = Ep(lir—g)) = Ep(Bp(Ir=gy)|F;) = Ep(Ep(I(r=gy| 7).

Let us prove firstly that Ep(I,—¢|F,) = 0. Again, using the tower property
Ep(Lir=g| ) = Ep(Bp (7=} | )| Fr) = Ep(Bp(lirgy | F7)|F7)-

Since 7 admits the conditional density we can write that

Er(Es (Ii—| F7)|F) = Ez ( [ H{uzg}qxu)n(du)m).

The integral [;° Iru—¢yqi(u)n(du) is a Lebesgue integral with respect to the
measure 7 for each fixed w. Since the measure 7 is non-atomic, n({{(w)}) = 0,
the mentioned integral is also equal to 0, as well as its conditional expectation.
Thus,

Ep (I i) =0

and
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5.5 The change of measure on G”

Due to the fact that working with 7 independent of the prices filtration
[F is easier we have to introduce a decoupling measure which provides this

property.

Proposition 5.5. [2] Let us suppose that E-hypothesis holds. There exists a
process L = (L¢)i>o with Ly = ﬁ and Ep(L;) = Lo = 1 which is a strictly
positive (P, G™)-martingale and thus defines a probability measure P* - locally
equivalent to P such that

dP*g; = LidPg;, ie. VAEG P(A)= / L,dP.
A

The martingale L is called the Radon-Nikodym density of P* with respect to
P.

The measure P* has the following properties

i) Under P*, the random time 7 is independent of F,, V t > 0;
i) Plo(r) = Plo(r;
iv) P*(7 € du|F,) = P*(7 € du);

v) (P*,F)-martingales remain (P*, G™)-martingales.
For the proof of the proposition and the properties, see [2] and [4].

The following lemma presents the Bayes formula which plays a crucial role
in the proof of the next proposition.

Lemma 5.1. [J/ We assume that E-hypothesis holds, the measures P and
P* are equivalent on G and Y, - an F,-measurable, P*-integrable random
variable. Then, for any s <t

Ep(L.Y;|GT)

where L is a Radon-Nikodym density of P* with respect to P.
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Proof. Let us denote ( as w We will show that ¢ is a GI-conditional
expectation of Y; under the measure P*. We have that

E}P*(Yt|g;) =C.

Let us modify firstly this condition. If we multiply both sides by a G-
measurable random variable Y, as a result we get

EP*(ﬁ»ﬁ’gz) = ysC’

We take the expectation with respect to P*, again on both sides, and apply
the tower property on the left-hand side to obtain

Ee-(VY;) = Ez- (V). (5.1)

We transformed to the equality above. Therefore, to prove we can
show that is fulfilled. Starting from the left-hand side and changing the
measure, we obtain ) )

E]P’*(}/:S}/t) = EIP’(LtY;Y;f)v

since V.Y, is G/ -measurable. Then, we condition on G and we use the tower
property. Therefore, we have that

Ep(L,Y.Y:) = Ep(Ep(L:Y.Y;|GT)).

Since Y, is GT-measurable, we can take it outside the conditional expectation.
YEp(L,;Y;|GT) is a GI-measurable random variable so we can, again, change
the measure to obtain

Ep(Y.Ep(L:Y|GT)) = Bp- (LY, Ep(L:Y;|GD)).

Replacing
L 'Ep(L,Y3|GY)

with (, we get that ) .
Ep« (YsY;) = Ep« (Y3()

and we proved (j5.1)) which is equivalent to (5.1)) being satisfied. ]

Let us now analyse the proposition which allows to transform a G/ -expected
value to an F,-expected value under the decoupling measure.

Proposition 5.6. [2] Let Z, = z,(T) be G]-measurable. For s <t, if z(7) is
P*-integrable and if z,(u) is P (or P* )-integrable for any u > 0 then,

Ee- (2(7)|G5) = Ep- (2(w)| Fy)ju=r = Ep(2(W)| Fy)u=r P (or P*)-a.s.
See [2] for the proof.
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Finally, using the proposition above, we prove in the following proposition
that the filtration G™ inherits the right-continuity from the filtration F.

Proposition 5.7. [J|] Let us assume that the Hypothesis is satisfied.
Then,
vt € [0,T) G =GI, (5.2)

Proof. To prove that (5.2 is satisfied we have to show that any G/, -measurable
random variable is G/ -measurable.

At the beginning, let us fix t € [0,7) and § € (0,7 — t) which preserves
d + t being in the interval (¢,7"). The proof will be done according to the
following plan.

i) Firstly, we prove that G/, -conditional expectation of the random vari-
able Z) 5 = yiysh(r) (where Vt > 0 y, is F,-measurable and h is a
bounded Borel function on R*) is the same as a G/-conditional expec-
tation.

ii) Then, we extend the obtained result to any G/, ;-measurable random
variable Z; .

iii) Finally, we use ii) to show that any G/, -measurable random variable is
also G/ -measurable.

i) Let us assume that we are working at the beginning under the decou-
pling measure P*, i.e. 7 is independent of the filtration F. Ve € (0, )
we get

Ep-(Z35|97,) = Ep- (yessh(7)IG1, ).
Since G7, = (oo Gl4e = oo Fiae Vo(7) and h(7) is o(7)-measurable
we have

Ep« (y16h(T) |gtT+) = h(7)Ep- (yt+6|gtT+) :

Using the tower property and the fact that Ve > 0, (.., G/,. C G/,.
we obtain that

h(T)EP*(yt+6|gZ+) = h(7)Ep- (Ep*(yt+5|g;€)|g;).

From the Proposition and the definition of G7,_ as F, .V o(7) it
follows that

EP*(yt+5‘gZ—+5) = Ep- (yt+5“’t‘t+a)|u=7 = (yt+6)|u=T = Y15 = Ep (yt+6"7:t+a)-
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ii)

iii)

From the right-continuity of ' we get that
?_I% Ep- (Yers|Fire) = Epe (Yers|F7)
and

i [2(7)Ep+ (Ep+ (16| F11.0) |GEy )] = 2(T)Epe (Bpe (y146]F,) |91y )-

e—0

Since V¢ > 0, G/, D G/ D F,, we can omit the conditional expectation
with respect to o-algebra G/, and in the result we obtain that

h(T)Ep- (Ye16|F7)-

Now from the independence of 7 and F we can replace F, by G/ and
put A(7) inside the conditional expectation what follows that

() Ep- (Yr5|F,) = Boe ((T)Ys15|G7) = B (Z451G7).-
As a result, we obtained that

EIP’*(ZP+6|QZ+> = Ep- (Z$+5|gz—)'

Since the property is fulfilled for the random variables Z?+ s of the form
Yysh(7), which are F, 5 ® B(R"), using the property of the mathe-
matical expectation, we can state that is satisfied for the sum
of such variables. From the Proposition [5.2] which establishes form of
G/, s-measurable random variable and by passing to the limit, we obtain
that (5.7)) is satisfied for any G;, ;-measurable random variable Z; .

Since G[ s O G/,. D (.x0 974 = G/, we can apply the result from ii)
to any G/, -measurable random variable Z;,, hence

Ziy = B (204 |G7}) = Bp- (Z14]97).

Since P* ~ P and Gy contains all P-negligible events, Z;, is also G,-
measurable.
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5.5.1 The survival process under measure P and P*

Let us finally introduce the conditional survival process R applying the
density approach under the measure P and P*. More precisely,

R = B(r > t|F,) = / " gwn(du),

R =P (r > t|F) :/ n(du).
t

The form of R, is straightforward while the form of R} requires more detailed
explanation. Due to the properties of the measure P* in relation with the
measure P (see section we have

P*(1 > t|F,) = P* (1 > t)

and

P(r > 1) = P*(r > t|F,) = P(r > t|F,) = P(r > #) = /Oon(du).

t

As a result we obtained that
P*(r > t|F) = / n(du).
t

Remark 5.2. Properties of the process R

i) (R*)i>0 is a deterministic, continuous and decreasing function;

1) (Rt)i>o is an (P, F)-supermartingale (called Azéma supermartingale).



Chapter 6

The initial enlargement
framework

In this chapter we explore some propositions concerning the expectation tools
and the martingales characterization in the initially enlarged filtrations. We
assume that the Hypothesis is satisfied throughout the entire chapter and
we show finally that it is a sufficient condition for the defaultable market to be
arbitrage-free for the agent with initially enlarged filtration as an information
flow. Let us introduce firstly an auxiliary lemma which will be used in the
proofs below.

Lemma 6.1. [2] Let Z; = z/(71) be a G -measurable, P-integrable random
variable and
2(1) =0 P—a.s.

Then, for n-a.e. u >0,
z(u) =0 P—a.s.

Proof. Since z,(7) is integrable, Ep(|2,(7)|) < 0o. On the other hand, z,(7) =
0 P-a.s. Therefore, if we put the conditional expectation on both sides and
apply the tower property thereafter, we will obtain that

Ep(z(7)) = Ep(0) =0

and

0 = Ep(2(7)) = Ep(Ep(2(7))|F,) = Ep(Ep(2:(7)[F2)).
From the Hypothesis 5.1| we obtain that

Be(Er(a () = B [ lawlawntan)

43
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and from the previous results

e[ Fawlawntn) <o

Due to the fact that V¢ > 0 z(u) > 0, Yu > 0 (¢:(u))+>0 is a strictly positive
martingale P-a.s. and 7 is a positive measure, we get that

/0 " eu(w)lge(wyn(du) > 0.

Given that the expected value from this integral is equal 0, we conclude that

/OOO () e (w)n(du) = 0 P — as.

Again, from the fact that (¢ (u))¢>0 is a strictly positive process P-a.s. and 7
is a positive measure, we obtain that for n —a.e. u > 0 z;(u) = 0—P-a.s. O

6.1 Expectation tools

In the following lemma we make precise how to express the G -conditional ex-

pectation in terms of the F,-conditional expectation under the same measure
P.

Lemma 6.2. [2] Let Z; = z(7) be G]-measurable. For s < t, if z(T) is
P-integrable then,
1

qs(7)

Ep(2(7)1G5) = —=Ep(2e(w) g (W) F)pu=r-

Proof. Since P and P* are equivalent on G7 and L = (ﬁ)tzo is a Radon-
Nikodym density of P* with respect to P, we can apply tfle Bayes formula
(see Lemma to obtain

Bo((r)g7) = et 201G,

s

Using the explicit form for L;, we get
Ep- (L 2(7)1G7) _ Ep-(qe(7)2(7)1G7)
Lt qs(T)
Eventually, from the Proposition [5.6] we have

Ep- (q:(7)2(7)|G7) o EP*(Qt(U)Zt(U”FS)\u:r.

qs(7) qs(7)
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Since P and P* coincide on F

- EP(qt(u)Zt(u) “Fs)|u:"' .

qs(7)

Ep(2(7)|G7)

6.2 The martingales characterization

Our task now is to find a characterization of (P, G™)-martingales in terms of
(P, F)-martingales. Let us consider the following proposition.

Proposition 6.1. [2] A process Z = z(7) is a (P, G™)-martingale if and only
if the process (z(u)q(u))io is a (P,F)-martingale, for n-a.e. u > 0.

Proof. Let us prove firstly the necessity condition by assuming that 7 is a
(P, G")-martingale. As a result, we have

2(7) = Ep(2(7)[G7)-

Using the Lemma [6.2], we get that

Ep (2(7)(G7) = ﬁEm(u)qﬁ(unamw

and hence,
2(7)qs(T) = EP(Zt(U)Qt(U)’fs)\u:T.

25(7)qs(7) — Ep(2e(u) g (w) | Fy))._, is a G]-measurable random variable and it
is equal to 0. Therefore, we can use the Lemma [6.1] and write that n-a.s. for
all u >0

2s(u)gs (u) — Bp (2 (u)gi(u)| Fy) = 0.

Finally we have that n-a.s. for all u > 0

Ep(ze(uw)qi(w)|Fy) = 2s(u)gs(u),

which proves that (z;(u)g(u))i>o is a (P, F)-martingale.
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To prove the sufficiency part, let us assume that the process (z:(u)g(u))i>0
is a (P, F)-martingale, for n-a.e. u > 0. We have to show that

Ep(Z,|G]) = Z.

If we apply the Lemma [6.2] for the left-hand side we obtain that

Ep(Z:|G7) = Ep(2(7)|G7) =

1
B EWa@IF).

From the martingale property stated above, we get

1 1
qs(T) EP(Zt<u>qt(u)|‘FS)|uiT = M

(26 () qs () ju=r = 2s(7)-

]

6.3 The £-hypothesis and the absence of arbi-
trage in the filtration G”

We shall remind in the beginning the general condition for the absence of
arbitrage. It is a well-known fact that if there exists at least one martingale
measure (a measure equivalent to the physical measure such that a stock
price process is a martingale with respect to the given filtration), i.e. the set
of all martingales measures is not empty, then the market is arbitrage-free.

Let us now consider a default-free and arbitrage-free market with assets
remaining assets of the full filtration G™. We set Q as one of the martingale
measures equivalent to P on F and assume that the set of measures equivalent
to P on G7 is non-empty. We showed before that if £-hypothesis holds, then
there exists a decoupling measure P* making 7 independent of the reference
filtration and coinciding with Q on F (see section . As a result, P*
preserves martingale property in the initially enlarged filtration and a set
of martingale measures equivalent to P on G” is non-empty. Therefore, &-
hypothesis is a suitable condition to make the defaultable market arbitrage-
free for the agent with the initially enlarged filtration as an information flow.



Chapter 7

The progressive enlargement
framework

7.1 The intensity approach

In this section we study the progressive enlargement of filtration which we
introduced before in the preceding chapter. Hereafter, we assume that the
price process follows the log-normal distribution. Thus, the filtration F is
considered as a Brownian filtration (i.e. F = (F;)i>0 and F; = o(Bs, s < t),
where By is a standard Brownian motion). It is not necessary to require the
Hypothesis [5.1] to hold.

We can easily describe G;-measurable events on the set {7 > t}. Any G;-
measurable random variable X; satisfies X;I(;~y = Y754, where Y; is an
Fi-measurable random variable.

7.1.1 Expectation tools

Proposition 7.1. Let ( be an integrable random variable. Let T be a fized
time horizon. Then, for anyt < T,

Ep (CLirsiy | F2)
E g I T =1 T .
p(ClG) >ty = Lirsyy Ep (Lo | F2)

Proof. Since ( is an integrable random variable we can write the conditional
expectation

Xy = Ep(¢|Gt)

47
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which is a G;-measurable random variable. We make the assumption that
gt C gt*7 Whel"e

G ={Ae€G :dBeF, An{r >t} =Bn{r>t}}.
Thus, there exists an F;-measurable random variable Y; such that
Xillirsny = Yilliropy.

Taking the conditional expectation with respect to F; from both sides we
obtain
Ep (Xilirony|F) = Ep(Yilfrsiy | Fe).

Knowing that Y; is an F;-measurable random variable we take it outside the
conditional expectation and get

Ep(Xelirsmy | Fr) = ViEp(Lirsiy [ F2)-

Thus,
y, = Ee(Xelron | F)
t EP(H{T>t}’E) '
We have oo -
P -
Ep (Cl90) >ty = Yillroy = Loy E]P(]It{{ t>}t|}ﬂ)t .
T>
We get that

X = Ep(C|Gt)

and I~y is Fi-measurable. Hence we have

- Ep (Xlrse|F) Loy Ep (Ep(C|G:) | F2)
{’7’>t} — ]:[{T>t} .
Ep (-] F) Ep (Igr>0y [ F7)

From the fact that F € G we deduce

I H{T>t}EP(EP(C|gt)|]:t> 1 H{r>t}EP(C|ft)
{r>t} — 7>t} .
Ep (H{T>t}’]:t) Ep (H{T>t}‘ft)

Consequently, using again the fact that I;;-, is F;-measurable, we obtain

I Lirsey Ep (¢ F2) _ Ep (Lt | Ft)
Y B (o 7)Y BTyl )
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Corollary 7.1. Let X be a Gi-measurable integrable random variable. Let T
be a fized time horizon. Then, for any t € [0,T),

B (XTI | F)
Ep(X|G) > = Loy EP(H{T{;} |}ft> |

Proof. When we put X = Ep(X|G;) we can use the proof of the Proposition
[Z.1] to obtain the result. O

Proposition 7.2. Let X be a Gr-measurable random variable where T is a
fixed time horizon. Then

Ep (X1 F)
£ (XKl =T g

Proof. We have that Ep(X|G;) is G;-measurable. Hence, there exists an F;-
measurable random variable Y; such that

Ep (X|gt)]1{’r>t} = )/t]I{T>t}'

Taking the conditional expectation with respect to F; from both sides we
obtain

Ep (Ep (X |G)lir>i3|Fr) = Ep(Yilgrsyy | ).
Knowing that Y; is F;-measurable and I~ is H;-measurable, we can
write

Loy B (Ep(X|Ge) | F) = Loy Ep (X | F) = Ep( Xy |F2) = YiEp(Lrssy | F2).

We obtain
_ Ep(XTrsyy | F)

Y, = .
TR (Lrsey | F2)

Then
Ep (X5 | F)

EIP’(X|gt)]I{T>t} = Ly E]P’(]I{ >t}’Ft) .

]

Proposition 7.3. Let X be a Gpr-measurable integrable random variable and
T a fixed time horizon, then

IEIF’(*)(]I{7'>T} ’-Ft)

e (XIir>1y|G) = Loy Ep(Lirsi|Fe)




50 CHAPTER 7. THE PROGRESSIVE ENLARGEMENT FRAMEWORK

Proof. We can write the expectation on two sets

Ep(XIiro1|Ge) = Lirsn Ep (Xromy |Ge) + Lir<n Ep (X rs7y|Ge)

Then we can take the indicators inside the expectations because they are
G,-measurable. We get

Ep(XIironlirsmyGe) + Ep (X< liro111G)-
The second term on the right-hand side vanishes and we get
Loy Ep (X1 Ge)-

Finally, from the Proposition [7.2] we have

]I E[P (XH{T>T}]I{T>t}|E) o ]]: E[P (XH{7—>T} |~Ft)
{r>t} = H{r>t}
Ep (7> F2) Ep (Lir>e|Ft)

7.1.2 The F-hazard process (I';):>

In the previous chapter we introduced a hazard function in a framework of
the filtration H. We had a supposition that the agent pricing the defaultable
contingent claims knows only the distribution function F'(t) = P(7 < t) of
default time 7. Accordingly, the hazard function was purely deterministic.
Nevertheless, in this chapter we assume that the agent also observes the price
process. Thus, we add to our study this information and the hazard function
is no more deterministic. Moreover, while calculating the probability of 7 we
take under consideration the flow of information about the prices process IF.
We denote

F(t) = P(r < t|F)

and make the following assumption.
Assumption 7.1. We assume that V¢ > 0 F(t) < 1.
Consequently, we define an F-hazard process as follows.

Definition 7.1. We call a process I' = (I't);>0 an F-hazard process where

T, = —In(1 — F(#)).

We can easily check that the process is a submartingale.
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Proposition 7.4. P(7 < t|F;) is an F-submartingale.
Proof. We have
Ep(P(7 < #F)|Fs) = Ep(Bp (Ir<y [ F1) | Fo) = Bp(Iir<py | Fs) = P(7 < t]F)

and clearly
P(r < t|Fs) > P(r < s|F;)
Thus, F(t) is an F-submartingale. O

Proposition 7.5. Let T be a fized time horizon and Y be an Fr-measurable
integrable random variable. Then

Ep(Y]I{T>t}|gt) = Loy Ep (Y exp(I'y — I'r)|F).

Proof. If Y is Fp-measurable, then Y is Gpr-measurable because Fr C Fr V
Hr = 0Gr.
According to the Proposition [7.3] we have

Ep (Y1{r>my| )

Ep(YTr>1y1Gi) = Lirsy Ep(Ir>gF2)

From the definition of a hazard process we have
Ep (Lr>3|F2) = P(7 > t[F) = exp(—T),

which is F;,-measurable.
Function f(z) = %, where z € R*\{0}, is a Borel function. Hence, if
exp(—I') is F;-measurable then

1
exp(—Ft)

is Fi-measurable. Thus, we can take m inside the expectation in the
nominator and obtain

Loy Ep (Y eXP(Ft)H{T>T} | F2).-

From the tower property we can condition the expectation in the nomina-
tor with a bigger o-algebra Fr. exp(I'y) is Fi-measurable so it is also Frp-
measurable because F; C Fr. We can take Y exp(I';) outside this expected
value because the function f(z,y) = xy is a Borel function so Y exp (I';) is
Fr-measurable. We get

H{T>t}EP (Y eXp(Ft)EIP’ (]I{T>T} ’I"T) ’ft)-
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Then again from the definition of a hazard process we have
]E]P’(]I{7->T}‘JT_-T) = IP)(T > T‘JT"T) = exp(—FT).
We obtain the result

LirsnyEp (Y exp(Iy) exp(—I'r)|F).

O
Corollary 7.2. Let T be a fixed time horizon. Then
Ep (L7>111G1) = TirsiyBp (exp(Ty — T'r)[ ).
Proof. The proof is straightforward from the Proposition [7.5] O]

7.1.3 The G-intensity of 7

In the enlarged filtration we can also define a G-intensity of default time 7.
From the Definition As is a G-intensity of 7 if

i) X, is a G-adapted non-negative predictable process,
i) (Itr<sy — f(f )\Nu]I{TZU}dU)tZO is a (P, G)-martingale.

Proposition 7.6. If (l%t)tzo is a G-predictable bounded process, then there
exists an F-predictable bounded process (ki)i>o such that

Filirza = k=g,

Proof. On the set I;;>), i.e. before the default appears, we do not have any
information about the distribution of default time. We observe the default
only when it occurs. From this it follows that on I;,>4 any G-predictable
process is an F-predictable process (ki):>o, i.€.

kil = kil

O

Corollary 7.3. There exists an F-predictable process X = (\)i>0, such that
Mlgrzty = Moy

and .
(N — / AMw)Lr>uydu)iso
0

1s a G-martingale.



PRICING AND HEDGING OF DEFAULTABLE MODELS 53

Proof. The existence follows from the Proposition [7.6] O

In the future calculations we change the measure so that 7 is independent
of F. Thus, we consider the following proposition.

Proposition 7.7. If 7 is independent of F then the G-intensity of T on the
set Lrwgy 18
f(s)

As = 1—F(s)

Equivalently,

- f(s)
Aslirsty = 1_—F<S)H{T>t}.

7.1.4 H-hypothesis and the absence of arbitrage in the
filtration G

The H-hypothesis

Let us consider the H-hypothesis (or the immersion property) which is
strongly related to the absence of arbitrage in the progressively enlarged
filtration.

Hypothesis 7.1. (H-hypothesis) Every square-integrable F-martingale re-
mains square-integrable G-martingale.

It is also pivotal to give the conditions equivalent to the H-hypothesis.
Proposition 7.8. [1/ The following statements are equivalent:

(H) Every F-square integrable martingale is a G-square integrable mar-
tingale,

(H1) V>0, VY € Fu, VX € G, E(YX|F) = E(Y|F)E(X|F),
(H2) Vt >0, VX € G, E(X|Fy) = E(X|F),

(H3) Yt >0, VY € Fuo, E(Y|G) = E(Y|F),

(H4) Vs < t, P(1 < s|Fuo) = P( < 5|F).

For the proof see [I].

The absence of arbitrage
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Let us consider a default-free market with the property of the absence of
arbitrage and assume that assets of the reference filtration F remain assets
of the full filtration G. Moreover, Q is a martingale measure equivalent
to P on F. Consequently, if the immersion property holds under a risk-
neutral measure Q, i.e. F-martingales are G-martingales, then the set of all
martingale measures equivalent to P on G contains already the measure Q.
Therefore, it is not empty and the market is arbitrage-free.

7.1.5 The value of information

To price the contingent claims we have to use the martingale measure. Let
us consider a complete market with the risk-free interest rate r(¢) = 0 and
By = 0. Equivalently, every Fr-measurable claim Y is hedgeable and the
price of Y is
EQ (Y“’T_-t)7

where Q is a martingale measure equivalent to P. We consider default time
such that {7 > T'} is Gr-measurable. Let us denote by C}* the price of the
defaultable contingent claim Y calculated by an agent who knows only the
price process (i.e. the agent does not know the distribution of default time
7) and by C/" - the price of Y calculated by the agent who knows the price
process as well as observes the default when it happens (i.e. the agent knows
the distribution of default time 7). Let us study the following proposition.

Proposition 7.9. The difference between the prices calculated by these two
agents 18
. 1
Cct = O =Eq (Y, .7-"(——1).
t t Q( { >T}’ t) ]EQ(H{T>T}|-F1£)
Proof. The informed agent knows the price process and the default distribu-
tion. It means that at time t he has the information G,. We can write

Cf" = Eq(Y1ir>1y|G:.
Further, from the Proposition [7.3] we have
Eo(Ylfr>my|Fr)
Eo (sl Fe)
At time t the uninformed agent has only the information ;. Hence,

O = B (Yrsry| F).

Ci* = Tirsyy

Finally,

Ci" = Cf" = Eq(Yromy | F) <m - 1>.
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7.2 The density approach

Let us now present alternative approach for the default modelling, namely
the density approach. It was proved in [3] that the G-intensity (see[7.1.3)) can
be completely derived from the conditional density process ¢(u). However,
given the G-intensity, we can only obtain the knowledge of ¢;(u) for u > t.
As a result, the intensity-based approach is not suitable for after the default
case.

In the following subsection we study the projections tools. The lemmas
below allow us to express o(7)- and a G/-measurable random variable in
terms of a G,-measurable random variable, i.e. project the results obtained
in G™ and the filtration generated by o(7) on the filtration G.

7.2.1 Projection tools

We begin with a G-projection of a o(7)-measurable random variable.

Lemma 7.1. [2] Let V = h(7) be o(7)-measurable and P-integrable random
variable. Then, for s <t,

Be(V1G,) = Eo(h(r)IG,) = ilirsy + H( s
with s
io= 5 [ vwalwn(d),

where ys is an F,-measurable random variable and h - a Borel function on
R*.

See [2] for the proof.

In the lemma below we establish analogous results for a G/-measurable
random variable.

Lemma 7.2. [2] Let Z; = z/(7) be a G] -measurable and P-integrable random
variable. Then, for s <t,

Ep(Z]|G,) = Ep(2(7)|G,) = Jslir>sy + 26(7) 7<),

o= B( [ awatonao)r)

z = L ze(w) g (u
Z5(u) = qs(u)Ep( +(w)ge(w)|Fy).

with



56 CHAPTER 7. THE PROGRESSIVE ENLARGEMENT FRAMEWORK

For the proof see [2].

As an application, let us consider the following lemma which by projecting
the martingale L defined earlier in section gives us a Radon-Nikodym
density on G.

Lemma 7.3. [3], [2] Let us assume that P* is equivalent to P on G. Then,
there exists a process | = (l)i>0 such that

dPg, = L, dP*q,,

i.e. Yt > 01 defines the corresponding Radon-Nikodym density on G,. More-
over,

R, 41 1
R T q(r)

where L was defined earlier as (Li)i>o with

ly = Ep(Li|G,) = Lirogy

1

L, = W)

For the proof, see [3].

7.2.2 The H-hypothesis and special property of the con-
ditional density process

Let us now study the relation between the H-hypothesis introduced in the
Proposition and the conditional density process g(u) with the special
property shown in the Remark [5.1], namely

a(u) = qu(u), Vt>u>0 dP—a.s.

One can consider the following proposition.

Proposition 7.10. [3/ We recall the H-hypothesis, in the form of (H2),
which can be stated as: for any fived t and any bounded G,-measurable random
variable X,

Ep(Xi|F) = Ep(X¢|F,) P —a.s.

Then, the H-hypothesis is fulfilled if and only if
q(u) = q,(u), Vt>u>0 dP—a.s.

One can find the proof in [3].
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Remark 7.1. In the subsection we established that the H-hypothesis
satisfied under a risk-neutral measure is a suitable condition for the absence
of arbitrage. If we combine this result with the proposition above, we can
state that to provide the arbitrage-free market, it is sufficient to introduce
the Hypothesis and assume that the new information does not change
the conditional distribution of 7.

7.2.3 The martingales characterization

In this subsection we give some results concerning the characterization of
(P, G)-martingales in terms of (IP, F)-martingales.

Proposition 7.11. [2] A G-adapted process X =(X;)i>0, given by X; =
Tllirssy + 24(7)r<sy, is a (P, G)-martingale if and only if the following con-
ditions are satisfied

i) the process (Z(u)qi(u))i>y is a (P, G)-martingale for n-a.e. u > 0;

ii) the process m =(my)i>o with

my = Ep(X,|F) = 12, + / () gu () (du),

is a (P,TF)-martingale.

For the proof, see [2].
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Chapter 8

Pricing and hedging of
Black-Scholes type models with
default

8.1 The model evaluation and the description
of the task

We consider two companies which may be related to each other. The default
event is triggered by the second company while the first company is default-
free with respect to that default. However, it does not necessarily mean
that the first company is default-free in general. We assume that the regular
investor observes only the stock prices of the default-free company (1) but he
wants to price a European call option written on the investment consisting

of
e a stock of the company (1),

e a defaultable corporate bond issued by the company (2) (see Figure

51).

One may interpret this situation in the following way. The issuer of the
option knows that the companies may be correlated. Thus, he adds to the
stock of the default-free company, a defaultable corporate bond issued by the
defaultable company as an additional gain opportunity.

Basic assumptions

99
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Company (1) Company (2)
Stock Corporate bond

Figure 8.1: The task model.

We fix T" as a maturity time for the option and from now on we consider
all the price processes and filtrations up to moment 7. Let (£2,G,P) be a
probability space on which we define two-dimensional standard Brownian
motion W = (Wt(l), Wt(Q))te[O,T]- We endow (€2, G, P) with a filtration F() =
(ft(l))ogtST generated by W ie. V¢ e [0,T] FV =o(W 0<s<t).

The default-free market

We consider a default-free Black-Scholes market (B, SM) consisting of one
riskless asset B = (Bj):cjo,r] and one risky asset S = (St(l))te[()’T}. Their
prices follow the random walk with the dynamics

dBt = TBtdt, te [O, TL BO = 1,
dStY = SN (uaydt + oy dw M), teo,T], (8.1)

where r, p11), o) are real constants, oy > 0. For the simplicity we put
r=0.

The defaultable market

Furthermore, we can establish a defaultable market (B,5™",S?)) by adding

to the default-free market one defaultable asset S® = (S§2))te[07T} which
follows the random walk with the dynamics

dS? = S (upydt + 00 dW,), €10, 7],

where fi(2), 0(2) are real constants, op) > 0. The processes SM and S®
represent the stock price processes of respectively company (1) and (2). Ad-
ditionally, we assume that there is a defaultable bond traded in the market.
The bond consists of a payment of one monetary unit at time T if and only
if default has not occurred before time T, i.e. the payment is I;;~7y.
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The default time

Finally, we define default time 7 as the first time when the stock price
process S hits a barrier a, i.e.

r=inf{t €[0,7]: S <al, (8.2)

where 0 < @ < 1. Since we determined all the price processes up to the

Table 8.1: Definition of default time 7

{te0,T]: S <a}#0 {te0,T]:S? <a}=0

. 2
r=inf{t€[0,T]: S < a} =T
Price/ Share Price/Share
1.0 My 1.0 M
\Uh‘ A HU"‘ |
ol W/l
S \ S M\
0.5[ gAY 0.5} gAY
a = a e
5,12 I s,
0 100 200 T 300 T 0 100 7T 200 300
Time [days] T Time [days]

Figure 8.2: Default time occurs before  Figure 8.3: Default time occurs after

time T' time T

maturity time 7" we have to take under consideration the fact that the default
may not occur before time 7. If this is the case, then the set in (8.2)) is empty
and inf of such a set is equal to co. To avoid this situation, we put 7 equal
to T instead. Nevertheless, if the barrier a was crossed at least once by the
process S) in the time interval [0, 7], then 7 is min of all time moments for
which it occurred. As a result, we have to consider a random variable of the
form 7 AT

The insider

Let us now present a special type of an investor trading in such a de-
faultable market, we call this investor an insider of the company (2). The
insider observes the prices of the stock (1) and has access to some additional
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information concerning default time 7 of the company (2). In our case this
additional information consists of the distribution of 7. Moreover, the in-
sider has it from the beginning, i.e. the filtration F(") is enlarged with the
default time 7 in an initial manner (see chapter . Consequently, we make
precise that the information available to the insider at time t is represented
by o-algebra GJ = F,Vo(1). We assume that the regular investor who wants
to price the option knows that there exists an insider in the market.

The wealth process

Let us define X?, where X¢ = (X,fb )iclo,r), as a wealth process obtained by
the regular investor using a self-financing strategy ¢, where ¢ = (¢ )sejo.1]
with ¢, = (¢7, #P) - an F)-predictable strategy. We remind that the self-
financing property means that no money is withdrawn or added to the portfo-
lio. More precisely, (¢f)ep,r indicates the financial position of the investor
in the stocks of the company (1) and (¢f)icjo) describes the position in
riskless bonds. Specifically, if we denote by

™= (Wt)te[o,T}
ratio of wealth from shares of the company (1) and the whole wealth X¢ then
1—m= (1 =7
is the ratio of wealth from bonds and the whole wealth X?. We can write
B Su = X I,

and
#5B, = X2(1 —m,).

Therefore, the wealth at time ¢ is defined as

t t
Xf’:x+/ ¢>§d5§>+/ ¢PadB,,
0 0

where z is the initial capital. Furthermore, by (8.1) we obtain

t t
Xf’ =+ / (,u(l)ﬁu +7r(l— ﬂu)>Xudu + / ﬂuXudWS).
0 0
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Let us make precise in the end of this chapter that our goal is to price a
European call option written on the investment consisting of a default-free
and defaultable assets. However, we want to find this price for the regular
investor whose information flow is only the filtration generated by the stock
price process of the default-free company. Finally, we assume that the regular
investor knows that there exists an insider in the market.

8.2 Methods of pricing in arbitrage-free and in-
complete market

In this section we begin with explaining why the defaultable market is
arbitrage-free and incomplete for the regular investor. Then, we continue
with finding a pricing measure via minimizing f-divergence method which is
strongly related to the utility approach.

8.2.1 The arbitrage-free market

From the fact that default time 7 and the reference filtration are independent
under the physical measure P, P admits the properties of the decoupling
measure. Thus, it preserves the martingale properties in the initially enlarged
filtration and according to the section the market is arbitrage-free. As a
result, there exists at least one martingale measure.

8.2.2 The incomplete market

The incompleteness of the market is caused by the influence on the stock
prices by an informed investor. The additional information is considered as
a strong initial information which we model by the initial enlargement. On
the one hand, for an informed investor the influenced market is complete.
On the other hand, for a common investor it is incomplete which means
that there exists more than one martingale measure. Consequently, one of
the most challenging tasks is to choose a martingale measure for pricing
financial derivatives.

8.2.3 The f-divergence minimization approach

A common method of pricing derivatives in incomplete market is to base the
prices on a martingale measure which minimizes certain distance, namely f-
divergence which measures the difference between the probability measures
P and Q.
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Definition 8.1. If f is a convex function on [0,00), Q and P are the prob-
ability measures such that Q << P and % is a Radon-Nikodym density of
Q with respect to P, then we call

f@p) = (1(%2))

an f-divergence of QQ with respect to P.

As a function f we can take for example f(z) = (/x —1)%, f(x) =2(1—
vr) (Hellinger distances) or f(z) = |z — 1| (total variation distance). The
standard approach is to choose as a pricing measure f-divergence minimal
equivalent martingale measure Q* such that

= (1(G)) = ot B (1))

where M(P) is the set of all martingale measures equivalent to P.

It is crucial in our case that the f-divergence minimization is closely related
to the utility maximization via the Legendre transform. Let us introduce now
the utility approach in more details.

8.2.4 The utility approach

The utility approach is based on the fact that one has to estimate the
value of some (defaultable) contingent claim seen from the perspective of
an agent who optimizes his behavior relative to some utility function. The
utility function measures the investor’s satisfaction. Therefore, in this section
we have to introduce briefly some known results concerning the maximizing
expected utility theory. Let us begin with the following definition.

Definition 8.2. We define the utility function u as a strictly increasing,
strictly concave, twice continuously differentiable function on dom(u) = {z €
R, u(x) > —oo} which satisfies

/ 1 / —
u'(00) —mh_{ilou(x) =0,

W' (z) = lim ' (z) = oo,
Tz

where z = inf{u € dom(u)}.



PRICING AND HEDGING OF DEFAULTABLE MODELS 65

It is important to comment the definition above. We require that the
utility function is an increasing function of wealth because with the growth
of wealth the usefulness which the investor has also grows. The concavity of
the function stands for an investor who is risk-averse. The utility function’s
slope gets flatter as the wealth increases. It means that the first unit of wealth
yields more utility (satisfaction) than the second and subsequent units.

The standard utility functions

Let us consider three standard utility functions:

i)

u(x)=1—e", (8.3)
if)
u(z) = Inx, (8.4)
iif) )
u(z) = %,p € (—00,0) U (0,1). (8.5)

The maximization of the expected value of the power utility u(x) = ’%, pE
(—00,0) U (0,1) is equivalent to the maximization of the expected rate of
return compounded piT times per year:

() -1)

The values p < 0 correspond to the discount rate. With the increase in p the
investor’s risk tolerance also increases.

The case of the logarithmic utility function u(x) = Inx we consider as a
limiting case of a power utility function as p — 0. The application is in the
maximization of the expected continuously compounded growth rate:

& (3)).

The exponential utility function u(z) = 1—e~* corresponds to the entropic
measure.
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Reformulating the problem

Our task now is to formulate the problem in terms of the expected utility
theory. We begin with reminding that the wealth at time t obtained using
strategy ¢ is defined as

t t
XP = X0+ / oSS + / oPdB,,
0 0

where X is the initial capital and ¢ = (¢;)o<i<r with ¢ = (&7, ¢P) is the
self-financing strategy (see section|8.1)). Let us assume for the simplicity that
the risk-free interest rate r = 0. It means that

t
XP = X0+ / ¢SdsV.
0

According to [5], to avoid phenomena like doubling strategies (doubling the
position), we make an assumption that during the trading the losses do not
exceed a finite credit line, i.e.

t
3b >0 such that V¢ € [0,7] / ¢3S\ > —b.
0

We say that such a strategy ¢ is admissible. The preferences of the in-
vestor are represented by the utility functions described above. The resulting
optimization problem is of the form

T T
sup Ep(u(X7)) = sup Ep(u(Xg + / $ndSD)) = Ep(u(X§ + / ¢:Sdshy),
PcA pcA 0 0

where A is a set of admissible strategies.
The Legendre transformation and the dual approach

Let us now explain briefly the relationship between the utility maximiza-
tion and the f-divergence minimization. We start with the definition of the
Legendre transformation.

Definition 8.3. If u : R — R is twice continuously differentiable and Vo € R
u”(x) < 0 (u is concave), then we call

i(z) =u(l(y)) —yl(y)

a Legendre transform of u, where I = (u’)~!.
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The function 4 which we obtain in this case is convex. However, u is also
a Legendre transform of 4 and

u(z) = inf{a(y) + zy} = oI (x)) + zI(z).

yeR

This property is called duality. Here we give the form of the convex duals of

the standard utility functions given by (8.3)), (8.4) and (8.5]).
i)

wz)=1—-e" — ax)=1—z+zlnx (8.6)

if)
u(z) =Inx — u(r)=—Ilnx—1 (8.7)

iif)
u(z) = %,p €(-0,0) U0 - i) =~ Lot (88)

Via the Legendre transformation one can obtain the equivalent problem
in the following form
dQ7

sup Ep(u(X7)) = inf {(XTy + Ee(ay 7))} (8.9)
peA y>0 T

where Q* is @-minimal equivalent martingale measure. As a result we can
base the price of the option in our task on the #-minimal equivalent martin-
gale measure. The problem now is to find Q* such that

e (o(55)) = ol = (1))

8.3 Martingale measures on G”

Let us denote the set of martingale measures equivalent to P on F®)
as Mg (P) and the set of martingale measures equivalent to P on G as
Mg (P). Our goal now is to choose one measure from the set Mg-(P) as a
pricing measure. We remind firstly that Q equivalent to [P is a martingale

measure on G” when the discounted price process (Sf”) o isa (Q,G7)-
telo,T

martingale. We have to consider prices as (Q, G™)-martingales since the reg-

ular investor knows that in the market there is also an insider who influences

the prices. For the simplicity we assumed that the risk-free interest rate r is
equal to 0 and then V¢ € [0,T] B; = 1.
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The ordinary investor with the public information flow F(!) does not have
the arbitrage opportunities since the default-free market in our case is arbitrage-
free. In addition, it is complete. This means that there exists a uniquely
defined martingale measure Q equivalent to [P such that the discounted price

process (Sf”) o is a (Q,FM)-martingale, i.e. My (P) = {Q}.
telo,T

Let us denote p = (p¢)iejo,r) as a corresponding density process, i.e.
dQ 0 = pudP o, ie. VA EFY Q(A) = / pedP. (8.10)
A

It is well known that for a Black-Scholes market (B, S™M) and the filtration
F() (see section [8.1| for the definition) the density process p is defined as such
that
0%t 1)
pt:exp{ _T_GWt }, where 0 =

Fo — T

o(1)

(8.11)

In the end of the previous chapter we established that to find a pricing
measure it is necessary to find a density process such that

_dQ . L (dQ
e (1)) = otk B (1))
P\ P geme) E\'\ P
where % has simply the following form
d@|g; = PT(T)dIPﬁg%.

However, let us remind that Pr(7) has to be a positive random variable with

]E]}D(PT(T)) = 1

We start with bounding Ep (ﬁ(ﬁ%)) from below. Firstly we need to con-
dition Ep (ﬁ <PT(7')>> on F;l) to obtain

By (B, (a(Pr(r)) ) 170)

which from the tower property is equal to

By (B (a(Pr(r)174).

Using Jensen inequality we get that

Ep (B (a(Pr(n)F"))) = Ep (a(Ee (Pr(n)l ) ) )
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Let us now specify the form of E, <PT(T)|.F7(})>. We can rewrite it as an
integral

By (Pr(r)|7”) @) = [ Pre,u)ar(n(du) = Pro).
0
We omit w for the simplicity.

It is necessary to check the properties of Pr. From the fact that Pp(7)
is a positive random variable, the conditional density process ¢(u) and the
measure 7 are strictly positive, we obtain that Pr > 0. We need to calculate
also the expected value of Pr. We begin with rewriting it using the definition
of Pr and the tower property. We obtain that

By Pr = By (Bp(Pr(r)|77)) = g (Bp (Pr(r))|F1).
Since Pr(7) is a density process and Ep(Pr(7)) = 1, we have that
Ep (Bp (Pr(r)|177) = B (1177) = 1
p\Ep\LT\T)) 1T P T
and hence
EpPr = 1.

What is more this process is lying on the filtration FM . As a result, we get
a candidate for a density process, which is Pr such that

E, (u (PT(¢)>> > E, <u (PT>).

However, to use a measure defined by this density process, we need to prove
that (St(l)Pt)tZO is a (P, G™)-martingale.

To prove that (St(l)ﬁt)tzo is a (P, G™)-martingale, we can use the fact that
Vu > 0 (Pi(u))t>o is a density process lying on the filtration G™ and hence

(St(l)Rg(U>>t20 is a (P, G™)-martingale.

Proposition defines martingales in G”". It states that G"-adapted
process (z:(u))i>0,u > 0 is a (P, G7)-martingale if and only if the process
(z:(u)qe(u))i=0 is a (P,FM)-martingale, where (g:(u));>o is the conditional
density process (see Proposition [5.1]). In our case random variable z(u) is of
the form Sfl)Pt(u) and it clearly is measurable with respect to o-algebra G; .
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As a result we obtain that since (St(l)Pt(u))tZO is a (P, G™)-martingale then,
(St(l)Pt(u)qt(u))tzo is a (P,F))-martingale. It means that

Ep (" P(u)ai(w) = S5.
We put conditional expectation on both sides
Ep (Ep(S; " Pi(w)g:(w))) = Ep(S5")

and get that
B [ s Ptwatwnan) = 5
0

We can take Sfl) outside the integral and obtain

B (5 | Ptwa(wn(an) = 55"

0

Since [;° P,(u)g:(u)n(du) is the definition of P; we obtain that

Ex(S\VB) = S5 = S5V .

As a result, we proved that (St(l)pt)tzo is a (P, G™)-martingale and we can
take (P,);>0 as a density process. However, it is crucial to notice that the
process (pt)tzo is lying on the filtration F(") and since the density process
is defined uniquely on the filtration F(!), the process (Pt>t20 has to coincide
with the process (pt)i>0. Finally we showed that minimum is attained at
(pt)i>0 and we take as a pricing measure, the measure Q* such that

dQjg; = prdPg;..

8.4 The distribution of 7 with respect to P

In this section we study the distribution of default time. Firstly, for sim-
plification we consider the well known results for a hitting time defined as
the first time when the barrier value is crossed by a Brownian motion with
drift or the first time when a linear function barrier is crossed by a standard
Brownian motion. Then, we apply them to our stopping time 7.
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The density for a hitting time

0.4
0.3
0.2

0.1

0.0

-01F

-0.2L

Figure 8.4: A hitting time of a linear function barrier by a standard Brownian
motion.

From [7] we know that for a hitting time 7,, = inf{t > 0: Wt(z) > a+ bt}
where a > 0 and b < 0 (see Figure , the density function is of the form

fra(t) = %\Pt(a +bt), (8.12)

where ¥, (u) = —— exp{—;—z}. To get the distribution function we integrate

V2nt
(8.12) and obtain

a+ bt

: Vi

Tab

> + exp{—2ab}©<bt — a).

(1) =P(ra<1) =1- v

To check (8.12) we verify that
Ep(exp{—ATap}) = exp{—a(b+ vb? + 2)\)}. (8.13)

We have

1 bt)?
/ a exp{—m} exp{—ATq }pdt
[0,00] 2t

which we can write as

1 a?

a b?
—exp{—"texp{—(\+ —)t}dt
el et

exp{—ab}
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where
1 a a® b2 b2
— ex — r €X —)\+—tdt:E ex _)\_'__Ta
/[o,oo] V2rt t p{2t} p{=( 2) } p(exp{—( 2) 1)
with

T, =inf{t > 0: W; <a}.
From the fact that
Ep(exp{—A7,}) = exp{—aV2A}
we have
b2 b2
Ep(exp{—(\ + E)Ta}) = exp{—ay/2(\ + E)} (8.14)

After multiplying the right-hand side of (8.14)) by exp{—ab} we get (8.13)
which proves that our formula for the density (8.12) is correct.

The density of default time 7

In our case
r=inf{t>0: 5% <a}

which is equivalent to

l
7 = inf {t >0 Wt(Z) < na n <0(2) B WQ))t}.

L) 2 o
Let us denote
Ilna
a = —
0(2)
and
b= 7@ _H®
1= .
2 0'(2)

We see that a; < 0 and we assume that b; > 0. Therefore, we can not apply
the result established in [7] directly. Nevertheless, we can use a Brownian
motion’s reflection property and calculate the density function for a hitting
time of a reflected barrier by a reflected standard Brownian motion.

We have that

r=inf{t >0: —W® > —ay + (—b))t}.
We denote ay = —a; > 0 and by = —b; < 0 and get (see Figure

T=inf{t>0:— t(Q) > as + bot}.
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Figure 8.5: A hitting time of a linear function barrier by a standard Brownian
motion - dual problems.

Finally, we obtain the form of the density

Ina Ina O(2 (2
Fot) = =20, (——— — ("2 - 2y, (8.15)

o(2) 0(2) 2 o

We get the distribution function F.(t) = P(r <t) as

Ina— (ue — 22)

Pﬁgty:¢<na (ke 2)) (8.16)
oVt
Ho) _ %
—|—a20<22) 1®<lna+(u(2) 5 )t)
oVt

From the fact that we have to consider the random variable 7 A T' it is
crucial to determine its distribution. In general, it has the form as follows

F.(t), ift<T,

MTATSt%_{1 =T

where F(t) is the distribution of 7 which has the density with respect to the
Lebesgue measure given by (8.15).

Thus in our case,

0_2
P (hﬂ a—(ﬂ(zr(f))t)
o)Vt

"
PEATSD =) B8y ot

. ) ift<T,

ift="T,
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Figure 8.7: The distribution of 7 AT

(see Figure [8.7). We can also calculate

2
Ina — (1) "2t
P(r > ) =1- & na = (e ) ) (8.17)
o)Vt
2" 1 lna+ _ @y
—a cp( nat (e — %) ) (8.18)
O

8.5 European call option pricing

The goal of this section is to calculate a price of a European call option
written on a stock of the company (1) and on a bond issued by a defaultable
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company (2) which stock price process is described by S®). Specifically, we
consider an option with the following payoff

s —(sW 41 k) 8.19
g\ o7’ + Lr>1} v T lrs1) ) ( . )

where T' is the maturity time and K is the strike price of the option.

Clearly, the payoff function can be written in the form

1
gr = H{S(T1)+H{T>T}—K>0} (S(T) +lsry — K)’ (8.20)

where
r=inf{t €0,7]: S < a}.

Under the assumption that the (B, S™, S®)-market is arbitrage-free we
use Q* € Mg-(IP) (see section [8.3) which has the following form

where pr is a density process such that

and Q € Mya)(P). See section 8.3 for definitions of M) (P) and Mg-(P).
The density process p = (p¢)iejo,r) is defined as in (8.11]).

8.5.1 Pricing in the Black-Scholes market with default

Under the assumptions of the Black-Scholes model we have the following
formula for pricing the financial derivatives.

Co(T) = BoEq (%),

where g7 is an f:(rl)—measurable payoff function and B = (B;).c(o,1 is a riskless
asset. Cy(7T") denotes the price at time ¢ = 0 of a financial derivative with
the maturity time 7.

In our case the payoff gr = g(Sg) + ]I{T>T}) is Gr-measurable, where
Vi e [0,T] G = Fv o (7). To price a GT-measurable payoff g we need to
use Q* € Mg-(P) defined in section [8.3, We have

Co(T) = ByEg- (g_i)
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Let us remind that the risk-free interest rate »r = 0. Hence, dB; = 0 and
Vt € [0,7] B; = 1. Thus,
Co(T) = Eq-(97).

According to (8.19)) we get
(1) -
C,y(T) = Eg- ((ST + Ity — K) )
By (8.21])) we change the measure and get

Co(T) = Ep ((S;l) + Lirsry — K) +pT>.

8.5.2 The case when W1 and W® are uncorrelated

In this section we formulate and prove a theorem which gives us an exact
formula for pricing the European option with the payoff given by (8.19).

Theorem 8.1. In the case of uncorrelated Brownian motions the pricing for-
mula for the European option with the payoff given by has the following
form ) o
Co(T) = (2(dr) — K®(da))P({7 > T}) (8.23)
+(@(di) — K@(d2))P({T < T}), (8.24)
where P({r <T}), P({r > T}) are defined by (5.16), respectively,
14 % 1 %
~ In=+ 2T InL + 207
dio=—B " 2" gnid,= K= 2"
6'(1)\/T 0(1)\/T
We shall give the proof.

Proof. With accordance to ([2.1) we can represent € by two disjoint sets as
follows.

Q= {w €0: ]I{r(w)>T} = 1} U {OJ eQ: ]I{T(w)>T} = 0} (825)

We see that

{weQ:T(w)>TY ={weQ:7(w) <T}
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Consequently, we can write (8.25) in the simplified notations as follows.
Q={r>T}u{r<T}

and by the Lemma [2.1| we obtain
ColT) = Ee (S8 + Loy = K) prl{r > T))B({7 > TH+
Ep (S5 + Iiromy — K) +pT‘{T <THP({r <T}).

On the set {7 > T'} the random variable I, has a value 1. However, on
the set {7 < T} it vanishes. Thus, we can write the conditional expectations
as follows.

B ( (s " _ (1) i
P T + ]I{T>T} — K pr {7’ > T} = E]p ST +1— K pr (826)
(1) - (1) "
Be (S +Tgomy — K) prf{r < T}) =Ee (S0 = K) pr)  (827)
By inserting (8.26|) and (8.27)) into the pricing formula we get

C,(T) = Ep((S(T” F1- K) +pT>IP’({T > T+
+Ep (S8 - K) +pT)]P>({T <T)).

Let us consider for simplification the expectation values separately. We
have that

(571 ) o) =B (5 g sor)

where K = K — 1.

We can calculate the expectation value by integration
1 .
/Q (S;) — K)]I{s;”f[(w}pTdP' (8.28)

Firstly, we write the inequality S(Tl ) — K >0 in the form

hlff - (,u(l) - %)T

W(l) >
g o)
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Let us denote

d = VA (8.29)

Then, we can extend (8.28) to the following form

[ 7o (oo { o= D) s e} - )
7 V2T 1)~ (1)
2

roe =5 (0) Yoo - 57}
. exp{ ——r——-(—= expy — — cdx. 8.30
0'(1) 2 0'(1) 2T ( )

We can calculate the integral analogically as in the derivation of the Black-
Scholes formula by completing the square. We obtain the result

Ep ((5<Tl> _ fg)ﬂ{sgtbo}m) = ®(dy) — Kd(ds), (8.31)
where ,
. mistZop
dyg=—H—2 8.32
12 v (8.32)
We obtain
Jr
B (S = K) pr) = 0(d) - KO(d), (8.33)
where ,
In L+ 207
dig=—L—2 8.34
1,2 U(l)ﬁ ( )

®(.) is the cumulative distribution function of a normally distributed random
variable with mean 0 and variance 1 such that ®(u) = [* % exp{—%}dy.

Finally, we get

Co(T) = ((B(dr) — K®(do))P({7 > T}) (8.35)

+ (®(dy) — KO(dy))P({T <TY}), (8.36)

where ®(.) is a cumulative distribution function of a normally distributed
random variable with mean 0, variance 1 and P({r < T'}), P({T > T'}), di1»
and d; » are defined by ({8.16)), (8.17)), (8.32) and (8.34)), respectively.

]
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8.5.3 The case when W1 and W® are correlated with
the correlation coefficient p

In this section we consider the case where W}l) and Wq(?) are the corre-
lated standard Brownian motions with a correlation parameter p € (—1,1).
Namely, we formulate a theorem and give a proof for a pricing formula in
this case.

For the later purpose we calculate the conditional density function of W:(pl)
condition on Wiﬁz) =.

Firstly, let us consider the fact that if two integrable random variables X
and Y defined on (92, F,P) are dependent then

E(s(0) = (

(o) frv=lalyiz) (8:37)

ly=Y

where g is a Borel function and fx|y—,(z|y) is a conditional density function

such that

Fxpy—y(zly) = M;;_((;)y)

where f(xy)(z,y) is the joint density function of a random vector (X,Y’) and
fy(y) is a density function of random variable Y.

For our further purposes we need a conditional density function f ) ‘W(Q)_y(x|y).
T T —

Proposition 8.1. The law of W}1)|W}2) is equivalent to a law of a normally
distributed random variable with mean py and variance T'(1—p?). Specifically,

fwowe—,(@ly) = f2,:(2),

where Zp 1s a normally distributed random variable with mean py and vari-
ance T(1 — p?).

Proof. We begin with the formula for the conditional density, namely
f(Wq(,l),W}Q)) <x7 y)

Fwe ()

fW;U‘W:(rz):y(ﬂy) =
We use also the miltivariate normal distribution to establish the following
form of the joint density of the vector (W}l), W:(FQ))

; (,9) 1 Ty 2y,
€T = —— X — .
Wy = U 21— AT
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Since
2

o ) = == exp{~ 32}

we obtain

1 (z — py)*
fW;1>|W;2>:y(1'|Z/) = exp{—-——}

onT(1— p?) 2T(1 — p?) . (8.38)

Thus,
fW;n‘W;m:y(ﬂy) = fz:(2),

where Zp is a normally distributed random variable with mean py and vari-
ance T(1 — p?). O

Let us now formulate the theorem concerning the pricing formula for the
case of two correlated Brownian motions.

Theorem 8.2. In the case of two correlated Brownian motions with the
correlation coefficient p € (0,1) the pricing formula for the European option

with the payoff given by has the following form

2

p 1 x o 1 x
Coz/ Cg(x)mexp{—ﬁ}dx%—/jj C5($)\/mexp{—ﬁ}dx,

- (8.39)
where ,
D_ Ina— (pe) — %)T
0(2)
and
Cs(x) = y(2)Cs(z) + (1 — y(z))Ca(2),
where

2<U(§)T+%—%> 2 /lna\2
V(z) =a ® exp{——<—> }
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lni—i-iTﬂprGl ’ N
Dy =—LK 2 > : )+(6—0(1))\/T—L27 Dy = Di=omvT(1—p?),
(1) T(1—p?) L=p
~ In+ + ET + proq) 2 ~ ~
Dy=—XK_ 2 +(O0—om)VT P Dy = Di=oq)/T(1 = p?).

oI = p?) VI=p?

Proof. To price we need to calculate the following mathematical expectation
Cy = Ep(g(Sy))pr)
0 P T JFT)>

where
1 1
9(88) = (S + Ijpugy — K)*
and

pr = exp { — 92—2T —~ GW,}”}. (8.40)
From the fact that we can express g(Sp}1 )) as
9(57") = (57 = 9(S Mrcry + 9(S1 Moy
so that
Co =Ex((SY) + T ory — K) ool cqy + (Sy) + Loy — K) prlamy),
we obtain
Co=Ep((Sp + 1= K) prlpry + (S — K) prlar).

We condition this mathematical expectation on .7-";2) = O'(WS(Q), 0<s<t)
and take the random variables ]I{T>T} and ]I{TgT} outside the conditional

expectation because they are ]::(F2)—measurable. We get that
Cp = Ep (Ep((SY) —K)* pr | FEN L coy) HEp (B (SO 41— K)  pr FENL )
0 p UEp (\Op pr|vyr M <m p\Ep ({07 priySr ) ir>Ty)-

To simplify, we denote

and
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Let us now show that
Ep((Sy) — K)pr|FY) = Ep((SY) — K) pr| W)

so we can replace ]-";2) with W}Z). It is enough to prove that Ep((S% ) —
K)*pﬂ]-‘}g)) is W;Q)—measurable. We start with the fact that Ep((Si(pl) -
K)*pﬂ]—“}g)) is f;Q)—measurable and we denote W® = (W,),cio7) as the
third Brownian motion which is independent of W, Let us also remind

that )
1)

S(Tl) = exp { (u(l) — 7>T + 0(1)W}1)}

and pr is defined as in (8.40)). Using Normal Correlation Theorem which
says that we can represent W}l) as

1 2 3
Wy = pWi? + V1= 2w,

we obtain
2

Ep((exp { (,uu) — %)T + o) (pW%Q) + \/1—7p2W}3)>} — K>+
92
exp{ = ST = 0(Wf + VT AP,

Then, applying the formula for the calculation of the conditional expectation
with one measurable and one independent variable, we can conclude that

Ep((Sg) - K)*pT\}":(FQ)) = Ep((S(Tl) — K)+pT|W}2)). Thus, we can examine
the latter.

To calculate this expectation we use the fact that

B (51— ) prlWE?) = (Bo((55) — K prlW? = u)

o=
Let us calculate

Ca(w) = Bp((S7” = K)"pr|Wy” = w)
which equals to

1 2
Cy(w) = Bp((Sp” = K) g ooy prWr” = w).
Using the conditional density function (8.38)) we calculate that

Ep (I Wi =w)

{S(Tl)—KEO}pT‘
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o 62 1 (x — pw)?
= ——=T-40 -,
/d’ exp{ 2 x} 27T (1 — p?) P 2T(1 - P2>} )

%

where ,
gt (e = 5T
' g(1)
We get
2 (0p)? 2
IEP(]I{S(Tl)ﬁ(zo}pT’W} )= eXp{ —y o OpWs )}<I>(D2),

where ®(.) is a cumulative distribution function of a normally distributed
random variable with mean 0 and variance 1 and

It — 207 4 po w2 2
Dy=—KE—2 TPOTT gy P (8.41)
oV I (1=p?) V1-p?
Analogically, we calculate that
1 2 ((0 — oy)p)? 2
EP(S;)H{S;D—KEO}pleé )) = exp { - +T — (0 - U(l))PWT(’ )}‘I’(Dl);
where
1, % (2) 2
In+ + 2T+ pWr'o
Dy =K LT 0 g W (8.42)
oy I'(1—p?) 1—p?

We got the formula

((6 —ow)p)?

C3(W7(12)) = exp{ — 5

T—(0— o)Wy }o(Dy)  (3.43)

0 2
_Kexp { _ %T _ epWﬁ)}@(Dz),
where Dy and Dy are defined by (8.42) and (8.41)), respectively.

The formula for C4(W:(F2)) is analogical but instead of K we have K. Specifi-
cally,

((6 —ow)p)?

04(Wé2)) = exp{ - 5

T—(0— o)Wy }o(Dy)  (3.44)

6p)? .
_Kexp { . %T . epwf)}@(Dz),
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where
1, % (2)
. In=+ 2T+ pW,'o 2
D, = —XK 2 pYWr 0(1) +(0— 0(1))ﬁp— (8.45)
(1) T(l - ,02) 1-— p2
and
N In+i — (” T + pon W
Dy = —K O N (8.46)

oV I (1= p?) V1 —f

Consequently, we have the pricing formula as following
Cy = Ep(C3(Wy )H{T<T}) + Ep (Ca(Wy )]I{T>T})

We condition on Wf) and can take Cg(W}z)) and C’4(W:(p2)) outside the
expectation value. We obtain

Cy = Ep(Co(Wr By (Iraqy W) + Ep (Co (W3 Ep (Lpoy [W7)).
Thus, we need to calculate
P(r > T|Wi?) and P(r < T|W).
Let us calculate the latter. We use the fact that

P(r < TIW = w) = P sup (~W, +ar +bit) > 0[P = w),

te[0,7
where |
a = —2 <0 (8.47)
(2)
and - i
by =2 _E3 - g (8.48)
2 0'(2)

We use the formula from [8] such that
_ 2z2(z—y) :
]P( sup WO,(t) > Z|Wa(T) = y) = eXp{ T }’ lf z > maX(07y)7
te[0,T] 1, otherwise,
where W, is a Brownian motion with drift a. We get that

V(Wéz))a if —aq > max(0,0,T — V[/%?))7

1, otherwise

PﬁgTMﬁU:{

where
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(8.49)

() = exp { 2a;(x —;1 — blT)}

and

1— (W), if —a; > max(0,b,T — W),

P(r > TIWY) =
(> T/Wr") {O, otherwise.

Let us firstly simplify the formula above. Since —a; > 0 we have three
possibilities:
D Wi > uT,
i) o617+ a; < W}z) <bhT,
i) W < b T + ay.
Thus we can write

P(r < T|W)

_ (2)
- ’y(WT )I[{W;2)>blT+a1} + H{W;2)<b1T+a1}

and

P(r > T|W}2)) = (1 - V(W}2)>>H{W;2)>b1T+a1}’

where ay, by, y(.) are defined by (8.47)), (8.48), (8.49) respectively.
Finally, we denote a; + b;7T as D and we extend it to the form

2
e

Ina— (pa — 52T

7(2)

D:a1+b1T:

We get the pricing formula

b 1 z2 o 1 T
Cy —/ Cs(x) o T exp{ - ﬁ}dx—'—/D Cs(z) o T eXP{ — ﬁ}dx,

o0

where

Cs(x) = 7(2)Cs(x) + (1 = ~(2))Ca(2),
where y(z), C3(z) and Cy(z) are defined by (8.49), (8.43), (8.44) respectively
and we transform the function 7 to the form

— - 2\ oy @—9 2
- (=80 g3

T 9(2)

]
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To verify if the final formula is correct let us present a corollary showing
that if we put p = 0 then we obtain the formula for uncorrelated Brownian
motions.

Corollary 8.1. Using the formula for correlated Brownian motions in the

case of uncorrelated Brownian motions (p = 0) we get the same result as in
Theorem [8.1.

Proof. Let us start the proof by putting p = 0 to the formula (8.39)).

We obtain that Dy, Dy, Dy, D, defined by (8.42)), (8.41)), (8.45), (8.46)
respectively, have the form as follows

1, %)

D1,2 -
0'(1)\/T

= dy 2,

1, %)
- In % + TT -

D1,2 = = = d1,2>
O(l)ﬁ

for the formula of d; » and dy 5 see (8.34)), (8.32).

With p = 0 the functions C5, Cy and C5 become
03(33) = (I)(dl) — K(I)(dz) = 03,

C4(ZL') == @(Jl) — K@(CZQ) == 04,
Cs(z) = C3y(x) + Co(1 — v(2)).
As a result the formula (8.39) has the following form

CO‘C?’/_OO\/WGXP{—ﬁ}d“C?)/D 1) o b { o o
+C /00 ! e { s }dx C /OO (x) ! e { ° }das (8.51)
X —_ — X _ , .
Yo Vaxr AT Yy e CPA ar

where D is defined by (8.50)).
We notice that

/_Oo \/217T_Texp{ —;—T}dx:q><%>
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and
2

[ el ot =1-2(5)
expy ——=,=1—®(—=).
b Vel Pl aT VT
Putting these results and the formulas for C3 and C; to the (8.5.3]) we
get

2

C, = (@(dl) - ch(@)) (@ (%) + /Doo’y(a:)\/;ﬁ_Texp{ - ;—T}dx>

+(2(@) - Ko@) (1- (o(F2) + [T e { - 5 Jar)).

We compare this formula with the final result for the uncorrelated case

and we realize that @(%) + [ 7(96)\/2;7? exp{ — %}dm is staying in the
place of P(7 < T') defined by ({8.16). We shall prove that they are equal.

For the simplicity we use firstly the initial form of the function ~, namely
the form established in (8.49)), and by the method of completing the square
we calculate the integral. We obtain that

/Dooy(x)\/;T_Texp{ — ;—T}dx = exp{ —2a1b1}<1 — @(D\_/I_%Ch)).

Putting this result and the final form of D we get that (8.5.3) is equal to

0'2 o
Ina— (e — -2t 2021 lna+ (pe) — 22t
c1>( ) ta o <1>( )
O'(Q)\/E U(z)\ﬁ

which is P(7 < T') defined in (8.16]).
Finally we have that

C, = ((I)(dl) - K(I)(d2)>IP(T <T)+ (cp(cil) - K@(CZQ))P(T > T)

which represents exactly the formula for the uncorrelated case.
O

The price of the option with the payoff given by (8.19) depends on the
correlation coefficient p (see Figure [8.8, [8.9] 8.11).
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Figure 8.8: A graph illustrating the option’s price against p for p;) = 0.1,
te) = 0.1, oqy = 0.3, o9y = 0.3. The strike price K = 2, Sy = 1 and the
maturity time 7" = 10.

Price

03

0.2

0.1

10 05 0o 0.5 1.0

Figure 8.9: A graph illustrating the option’s price against p for p) = —0.1,
fey = 0.1, oy = 0.2, 09y = 0.3.The strike price K = 2, Sy = 1 and the
maturity time 7' = 10.
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Figure 8.10: A graph illustrating the option’s price against p for ji(;) = 0.1,
fe) = 0.1, oy = 0.3, 02y = 0.3. The strike price K = 3, Sy = 1 and the

maturity time 7" = 10.
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Figure 8.11: A graph illustrating the option’s price against p for y(;) = —0.1,
te) = 0.1, oqy = 0.2, og) = 0.3.The strike price K = 3, So = 1 and the

maturity time 7" = 10.
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Chapter 9

Conclusions

Due to the different type of information available to the investor in the
defaultable market, pricing and hedging of the models with default is not so
elementary as of the default-free models. Firstly, since the informed agent
influences the stock prices, the market is incomplete for the regular investor.
Thus, perfect hedging is not always possible and as a result, we have to
choose the minimal martingale measure. What is more, if we work under the
measure providing independence of default time and the reference filtration,
the market is arbitrage-free since the measure preserves the martingale prop-
erty in the initially enlarged filtration. Nonetheless, if the measure is not a
decoupling one, we have to introduce some hypothesis for the market to be
arbitrage-free, namely H-hypothesis or £-hypothesis.

Since for the regular investor market is incomplete and arbitrage-free, there
exists more than one martingale measure equivalent to the physical mea-
sure in the initially enlarged filtration. However, they are all defined by
the Radon-Nikodym density process being the product of the correspond-
ing Radon-Nikodym density process from the reference filtration and a Borel
function of default time.

The most common method of dealing with the minimal martingale mea-
sure is the utility approach and it consists of estimating the value of some
contingent claim seen from the perspective of an agent who optimizes his
behavior relative to some utility function. As a result we obtained for three
different utility functions that the function of default time in the enlarged
filtration is equal to one under the independence of default time and the
reference filtration. It means that for these three utility functions the addi-
tional information is not valuable in the sense that it does not increase the

91



92 CHAPTER 9. CONCLUSIONS

expected utility. In the case of the correlated Brownian motions, the calcu-
lations involve the conditional density function of two Brownian motions. IT
appears that the conditional law of the correlated Brownian motions is still
a Brownian motion.

Pricing the option written on the investment consisting of a stock of the
default-free company and a corporate bond issued by the defaultable com-
pany in such a market is analogous to the pricing of Black-Scholes model.
The only difference in the case of the independence of default time and the
reference filtration is that as a result we have two formulas with different
strike prices combined by the corresponding probability whether the default
occurred or not. The dependence between default time and the reference
filtration results in calculating the conditional expectation of the discounted
payoff instead of the regular expected value. In this particular case, we
got the pricing formula using mainly some very important properties of the
Brownian motion.



Notation

Probability space.

Filtered probability space.
Stochastic process.

Natural filtration.

Borel o-algebra on R.
Standard Brownian motion.
o-algebra generated by B.
o-algebra generated by B;.
Price process.

Default time.

Strike price.

Maturity time.
Mathematical expectation under measure P.
Law of 7.

Distribution function of 7.

Density function of 7.
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N = (N¢)e>o0

Notation

Default process.

o-algebra generated by NV;.
Filtration generated by H;.
‘Hi-measurable random variable.
Intensity process of 7.

Indicator function of a set A.
Hazard function.

Survival function.

Deterministic risk-free interest rate.
o-algebra generated by 7.
Enlarged o-algebra F; V o (7).
Enlarged o-algebra F; V H;.
Filtration generated by G; .
Filtration generated by G;.
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pl

a=0.4: K=3;Kf=K-1;:T=10; & = —l:pflztl.EIE:aiz—El.Elﬁ:
a
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_.:.:5-:1]*:-]: —(5—OL) .
c3[x_]:ze 1Ty,

CDF [NormalDistribution[0, 1], D1[x]]
(Bap) 2

“Kxe I 7 CDF[NormalDistribution[0, 1], D2[x]];

[ (5-01) am) £ (Soot) o
- = —— = | O OL) ®#O%R
Cd[=x ] :=e :

a

CDF [NormalDistribution[0, 1], D1f[x]]
(6ap) 2

_Kfxe T o f"* 4 CDF[NormalDistribution[0, 1], D2£[x]];
Ch[x ] =y [x]=C3[x]+ (1-y[x])=+xCd[x];

1 x
calkal[x ] :=C3[x] % ———— %2 57 ;
VZ2PixT
1 _xf
calka2[x ] :=Ch[x] % ——— % 5T ;

Y 2PixT



rhochoice = {-0.99, -0.9, -0.8, -0.7, -0.6,

-0.2, -0.1,0,0.1,0.2, 0.3,

0.4, 0.5, 0.6, 0.7,0.8,0.9,0.99};
(*Calculating the price depending on p=*
inf = 100; step =1;
licznik =1;
rholista ={};

While|
licznik £ Length[rhochoice],

p = rhochoice[ [licznik]];
suma = 0;
x = -inf:

While|

-0.5, -0.4,

x=inf, If[x = DO, suma = suma + (stepsxcalkal [x]),

suma = suma + (step*calka2[x]) ] x=x+step

1:
AppendTo[rholista, {p, suma}];

licznik -+

]
Export|["rho.png", Show|[ListPlot[rholista,

PlotRange -+ {{-1, 1}, {0.015, 0.045}},
AxesLabel - {"p", "Price"}],

TextStyle -»> {FontFamily -> "Arial", FontSize - 13},

ImageSize -+ 400, ImageSize - 500] ]

Figure 9.1: The source code in Mathematica for derivation of option’s price

in the case of correlated Brownian Motions.
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