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Abstract

The aim of this paper is to present simulation methods for the pricing
of American financial instruments. Three methods are presented. Each
differs from the others in it’s approach to the problem and the method
of finding a solution. We illustrate the variety of possible approaches
that can be adopted when dealing with this complicated problem. The
results of using these algorithms are compared with examples found in
literature on the subject. We try to identify the factors that influence
price estimators and provide some new results about the properties and
distributions of those estimators. We show that even a simple variance
reduction technique has a positive effect for these algorithms. The pur-
pose of this paper is to present the effectiveness of a simulation method
in pricing American options. This is contrary to the opinion often stated
in articles and monographs that the simulation approach is not adequate
for the task. We provide an overview and comparison of earlier methods
proposed and follow this with an extended discussion. This paper sets
the foundations for further research into use of these algorithms for mul-
tidimensional problems, where they may offer a substantial advantage
over deterministic methods.
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Chapter 1

Introduction

American type financial instruments are all derivatives which can be exercised
not only at the point of maturity, but at any moment preceding. Although
they have many properties in common with European options, pricing pro-
cedures for American type derivatives are usually complicated and only in
some cases is it possible to find an analytical price of such instruments. In
cases where more instruments of this type are traded there is a need for nu-
merical methods of pricing, because they are less sensitive to manipulation
as they reach maturity. Some non-simulation methods have been proposed;
binomial/trinomial trees or methods associated with a boundary problem
PDE, such as a finite difference method. The latter provides good results
and isn’t computationally intensive, as long as the dimensions of the prob-
lem are small and there are few sources of uncertainty. Precise comparison
of such methods can be found in Broadie and Detemple [2], for example.
When the problem is more complex and has many dimensions the simulation
methods become more appropriate, as we know that the computational cost
of these methods doesn’t depend on dimension. Monte Carlo methods which
are forward methods and give quite straightforward results for European op-
tions cannot be so easily applied for American type instruments. In that
case we often have to use backward reasoning. However many different ap-
proaches have been proposed. We can divide those methods into few groups:

• Dynamic programming – where we find the value of the option at the
time of maturity and then recursively move back in time until time t =
0. As in Tilley [10] who uses the bundling and dynamic programming
methods. A different approach can be found in Grant, Vora, Weeks [7].
They use a backward induction to determine the exercise boundary
which defines the stopping rule, which is then used directly for finding
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2 Chapter 1. Introduction

the price by plain Monte Carlo simulations.

• Mesh and tree methods – proposed by Broadie and Glasserman [6], as
opposed to other methods these don’t use simulated paths but rather
simulated trees (a mesh) of prices. From this structure the upper and
lower estimate for the real price can be found, which at the limit con-
verge to one real price of the option. The tree method cannot be used
for many time steps as the number of operations grows exponentially
using this method.

• Parametrisation of frontier – this method is similar to the method of
Grant, Vora, Weeks [7] but here, instead of using dynamic program-
ming we parametrise the exercise boundary and later under martingale
measure we maximise the expected payoff. The most important works
in this area are the papers of Hu and Fu (1995), or the recent one of
Eglof [3].

In all these algorithms we divide time to maturity in some number of steps,
so in fact we price the different type of option which we call Bermudan, this
being a good approximation of an American option. As the number of steps
increases, the price of the Bermudan instruments converges with the price of
American type instruments.
More detailed information about Monte Carlo methods for American options
can be found in Boyle [1] and Glaserman [5]. Comparison of some simulation
based methods with numerical results is presented in the paper of Fu, Laprise,
Modan, Su, and Wu [4].
The rest of this document is organised as follows. In Chapter 2 a basic theory
is presented with some of the main ideas of the methods and proposals as to
how they may be applied. In Chapter 3 the algorithms used are described
with comments on the convergence. A numerical comparison of the results
of these methods is given. In Chapter 4 those algorithms are applied to real
data and some prices for real options are found. In Chapter 5 we provide our
conclusions.



Chapter 2

Methods

In this chapter the basic theory and main algorithms will be presented with
descriptions of the ideas which stand behind them.

2.1 The basic theory. Glossary

Here we provide definitions of the terms used throughout this paper.

Bias – The bias of the estimator Θ̂ is the difference EΘ̂ − Θ, between an
estimator’s expectation and the true value of the parameter being es-
timated. We say the estimator has a high bias when

E(Θ̂) ≥ Θ (2.1)

In our problem, high bias of the estimator results from using predictions
of the future when making a decision to exercise. Low bias of the
estimator exists when we reverse the sign of inequality (2.1). Such
situations occur when we use a suboptimal exercise rule.

Dynamic programming – the optimization technique which can be used
when the payoff function has a special structure e.g if it allows separa-
tion of the influence of variables. The term dynamic programming was
originally used in the 1940s by Richard Bellman.

Martingale measure – (risk-neutral measure, or Q-measure) is a proba-
bility measure equivalent to a physical measure under which the asset
process becomes a martingale. As a result, arbitrage is not a possibility.

Financial instrument – is either cash, evidence of ownership, an interest
in an entity, or a contractual right to receive or deliver cash or other
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4 Chapter 2. Methods

goods. The main characterisation is h(X, t) ∈ L2, which is called the
pay-off function.

Arbitrage – in finance this is a risk free profit. The arbitrage price is one
that doesn’t allow arbitrage.

Stopping time – Let (I,≤) be an ordered index set (often I = [0,∞)
or a compact subset, and let (Ω,F ,Ft,P) be a filtered probability
space. Then a random variable τ : Ω → I is called a stopping time if
{τ ≤ t} ∈ Ft for all t ∈ I and P (τ <∞) = 1.

2.2 Methods

In all our considerations we assume that we have a complete underlying
probability space {Ω,F , P}. Here Ω is a set of all possible realisations of
a stochastic economy in a finite time interval [0, T ] and F is an associated
sigma algebra. We also assume that there always exists a unique martingale
measure Q equivalent to the measure P .
American instruments have to deal with the problem of the possibility of an
early exercise of an option. Let h(St) be a random variable from L2(Ω,z, P ).
The function h(St) is called a pay-off function of an option written on an as-
set St.

Thorem 1. (Arbitrage price)
The arbitrage price of an American type instrument with a pay-off function
h(St) with the maturity time T, is given by the equation

Qt = sup
τ≤T

EQ∗(h(Sτ )
Bt

Bτ

|Ft); (2.2)

where Q∗ denotes martingale probability and Bt is a discount factor.

Proof. For proof see [8].

Time τ ∗ realise the supremum it means by t = τ ∗ we have:

EQ∗(h(Sτ∗)
Bt

Bτ∗
|Ft) = sup

τ≤T
EQ∗(h(Sτ )

Bt

Bτ

|Ft) (2.3)

is called an optimal exercise time. After Glasserman [5] this time can be
written in the form

τ ∗ = inf(t > 0 : S(t) ≥ b∗(t)) (2.4)
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for some optimal exercise boundary b∗.
In other words the price of the American instrument is the discounted value
of the payoff of that instrument under the optimal exercise rule. In this
formulation the optimization problem has to be solved, which is difficult
when using simulation methods. More details on the theory of stopping
times can be found in Glasserman [5].

2.2.1 The dynamic programming

As mentioned earlier, in general we deal with an approximation of American
instruments via Bermudan instruments i.e. instruments where exercise is
possible at discrete times. In general we divide the time horizon T into
N intervals, with exercise opportunities t1 t2, . . . tN , where tN = T . At
maturity time T a value off option, if it wasn’t exercised earlier, is equal to
the pay-off function h(ST ). In time m-1 we have the possibility to exercise and
will do so if the intrinsic value of the option will be bigger than the expected
return from holding the option. In this way we can define a recursion which
we call the dynamic programming principal

{
VN(x) = hN(x)

Vk−1(x) = max(hk−1(x), E(Bk+1

Bk
(Xk)Vk(Xk)|Xk−1 = x))

. (2.5)

The function V we call a value function. If we look at equation (2.5) we see
that the value of the instrument is the maximum of the intrinsic value of the
option and the expected future value of the option. This value, given by

Ck(x) = E(Vk+1(Xk+1)|Xk = x) (2.6)

we will call a continuation value.

It is often useful not to define an option value but focus on stopping rules
and exercise regions. In general we observe a correspondence between the
stopping rule τ and the option value via the formula

V τ
0 = E(hτ (Xτ )). (2.7)

We can also define a stopping rule if we have a given value function

τ = min(i ∈ {0, 1, ...,m} : hi(x) ≥ Vi(x)). (2.8)

Using this formulation, we define the exercise region for the i-th exercise
opportunity as a set
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{x : hi(x) ≥ Vi(x)}. (2.9)

Of course, the continuation region for the i-th exercise opportunity is defined
by

{x : hi(x) ≤ Vi(x)}. (2.10)

The line/surface between those two regions is called the exercise boundary
and in our formulation the point s∗i of this line in the i-th exercise opportunity
has to satisfy the equation

hi(s
∗) = E(hi+1(Xi+1)|Xi = s∗). (2.11)

2.2.2 Regression based methods

One of the other approaches in pricing American type instruments is the
methodology which uses a regression to find the current value of a price
knowing future cash flows and some basis functions. The most important
paper in this area is Longstaff and Schwartz [9]. In that paper the authors
propose to use the least square regression for calculating the value function.
As the authors say, the objective is to provide a pathwise approximation
for the stopping rule that maximises the value of the option. We use the
recursion moving from exercise time t = T to epoch point t = 0, but instead
of simulating the conditional expectation as in (2.6), here we use the least
squares to obtain this value from the realised cash flows. The mathematical
justification for assuming that this is possible lies in the fact that such an
expectation belongs to L2, which is a Hilbert space. The basis of this space
is countable, so any function can be presented as a linear combination of
the basis functions. The choice of the basis is a difficult task, but in a one
dimensional case even simple polynomials can be seen as a proper choice,
as the authors prove in their paper. A big advantage of this algorithm is
the fact that the regression has to be made only for points where the option
is in the money, as only there does the early exercise opportunity exist.
This greatly reduces the computational effort for this algorithm. Another
advantage of this algorithm is the fact that we can use different distributions
of the asset price, i.e. a jump diffusion process, non-markovian or even
general semimartingales. This is very useful because many other methods,
including finite differences, cannot deal with such processes.
The estimator of the premium is biased low, i.e.

E(V̂0) ≤ V0. (2.12)
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We know intuitively that this is correct, because the price of the option
is calculated as a supremum over all stopping rules including that used in
LSM. The proof of this property and more precise discussion on LSM can be
found in the original paper of Longstaff and Schwartz [9].

2.2.3 Variance reduction

The standard Monte Carlo methods are sometimes inefficient. The error of
a Monte Carlo method is in general directly proportional to the standard
deviation of our process and inversely proportional to the square root of
the number of simulated paths. This means that to reduce the error 10
times we have to increase the number of the simulations 100 times. This is
computational, expensive and often inefficient, especially when we already
have a large number of samples. An alternative approach is to try to reduce
the standard deviation of our sample. Many different methods have been
proposed:

• Common random numbers

• Antithetic variates

• Control variates

• Importance sampling

• Stratified sampling

In the programs used for the purposes of this paper, the method of an-
tithetic variates has been implemented. The method has been proposed
by Boyle [1]. In the antithetic variates technique for every sample path
obtained {ε1, . . . , εM}, we take its antithetic path too, which is given by
{−ε1, . . . ,−εM}. The advantage of this technique is twofold: it reduces the
number of normal samples taken in order to generate N paths and it reduces
the variance of the sample paths, improving the accuracy.

The technique is more useful for the European instruments, where we
deal only with the value at expiration date and the main computational cost
comes from simulations, however as we see in (2.1) it also has an effect in our
problem (In figure 2.1 the red line presents results after using this technique,
the blue one without). The program also works faster when we use this
method, which we can see in the table 2.2.3.
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Figure 2.1: Variance reduction effect

Num. of paths Error Time Error Var Time Var

1000 6.24% 2.765 2.45% 2.438
2000 2.75% 2.562 1.49% 2.782
5000 1.47% 2.897 1.23% 2.797
10000 2.28% 3.11 0.92% 2.687

Figure 2.2: Error and time of simulation without any variance reduction
technique and with the variance reduction technique, respectively.



Chapter 3

Results

In this section implemented algorithms are described and compared. We
examine the behaviour of those algorithms, their strengths and their weak-
nesses. All of them are tested using a simple example of a call option on a
dividend paying asset, for which the price is obtained via a lattice method
as presented in the paper of Fu et al [4]. In this way the main properties
of those algorithms are presented. In the last subsection of this chapter we
compare those methods.

3.1 Dynamic programing

3.1.1 Tilley algorithm

One of the first algorithms which used simulation methods was that proposed
by Tilley [10]. It uses a simple dynamic programming and bundling method.
This algorithm is also described in subsequent papers such as Fu, Laprise,
Modan, Su, and Wu [4] and can be presented in the following way (example
for a call option):

• Step 1: We simulate R independent trajectories, each with realisation
in N discrete moments from t = 0 to t = T

• Step 2: We start our recursion in time t = tN−1. First we re-order our
paths in ascending order by price.

• Step 3: We calculate the intrinsic value In(k) of the option for every
path k.

• Step 4: We divide all paths into Q- bundles each with P- trajectories
in it. (R = P ∗Q)

9



10 Chapter 3. Results

Figure 3.1: Convergence of the price depending on the number of paths.
Tilley algorithm.

• Step 5: We set VN(k) = IN(k) for all k. And we calculate the holding
value of options.

Ht(k) =
d

P

∑
∀j∈Bt(k)

Vt+1(j) (3.1)

Where d is a discount factor and Bt(k) is the set of all trajectories
which are in the same bundle as the k-th trajectory.

• Step 6: For each path k we define an exercise-hold indicator

xt(k) =

{
1 if It(k) > Ht(k) − > exercise,

0 if It(k) ≤ Ht(k) − > hold.
(3.2)

• Step 7: We examine the sequence {xt(k) : k = 1....R} to find a
distinction between exercise and hold regions. In this sequence we find
first the sequence of exercise “decisions” which is longer than any other
hold sequence. Index k∗ of the first “1” in this sequence is our sharp
boundary and we set:

yt(k) =

{
1 for k ≥ k∗,

0 for k < k∗.
(3.3)
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• Step 8: We define the current value Vt(k) of the option

Vt(k) =

{
It(k) if yt(k) = 1,

Ht(k) if yt(k) = 0.
(3.4)

• Step 9: We set t=t-1 and we go back to step 2.

When we proceed with the algorithm to time t = 0 for each path we define
exercise as the first “1” in sequence yt(k):

zt(k) =

{
1 if yt(k) = 1 and ys(k) = 0 ∀s < t

0 otherwise.
(3.5)

The price of the option is defined by

1

R

R∑
k=1

N∑
t=1

zt(k)dtIt(k). (3.6)

Figure 3.2: Convergence of the price depending on the number of bundles.
Tilley algorithm.

This algorithm is one dimensional. One of it’s greatest drawbacks is that it
is non-obvious how it may be extended for multi-dimensional problems. This
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Figure 3.3: Convergence of the price depending on the number of simulated
paths. Tilley algorithm.

has been discussed in many papers such as Broadie and Glasserman [6] or
Barraquand and Martineau(1995).
The premium estimator can have a bias but it was shown in the original
paper of Tilley that we cannot determine if this bias is high or low. The
imprecision of estimation arises from two factors: the finite number of paths
in a bundle makes the expectation in step 5 imprecise and because of the
finite number of bundles the sample frequency is too low for a continuous
distribution. On the other hand the advantage of this algorithm is the fact
that we don’t have very strict assumptions about the distribution of stock
prices nor the discount factor, which can be also stochastic. In the original
paper [10] the author says that we can use “any type of asset or index for
which the arbitrage-free probability distribution of paths through time can
be simulated”.

In all numerical examples for this algorithm the asset price is modelled with
GBM and the call option on a dividend paying asset is considered (S0 =
100, K = 100, r = 0.05, σ = 0.2, δ = 0.04). The correct price of an option
which is considered can be found in Fu, Laprise, Modan, Su, and Wu[4].
We can observe ( 3.1 3.2) that increasing the number of paths per bundle or
increasing the number of bundles improves convergence of price and decreases
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Figure 3.4: Frequency histogram of the option price estimator. Tilley algo-
rithm.

the variance (error), however this effect is more visible in cases with an
increasing number of bundles. Unfortunately when we set the number of
trajectories as a constant we cannot use either of these effects as we have
R = P ∗ Q. One of the ways to deal with this imprecision in both is the
method proposed by Tilley, meaning increasing the number of simulations R
and keeping the “bundling parameter α” constant, where α satisfies equality
Rα = Q. In this way we increase both P and Q with an increase of R. This
effect is presented in Fig. 3.3.
We can also focus on the distribution of the price estimator. Calculating the
estimator of the premium 1000 times for the same Q and P, we can observe
that it follows normal distribution ( 3.4). The red line is the probability
density function of the normal distribution with a mean and a variance of
our sample (µ = 8.0784, σ = 0.1632). Our Lilliefors test for goodness of fit to
a normal distribution, implemented in Matlab, returns 0 which means that
we don’t have any reason to reject a hypothesis of normal distribution of this
sample. We obtain the same result via the Jarque-Bera test.
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3.1.2 Grant Vora Weeks algorithm

The sequential algorithm proposed by Grant, Vohra and Weeks tries to char-
acterise the boundary and later find the price through plain Monte Carlo
simulations. Our goal is to find for each exercise the opportunity value s∗t
which defines the exercise value of an option. Of course for every t this value
will be bigger than K (for a call option, smaller for a put). In chapter 2
we defined exercise and hold regions. The line between those regions is our
boundary, which satisfies the equation (2.11). Now we present the algorithm
for finding this boundary.
We divide our time into N exercise opportunities where tN = T . For time
tN = T we set s∗N = K (if we didn’t exercise it earlier in time T it’s worth
doing so only when ST > K). In the time t = tn n < N we know that the
value of an option at this moment is equal.

Figure 3.5: Exercise boundaries. “Boundary” algorithm.

Vn(Sn) =

{
Sn −K ifSn > s∗n
e−rτE(Vn+1|Sn) ≤ s∗n

(3.7)

The point s∗n can be found as a solution of equation

s∗n −K = e−rτE(Vn+1|Sn = s∗n) (3.8)
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To calculate this we have to be able to calculate E(Vn+1|Sn = s∗n). We do
it simply by simulating k independent paths of Sk. In those simulations we
use points of the boundary (s∗n+1 . . .) which we found earlier and we simulate
paths from moment t = tn until t = T . We check when the trajectory first
crosses the boundary and we discount the intrinsic value at this epoch to
moment t = tn.
When we can calculate this conditional expectation we can find s∗n using
some root-finding algorithm as a zero of a function

f(s) = s−K − e−rτE(Vn+1|Sn = s). (3.9)

Figure 3.6: Convergence of the estimator of the price due to the number of
simulations in calculating a barrier in the “boundary” algorithm.

Using recursion we find the whole boundary at all epoch points (we should
remember that those boundaries will be a little bit different for each simula-
tion, but this doesn’t affect the results). Having found the boundary we can
proceed with plain Monte-Carlo simulations to find the price of the option,
as the boundary gives us an exact exercise rule. The advantage of such an
approach is that it provides the holder of the option with the optimal exercise
rule. When we have such knowledge we can value and hedge such contingent
claims as we would with a European style security.
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In numerical examples we assume that the asset follows GBM (see 5). The
rest of the parameters are the same as in Tilley’s algorithm examples, for
ease of comparison.

Figure 3.7: Convergence of the price with respect to the number of paths in
Grant Vora Weeks algorithm.

We can observe in Figs. 3.5 and 3.6 that the algorithm isn’t very sensitive
to the shape of the boundary or the number of paths which are used in
calculating this line. We can see that even for a small number of samples
used to find the boundary the result is quite precise and increasing this
number has little affect on the output. This result isn’t very intuitive as one
could think that even a small change in the shape of the boundary will cause
a change in the premium, but as numerical examples show this is not the
case.
In Fig. 3.7 we observe that by increasing the number of simulated paths we
achieve better accuracy of an estimator. This effect is greater than in the
Tilley algorithm.
We can again focus on the distribution of the estimator of the price. Cal-
culating the estimator of the premium 1000 times we can observe that it
follows normal distribution ( 3.8). The red line is the probability density
function of a normal distribution with the mean and the variance of our
sample (µ = 8.1106, σ = 0.1649). Jarque-Bera, and Kolomogorov Smirnov
tests for goodness of fit to a normal distribution, implemented in Matlab,
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Figure 3.8: Frequency histogram of the option price estimator. Grant Vora
Weeks algorithm.

return 0. This means that we don’t have any reason to reject the hypothesis
of a normal distribution of this sample. Unfortunately the Lilliefors test re-
turns 1, which can mean that we don’t have such a good fit as in the previous
method. In all tests the confidence interval is 5%.
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Figure 3.9: LSM: Convergence of the price depending on number of Paths.

3.2 Regression based methods

The Longstaff and Schwartz algorithm may seem unintuitive and quite com-
plicated at first, but if we take a closer look at it and gain a deeper under-
standing, it becomes fairly straightforward and easy to implement.
In the final time t = tN = T the value of the option is equal to it’s pay-off
function. We start our algorithm at time t = tN−1 We consider only the
path for which the option is in the money, because only then there exists the
chance that an early exercise will be profitable. For those paths we create
two vectors: X- the vector of prices of the asset, Y - the vector of discounted
future values for this option. Having basis functions {Ψ1(x) . . .ΨM(x)} using
least square regression we can obtain

E(Y |X) = a0 + a1Ψ1(X) . . . aMΨM(X). (3.10)

Now we can calculate the conditional expected value for each path, compare
it with the intrinsic value and decide whether to exercise it or not. In this
way we obtain a value of the function at step t = tN−1. Using recursion we
can repeat this until we get to epoch time t = t0 and we find the price of the
option.
In this paper, for computational reasons, we use simple polynomials as a
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Figure 3.10: Frequency histogram of the option price estimator for LSM

basis for functions {1, X, X2 }. As in previous examples, the underlying
process for the various methods follows GBM.

We can observe in Fig. 3.9 that increasing the number of simulations im-
proves the estimator only in the beginning when there are few paths and
later this effect is reduced. A sizeable variance of the estimator occurs inde-
pendently from the number of simulated paths.

The estimator of the price is calculated the same way as before and again
follows normal distribution 3.10. The red line is the probability density
function of a normal distribution with the mean and the variance of our
sample (µ = 8.0300, σ = 0.3220). Lilliefors, Jarque-Bera, and Kolomogorov-
Smirnov tests for goodness of fit to a normal distribution, implemented in
Matlab , returns 0. This means that we don’t have any reason to reject a
hypothesis of the normal distribution of this sample. It is observed that a
variance of the estimator is high, which supports our earlier observations.
The mean is below the real price which suggests that the estimator is biased
slightly low.
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Figure 3.11: Time needed for evaluation of algorithm- comparison.

3.3 Comparison

The computational cost of these algorithms, if we take time as a measure
of the evaluation, is different for each algorithm (3.11). The most time-
consuming (in my implementation) is LSM. The time needed for calculations
increases rapidly with the number of trajectories used in the program. The
reason for this is that in every step we have to find the regression coefficients,
which is computationally expensive as we must decompose the matrices to
do this. This effect is even bigger when the option is deep in the money,
where taking into account only those paths which are in the money offers
little advantage. Growth of time needed isn’t exponential, but nevertheless
it’s not feasible to use such a large number of paths in our calculations. The
Tilley algorithm, as we would expect, has linear growth of time needed for
calculations. Even when a large number of paths are used, the time needed
to run simulations isn’t prohibitive. The Grant Vora Weeks algorithm is the
optimal solution, the number of trajectories used having little effect on the
execution time. The reason for this behaviour is that the main computational
effort in this algorithm is the boundary approximation. Once we have it, the
rest is simple Monte Carlo simulations which are very fast. The duration of
the whole algorithm depends on how precisely we want to approximate this
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boundary, which means how many time steps we want to use and how many
simulations we use to approximate the conditional expectation. However, as
has been shown before the algorithm isn’t very sensitive in this regard, so
one can take few numbers and make it quite efficient. In all simulations a 6
year old computer with 1.9 Ghz processor and 2Gb RAM was used.

Figure 3.12: Comparison of distributions of estimators.

When distributions of estimators (3.12) are compared one can observe that
LSM differs from the other two algorithms. This estimator has a low bias and
quite a big variance. Those properties make it slightly imprecise and show
that it gives the lower approximation of the price. The other two algorithms
are very similar in this regard, as are the mean and the variance of their
estimators. From this figure we cannot make any observations about the
bias of this estimator, as the mean lies in the error interval.

All algorithms approximate the price with a small error for an option
which is: deep in the money, at the money or deep out of money. But
only the boundary algorithm always works without any problems. The two
other algorithms showed problems with options deep in the money. LSM,
as mentioned before, works slowly because there is now profit from using
only paths in the money. The Tilley algorithm for some reason occasionally
underestimates the value of the option and even approximates it with the
intrinsic value of the option at time t = 0. The reason for this could be a
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Figure 3.13: Comparison of the convergence of different algorithms (K=100).

mistake in the implementation, but as the program works correctly for all
other input values it may be an issue in the algorithm itself.

Comparison of the error (Fig.3.15) doesn’t reveal anything new. We can
see that LSM has a slightly larger variance than the other two estimators.
The average error of LSM is −0.5 %, where a minus denotes that the value of
the estimator is usually smaller than the real value. Tilley and “boundary”
algorithms behave similarly and the average error of those estimators is in
both cases around−0.15%. Together with the previous results we can confirm
the low bias of LSM. We can observe that the error of all algorithms decreases
along with an increase in the number of paths used.
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Figure 3.14: Comparison of the convergence of different algorithms (K=120).

Figure 3.15: Error of algorithms-comparison.
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Chapter 4

Example with Real Data

Figure 4.1: Dell stock prices.

In this chapter we give examples of the possible price for some real options
which could be traded. We use historical data to estimate the parameters of
distributions. The company Dell Inc., which is one of the companies from
the famous S&P500 index, will be our example. We use data for the last
year (from 15.05.2009 to 15.05.2010).

In our theoretical and numerical discussion we used GBM as a process
of our asset price. To use our algorithms exactly in the way they were
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Figure 4.2: Histogram of returns.

presented we have to check if our process follows GBM or if daily returns
come from normal distribution. From a quantile-quantile plot we can see
that this assumption is true (4.2). This observation confirms Lilliefors and
Jarque-Bera tests for goodness of fit to a normal distribution, and gives no
reason to reject the hypothesis of a normal distribution. In cases where this
wouldn’t take place we could act in two ways. The best would be to find the
distribution which fits the data and use this distribution to simulate paths in
our program. To do so we would first have to check if our algorithms “work”
with such a distribution, as some problems can occur and cause incorrect
results. Finding all classes of processes which work with our algorithms
could be an extension of this paper and an area for future work. The second
way is to take normal distribution closest to our data and use it. In this case
the question arises; how good would our approximation be? Recall that the
BS formula also works with the assumption about the normal distribution of
the returns and is used even when it isn’t fulfilled.

The historical volatility of Dell is 0.3492. The current short term rate in the
United States where options are traded, according to the Internal Revenue
Service, is 0.79%. In our calculations we will use 1%. Historically Dell Inc.
doesn’t pay dividends, however we will consider both situations with and
without dividend payments. In cases where we price the call option on a
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non-dividend paying asset we can compare our results to market prices for
European options, as in this case they should be equal.

Matur. T=0.25 T=0.5 T=0.75
Strike Algor Price Time Price Time Price Time

K=10 Tille 5.150 1.359 5.119 1.266 5.097 1.265
LSM 5.151 13.34 5.125 12.79 5.116 12.45

Bound 5.137 3.172 5.132 3.156 5.138 2.688
K=12.5 Tille 2.635 1.312 2.626 1.234 2.620 1.281

LSM 2.752 12.18 2.929 9.594 3.085 8.328
Bound 2.743 2.933 2.875 3.360 3.122 3.735

K=15 Tille 1.035 1.485 1.410 1.453 1.684 1.500
LSM 1.098 3.906 1.399 3.140 1.699 3.157

Bound 1.064 2.95 1.429 2.938 1.726 3.187
K=17.5 Tille 0.276 1.656 0.612 1.438 0.864 1.516

LSM 0.290 0.234 0.634 0.485 0.824 0.593
Bound 0.292 2.860 0.620 2.812 0.891 3.032

K=20 Tille 0.049 1.750 0.203 1.469 0.442 1.594
LSM 0.073 0.063 0.178 0.094 0.423 0.156

Bound 0.052 3.062 0.209 3.000 0.444 2.656

Figure 4.3: American call on dividend paying asset δ = 0.04. r=0.01.

We see in tables 4.3 - 4.6 that our estimates of the premium are very
close to each other. Where it was possible to compare they are also close to
both market price and a price estimated via a CRR tree. For a put option
and for a call option on an instrument under the assumption of constant
dividend payments, such comparison cannot be made as market data doesn’t
exist and the CRR programs used cannot deal with such instruments. We
can also observe the difference in evaluation time between options deep in
the money and deep out of the money when using the LSM algorithm.
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Matur. T=0.25 T=0.5 T=0.75
Strike Algor Price Time Price Time Price Time

K=10 Tille 5.153 0.781 5.154 0.766 5.161 0.766
LSM 5.243 12.59 5.230 12.62 5.332 11.87

Bound 5.189 3.469 5.260 3.484 5.356 3.812
Market 5.2 4.80 5.45
CRR 5.180 5.252 5.358

K=12.5 Tille 2.653 0.719 2.863 1.125 3.186 1.328
LSM 2.796 11.00 3.054 9.781 3.389 9.297

Bound 2.810 3.109 3.122 3.360 3.316 3.657
Market 2.9(K=12) 3.9(K=12) 3.27
CRR 2.840 3.120 3.374

K=15 Tille 1.142 1.141 1.6271 1.562 1.964 1.203
LSM 1.091 3.968 1.582 3.703 1.927 3.484

Bound 1.173 3.266 1.595 3.594 2.001 3.469
Market 1.01 1.5 1.87
CRR 1.147 1.592 1.937

K=17.5 Tille 0.343 1.172 0.690 1.500 1.072 1.500
LSM 0.321 0.281 0.646 0.516 0.967 1.050

Bound 0.347 2.875 0.653 4.078 1.050 3.485
Market 0.36(K=17) 0.79(K=17) 0.85
CRR 0.331 0.710 1.044

K=20 Tille 0.077 1.469 0.307 1.188 0.447 1.50
LSM 0.066 0.063 0.255 0.109 0.492 0.187

Bound 0.069 3.484 0.295 3.547 0.526 3.359
Market 0.07 0.25 0.44
CRR 0.074 0.284 0.530

Figure 4.4: American call on non dividend asset. r=0.01.
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Matur. T=0.25 T=0.5 T=0.75
Strike Algor Price Time Price Time Price Time

K=10 Tille 0.002 1.516 0.048 1.594 0.108 1.563
LSM 0.008 0.031 0.046 0.047 0.118 0.093

Bound 0.006 3.328 0.043 2.953 0.119 3.422
CRR 0.005 0.052 0.134

K=12.5 Tille 0.156 1.516 0.391 1.437 0.604 1.422
LSM 0.144 0.172 0.399 0.453 0.616 0.453

Bound 0.155 3.453 0.394 3.438 0.591 2.813
CRR 0.158 0.409 0.633

K=15 Tille 0.951 1.609 1.371 1.594 1.706 1.438
LSM 0.900 3.063 1.317 3.594 1.547 3.469

Bound 0.956 2.953 1.386 3.484 1.693 3.968
CRR 0.959 1.372 1.683

K=17.5 Tille 2.624 1.515 2.995 1.750 3.311 1.704
LSM 2.629 11.93 2.962 9.625 3.254 9.062

Bound 2.634 3.203 2.975 3.156 3.259 2.813
CRR 2.646 2.987 3.283

K=20 Tille 4.879 1.719 5.036 1.594 5.224 1.672
LSM 4.970 13.23 5.089 12.32 5.231 11.42

Bound 4.914 2.828 5.0906 3.141 5.280 3.172
CRR 4.896 5.065 5.269

Figure 4.5: American put on non dividend paying asset. r=0.01.
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Matur. T=0.25 T=0.5 T=0.75
Strike Algor Price Time Price Time Price Time

K=10 Tille 0.006 1.453 0.051 1.547 0.160 1.515
LSM 0.006 0.047 0.052 0.063 0.133 0.094

Bound 0.006 3.359 0.061 3.328 0.163 3.672
K=12.5 DP 0.173 1.438 0.477 1.516 0.763 1.562

LSM 0.166 0.219 0.402 0.500 0.692 0.750
Bound 0.171 3.734 0.467 3.484 0.685 3.532

K=15 Tille 1.029 1.625 1.462 1.625 1.835 1.609
LSM 1.006 3.500 1.466 3.797 1.804 4.110

Bound 1.020 4.109 1.473 3.687 1.891 3.984
K=17.5 Tille 2.758 1.766 3.174 1.515 3.565 1.656

LSM 2.748 11.23 3.219 9.844 3.406 9.031
Bound 2.749 3.453 3.209 3.344 3.5579 3.360

K=20 Tille 5.009 1.578 5.282 1.797 5.597 1.766
LSM 5.016 13.92 5.291 12.98 5.511 12.50

Bound 5.012 3.578 5.302 3.718 5.570 3.750

Figure 4.6: American put on dividend paying asset δ = 0.04. r=0.01.
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Conclusions

This paper presents and discusses simulation based methods for pricing
American type derivatives. Different approaches are described and compared.
In the case of one dimensional problems, we have seen that the “boundary”
algorithm is the best approach. It is consistent, straight-forward to imple-
ment and shows the most accurate results. An interesting and unexpected
finding of this paper has been that that instruments are not very sensitive
to the accuracy of the estimated boundary. Using the Tilley algorithm gave
similar results and in some cases required even less computational effort. The
third algorithm, LSM, presented good results but we have to remember the
bias of the estimator and the fact that computational effort depends on how
deep in the money the option is. In this paper we also showed that the esti-
mators of a premium are normally distributed, with little variance (slightly
more with LSM). This is a very good property as we know that the price we
obtain cannot be considerably different from the real price. Implementation
of any of the algorithms isn’t overly complicated but extension of those pro-
cedures to higher dimensions, especially in the Tilley case, can be a difficult
task. We also showed that even simple variance reduction methods can have
positive effects in pricing American derivatives.
Future work based on this paper might include:

• Extension of the algorithms to higher dimensions.

• Investigation of the most general class of processes that can be used
for the simulation of asset price in these algorithms.

• Examining whether or not it’s possible to adapt these algorithms for
pricing exotic American type instruments.

• Further investigation into the possible use of variance reduction meth-
ods.
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• Improvements of the implementations by applying new methods, or
dimension reduction (for higher dimensions).

• Investigation of sources and types of bias and proofs of computational
efficiency could be carried out.

This paper as we can see is just an introduction to much more complex
problems. Many developers deal with the issues described here and there
are many alternative proposals to be found in literature on the subject. The
main aim of this paper has been fulfilled. We have shown that simulation
methods, especially Monte Carlo, are useful in pricing American instruments
and in one instance approaches with characterisation and comparison have
been presented.



Notation

(Ω,F , {Fn}, P ) filtered probability space with a set of
outcomes Ω, sigma algebra F , flow or
filtration {Fn} and probability measure P .

Pµ(A) Probability of the event A with respect
to the measure µ.

Eµ(X), Vµ(X) Expectation and variance of the random
variable X with respect to the measure µ.

{Xt : t ∈ T} A random process with time index set T .
{Xt} is said to be a process in discrete
time if T is discrete and a process in
continuous time if T is continuous.

V̂ Estimator of V

(B,S) A (B,S)-market consisting of a bank
account (’risk-free’ asset) B = {Bn} and
a stock (’risk asset’) S = {Sn}.

GBM Geometrical Brownian Motion. A stochastic process St is said to
follow a GBM if it satisfies the following stochastic
differential equation:
dSt = µSt dt+ σSt dWt

where Wt is a Wiener process and µ and σ are
constants.
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Appendix

Here we present the code of the most important programs used in this
paper.
Generator of GBM:

function y=GRB2(T,N,n,mi,sigma,S0); % generetor of paths from GBM

dt = T/N;

B =randn(n/2,N);

B =[B;-B];

dW = sqrt(dt)*B;

S = S0*exp(cumsum((mi - 1/2*sigma^2)*dt + sigma*dW,2));

y = [ones(n,1)*S0, S ];

”Baundary” algorithm:

function a=symulacje(s,i,v,n,K,T,r,div,sigma); %expected fut. value

%s-value of asset

% v- boundary

R=800; %number of simulated paths

dt=T/n;

v=repmat([s,v],R,1);

S=GRB2(dt*i,i,R,r-div,sigma,s);

%a=(S<v); % put

a=(S>v); % call

b=0;

for k=1:R

w=find(a(k,:),1);
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if w>0

%b=b+exp(-r*(w-2)*dt)*max((K-S(k,w)),0); % put

b=b+exp(-r*(w-2)*dt)*max((S(k,w)-K),0); % call

end

end

oczekiwana=(1/R) *b ;

%a=K-s-exp(-r*dt)*oczekiwana; %put

a=s-K-exp(-r*dt)*oczekiwana; %call

function a=regreDynamic(R,K,S0,div,T,r,sigma); %finding baundary

n=8; %nuber of steps

dt=T/n; %time step

d=exp(-dt*r); %discount faktor from t to t-1

v=[];

v=K;

for i=n-1:-1:1

x=fzero(@(s) symulacje(s,n-i,v,n,K,T,r,div,sigma),v(1));

v=[x,v];

end

a=v;

function a=regreFinal(R,K,S0,div,T,r,sigma) %calculate price

n=8;

dt=T/n; %time step

d=exp(-dt*r); %discount faktor from t to t-1

mi=r;

z=zeros(R,n+1);

v=regreDynamic(R,K,S0,div,T,r,sigma); %boundry

S=GRB2(T,n,R,mi-div,sigma,S0); %matrix of simulated paths
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d=repmat(d.^(cumsum(ones(1,n+1))-1),R,1); %matrix of

%discount factors

v=[S0,v];

%y=(S<repmat(v,R,1)); %put

y=(S>repmat(v,R,1)); %call

y(:,n+1)=1;

for i=1:R

z(i,find(y(i,:),1))=1;

end

%a=1/R*sum(sum(d.*z.*max(K-S,0),2)’); %put

a=1/R*sum(sum(d.*z.*max(S-K,0),2)’); %call

Longst Shwartz algorithm:

function a=LS(n,N,T,K,r,sig,div); %n - numbers of paths to simulate

%N - number of exercise points;

%T - time to maturity

%S0 -initial stock price

%K - xrsice price

%r - interest rate

%sig - stock price vola

%div - divident yield

dt = T/N; % time step

d = exp(-r*dt); % discout factor

S =GRB2(T,n,R,mi-div,sigma,S0)’; %matrix of simulated paths

P = zeros(n,N); % initialize payoff matrix

P(:,N) = max(0,S(:,N)-K); % American call option

%P(:,N) = max(0,K-S(:,N)); % American put option
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for k = N-1:-1:2

y = max(0,-K+S(:,k)); % payoff of call option

%y = max(0,K-S(:,k)); % payoff of put option

a = [];

X = [];

Y = [];

for i = 1:n

if y(i) > 0 % check if in-the-money

a = [a; y(i)]; % exercise values

X = [X; S(i,k)]; % stock prices

Y = [Y;(disc.^[1:N-k])*P(i,k+1:N)’];

% discount the cash

%flows to time step k

end

end

A = [ones(size(a)) X X.*X ] ; % basis functions

[U,W,V] = svd(A); %regresion

b = V*(W\(U’*Y));

C = A*b; %continuation value

j = 1;

for i = 1:n %if instrict value bigger than

%continuation we exercise

if y(i)>0

if (a(j) > C(j))

P(i,:) = 0;

P(i,k) = a(j);

end

j = j+1;

end

end

end

a = sum(P*disc.^[0:N-1]’)/n ; % final price

Tilley algorithm:
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function a=DP11(R,K,S0,div,T,r,sigma);

P =sqrt(R); %number of paths per bundle

Q=P; %number of boundles

n=8;

dt =T/n; %time step

d =exp(-dt*r); %discount faktor from t to t-1

strike =K; %strike price

mi =r; %mean of brawnian motion

y =zeros(R,n+1); %new exercise-or-hold indicator

V =zeros(R,n+1); %current value

I =zeros(R,n+1); %instrict value

B =zeros(Q,n+1); %sums per boundel

callPut =1;

S =GRB2(T,n,R,mi-div,sigma,S0); %matrix of simulated paths

S=sortrows(S,n+1);

%step 3 V(T)=I(T)

if callPut==1

I(:,n+1)=max(S(:,n+1)-strike,0);

else

I(:,n+1)=max(strike-S(:,n+1),0);

end

V(:,n+1)=I(:,n+1);

%%%%%%%%%%%%%%%%%%%%%%%%%%%main%%%%%%%%%%%%%%%%%%%%%%

for t=n:-1:1

%step 1

S=sortrows(S,t);

%step 2

if callPut==1

I(:,t)=max(S(:,t)-strike,0);
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else

I(:,t)=max(strike-S(:,t),0);

end

%step 3

for k=1:Q

if k==1

for z=1:P

B(k,t)=B(k,t)+V(z,t+1);

end

else

for z=((k-1)*P+1):k*P

B(k,t)=B(k,t)+V(z,t+1);

end

end

end

for i=1:R

H(i,t)=(d/P )* B(ceil(i/P),t);

%step 4

x(i,t)=(I(i,t)>H(i,t)) ;

end

zera=0;

jedynki=0;

K=R+1;

q=0;

%step 5 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%5

for i=1:R

if q==R-i+2;

break

end

if x(i,t)==1

jedynki=jedynki+1;
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%jedynki

K=i-jedynki+1;

else

q=0;

zera=0;

for j=i:R

if x(j,t)==0 & jedynki>zera+1

zera=zera+1;

% 2

q=q+1;

elseif x(j,t)==0

jedynki=0;

K=R+1;

%3

break

else

zera=0;

q=q+1;

end

K=i-jedynki;

end

end

end

%if K==1

% K=2

%end

%step 6 7

V(:,t)=H(:,t);

for i=K:R

y(i,t)=1;

V(i,t)=I(i,t);

end
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end

y(:,1)=0;

y(:,n+1)=1;

z=zeros(R,n+1);

d=repmat(d.^(cumsum(ones(1,n+1))-1),R,1); %matrix of discount factors

for i=1:R

z(i,find(y(i,:),1))=1;

end

a=1/R*sum(sum(d.*z.*V,2)’);
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