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Abstract

To understand and model the dynamics of the implied volatility smile is
essential for trading, pricing and risk management portfolio. We suggest
a linear Kalman filter for updating of the Stochastic Volatility Inspired
(SVI) model of the volatility. From a risk management perspective we
generate the 1-day ahead forecast of profit and loss (P&L) of option
portfolios. We compare the estimation of the implied volatility using
the SVI model with the cubic polynomial model. We find that the SVI
Kalman filter has outperformed the others.
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Chapter 1

Introduction

1.1 Motivation

With the introducing of the Black-Scholes model to the financial market
by Fischer Black and Myron Scholes in 1973, the financial market has entered
a new era. t is assumed that the underlying asset is traded in a frictionless
market, which has a constant volatility. With the absence of arbitrage, the
Black-Scholes formula calculates the prices of the options based on the un-
derlying asset. This useful and yet powerful the Black-Scholes option-pricing
model is widely used in a practice since it was being introduced. It was
generally being accepted due to ease of calculation and robustness.

It is commonly used to calculate the option prices given the volatility o
and parameters (S;, K, r,T). The Black-Scholes implied volatility is a unique
volatility parameter derived from the Black-Scholes formula using market
option prices. In general, the volatility of option prices is actually non-
constant. It varies with respect to strike levels and different maturities. An
understanding of the characteristics of the volatility helps us to construct an
implied volatility skew (fixed maturity), the term structure of the volatility
(fixed strike) or an implied volatility surface. In details we explain these
connections in the Chapter 2.3.

The implied volatility described in the Black-Scholes model is the most
difficult parameter to understand and it has an important role in the financial
world. With the increase usage and complexity of the derivatives raises a need
for a framework for better understanding of the dynamics of the volatility.
Hence, it can provide us with an accurate and consistent pricing. The implied
volatility can be further implemented for the hedging of portfolio’s risk and
trading of a wide range of derivative products.
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1.2 Objectives

The main objectives of the research in our master project is to

1. Understand and develop the Kalman Filtering procedures for an esti-
mation of the dynamics of the Implied Volatility smile.

2. Generate the 1-day ahead forecast of the implied volatility using the
Kalman Filter model against moneyness.

3. Calculate the Profit and Losses of the option’s portfolios.

It is essential to have a reliable forecast for the evolution of the Implied
Volatility curve:

e Up-to-date indication of the market option prices to support trading
and hedging.

e To provide an efficient and dynamical risk management of the option’s
portfolios.

The main objective of the research study is to develop the Kalman Fil-
tering procedures to forecast the dynamics of the implied volatility smile.
In additional, to implement an application for the Kalman Filtering model:
to estimate the Profits and Losses (P&L) of the option’s portfolios. This
approach can be further research and refine to implement on VaR-based or
CRM-based risk estimation with the use of the Kalman filter extrapolation
technique.

1.3 Chapters Review

Chapter 1 presents the reader a general idea to use an implied volatility
in the financial market. In chapter 2 we discuss various types and features
of a volatility. Chapter 3 introduces the properties of data set and type
of option portfolios. Chapter 4 discusses the Stochastic Volatility Inspired
model. Chapter 5 describes the Kalman Filter model and the procedures of
the Kalman Filtering estimation. Chapter 6 discusses the application of the
Kalman Filter forecasting technique for option portfolios. In chapter 7 we
analyze the results. Finally, we summarized the study with a short conclusion
of our thesis and possible future research directions.



Chapter 2

Literature Review

2.1 Volatility

A volatility is often described as a fluctuation of the return of the under-
lying asset which used in the option pricing before the option maturity. It
is also used to quantify the risk of the financial instrument over a specific
period of time.

Generally, the volatility is expressed in a annualized term. The annualized
volatility o is the standard deviation of the financial instruments logarithmic
returns over a year. The generalized volatility or over a period of time
horizon T in years is equal to: or = ov/T.

As the volatility is a statistical measure of a distribution of the return
of the underlying asset, the high volatility term refers to a potential of the
underlying asset value to spread over a large range of price movement over
a period of time, and the prices of the underlying can move drastically over
a short period of time in either direction. On the other hand, low volatility
term refers to the stability of the underlying asset value within a small range
of price movement over a given period of time.

2.1.1 Types of the volatility

The volatility of the option pricing can be further categorized as follows:
e Historical /realized,

e Actual/local,

e Implied,

e Futures.



4 CHAPTER 2. LITERATURE REVIEW

A historical or realized volatility is a measurement of randomness of the
return of the underlying asset over a specific period of time in the past. This
is a backward-looking estimation of the future volatility.

An actual or local volatility (o) is a measurement of randomness of the
return of the underlying asset at a specific time. It is expressed as a function
of the current asset S; and the time ¢.

An implied volatility refers to the volatility that can be input into the
Black-Scholes option pricing formula to obtain the market option price. It
is often described as the market’s view of the future actual volatility before
maturity. It is expressed as a function of the strike K and maturity 7". (refer
to section 2.3)

A future volatility refers to a forecast of the volatility of the return of the
underlying asset over a time period in the future.

2.2 Dupire’s model

An underlying asset value of the non-dividend paying index/stock/ has
the non-negative price S;. The underlying asset value is modeled as a random
walk in accordance to the equation

dS/S = pdt + o(S, t)dZ, (2.1)

where p; is a drift, o(Sy, t) is the local volatility and dZ is the Wiener process.
A collection of the European option prices C(Sy, K,T') for the current
stock price, different strikes K and maturity times T is expressed as

o0

C(S0, K.T) = [ dSr (57, T50)(Sr - K), (2.2)

K

where ¢(St, T Sp) is the pseudo-probability density of the final spot at time
T.

Under risk neutrality condition with application of Ito’s lemma, we ob-
tained the partial differential equation for the function of the stock price
which is the generalization of the Black-Scholes formula

oC 1, ,0°C iJe.

where 7, is the risk free rate.
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0*C
The pseudo-probability risk neutral density function ¢(K,T;Sy) = BTe

must satisfy the Fokker -Planck equation. Under the Fokker-Planck equation,
it evolves to

1 0%, , 0 (/%)
- - S— ==L, 2.4
Differentiating (2.2) with respect to K gives us
2_2 = —/dSTQO<ST,T,SO),
K (2.5)
0*C
SRE ¢ (K,T;50).

Now, differentiating (2.2) with respect to time results in

oc T 0
a—T:/dST{_QO(ST;Tsz)}(ST—K)
K

oT
o0 (2.6)
1o* ., 0
= /dST {58_5% (0%S7 ) — 95, (MSTSO)} (S — K).
K
Finally, integrating by parts gives:
oC  ?K* [
9T - 3 80+/dST/~LST<P
K (2.7)
a’K? 9°C oC
=2 gz 1) (‘%7«) ’

which is the Dupire equation when the underlying asset has a drift . If we ex-
press the option price as a function of the forward price, Fr = Sy exp { fOT () dt} ,

we obtain the same expression minus the drift term.

0C 1, ,0C

8_T = 20' aKQ, (28)
where C' now represents C'(Fr, K,T).
By inverting the formula (2.8), we obtained the local volatility
ac
0'2 (K, T, S(]) = 1K82—Taﬁ (29)
22" K2

Equation (2.9) is a definition of the local volatility function under the
Dupire’s model. Therefore given a complete set of the European option
prices of all strikes and maturity, we can obtain the local volatility structure.
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2.3 The Dynamic of the Implied Volatility
(IV)

The market prices of the options are modeled as a function of the Black-
Scholes implied volatility under the Black-Scholes option pricing model. Im-
plied volatility in the BS model depends strongly on the strike K and the
maturity 7' of the European option. Given the arbitrage free C(K;T), the
market price of the European call value with strike price K > 0 and matu-
rity T" at time ¢ € [0; 7). The BS implied volatility o(K;T) is defined as the
value of the volatility parameter which is a solution of the equation, where
the option price given by the Black-Scholes model is equal to

C(K,T) = Cps(Si, t; K,r,T,0(K,T)) = S;N(d,) — Ke "= N(dy),

where
0 log S/K + (r + $6®)(T — 1)

! oI —t ’
_log S/K + (r — 30°)(T — t)
2 oVT —1t .

As the implied volatility is time dependent, we use

\/%/;U(T)MT,

and replace o/ 1T — t in the formula for d; and d»

logS/K—l—?”(T—t)—i—%j;Ta(T)QdT
1= ’

fTO'(T)QdT

t

p _log S/K +1r(T —1) : TU(T)QdT

, = 2t
fTO'(T)2dT

t

Since we know the local volatility o(t), we can find the value of the
options. We are able to obtain the implied volatility from the local volatility:

O'(t) = Ujv(t*,T).

Where o(t*,T) refers to the implied volatility measured at the time ¢* of a
European option with the maturity time 7.
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As we can observe the oy (t*, T') backward-looking estimation for deduc-
ing of the function of the local volatility o(t) is consistent with the implied
volatility,

O']\/<t*, T) = O'(t)

Due to the time dependence, we need to ensure the consistent option pricing

1 T
\/ — / o (7)* dr = implied volatilities.

2.4 Features of the Implied volatility

This section describes the behavior pattern of the implied volatility as a
function of strike levels and maturities of the option prices.

The Volatility Smile

The volatility smile describes the relationship between the implied volatil-
ity and strike prices for fixed maturity option series.

Definition 1 For any fized maturity time T, T < T*, the function (K, T)
of the implied volatility against strike price K, K > 0, is called the implied
volatility smile at time t € [0,T).

ATM

Tmplied volatility

OTMputs ™ /" OTMcalls
[TM calls Moc 1 sz ITM puts

Moneyness

Figure 2.1. The volatility smile.

Volatility smile is an observed pattern which displays that the ATM op-
tions have a lower implied volatility than I'TM or OTM options. The volatil-
ity smile pattern is observed after the 1987 crash. (Derman 1994)

The volatility smile curve indicates the premium charged for OTM puts
and I'TM calls which are above the Black-Scholes option prices computed with
the ATM implied volatility. The shape of the implied volatility is usually a
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plot against the log moneyness. This is known as both the volatility smile
as well as the volatility skew for the case when it is not symmetrical.

Term Structures of the Volatility

Term structures of the volatility describes the relationship between im-
plied volatility and fixed strike options from correspondent expiration time.

Definition 2 For any fized strike price K, K > 0, the function o, (-,T)
of implied volatility against maturity time T, T < T, is known as term
structure of implied volatility or volatility of term structure at time t € [0,T).

The strike price K is usually chosen to be the ATM strike. Then the shape
of the curve is described as normal if the implied volatility for the option
with longer maturity dates are higher than those for the option with shorter
maturity dates. It is described as an inverse shape if the short-dated option
has higher implied volatility compared to the long dated option. Finally, it
is described as a flat if the implied volatility is plotted as a horizontal line
against the maturity dates.

= =
3 :
£ g
B 2
=1 a
E E
Maturity date Maturity date
=
E
g
3
a
E
Maturity date

Figure 2.2. The typical forms of the term structure of a volatility.

The Volatility Surfaces

The volatility surface combines the volatility smile with term structure
of volatility to construct the implied volatility for market consistency of the
options pricing with respect to any strikes levels and maturities.
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Definition 3 For any time t € (0,T%), the function oy

: (0,00) x (¢, T*] —
R, which assigns each strike price and maturity time tuple (K, T) its implied

volatility o, (K, T') is referred to as the implied volatility surface.

ity
0.3

1mp||ed volatili
0.25

Figure 2.3. The volatility surface.
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Chapter 3

S&P Data Set and Option
Portfolios

3.1 Properties of S&P 500

The option’s underlying, Standard & Poor’s 500 (S&P 500) is introduced
since 1957 as a capitalization weighted performance index!. It consists of the
prices of 500 large cap common stock actively traded in the United States.
The index mainly focuses on U.S.-based companies and a few companies
having headquaters in other countries.

Our research database consists of daily closing options prices and futures
prices on the S&P500 index, traded in Chicago Mercantile Exchange (CME)
over the period from Oct 2009- May 2010. We use the European options with
monthly maturity. The futures contract is based on the quarterly futures
contract for the nearest 2 months.

The first 5 months of the data are employed to estimate the parameters of
the models, while the data of the last months is used to assess the forecasting
properties of the Kalman Filter Model.

The rollover of the futures contract prices are done within the two weeks
to maturity. While the rollover of the monthly maturity option contracts
were done within 3 days to maturity to the following month. This is to
ensure liquidity of the contracts with a wide range of strikes.

We apply the usual no-arbitrage limitation for the futures options to filter
the option data. We also exclude option data with extreme strikes and data

LA capitalization-weighted index also known as market-value-weighted index. It
is an index whose components are weighted according to the total market value of their
outstanding shares. The impact of a component’s price change is proportional to the issue’s
overall market value, which is the share price times the number of shares outstanding.

11
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with a low liquidity. After the data filtering, our data set has an average
number of strikes/option of 55 a day of the future contract with a minimum
of 39 and maximum of 83. The risk-free rate wis fixed at 0.25 %.

3.1.1 Liquidity

Liquidity of the contract is important as it ensures the option contract
be actively traded in a consistant volume and market depth environment.

The liquidity of the option contract is concentrated on short term option
and declines exponentially with increase time to maturity. Liquidity also
concentrated on active strike prices which are ATM or OTM but close to the
underlying prices. The option trades distribution across degrees of moneyness
is skews to the right. This means OTM option are traded more frequently
as compare to I'TM option.

3.1.2 Moneyness

It is the relationship between the strike price of an option and the under-
lying asset price. It is also a description of the intrinsic value of an option at
its current state. The intrinsic value of the option is often describe as,

1. At the money (ATM), if the option strike price is same as the underlying
asset price S; = K.

2. In the money (ITM), if the option has a positive intrinsic value as well
as time value.
e (Call option: S; > K,
e Put option: K > 5.

3. Out of the money (OTM), if the option has a no intrinsic value.

e Call option: S; < K
e Put option: K < S,

The measure of moneyness m, (Natenberg 1994), is expressed as
In(K/F,)
VT
where underlying is the future price, F, = S,e’’. The natural log of the
ratio between the strike and the underlying future price is normalized by the

square root of time to maturity. The normalization helps to correct the effect
of 7 shrinking over time.
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3.2 The Option Portfolios

In order to assess the practical use of the Kalman Filter model for fore-
casting the dynamics of the volatility curve, we test the model with different
option portfolios. From risk management perspectives, we analyze the effec-
tiveness of the prediction with portfolios sensitivity to changes of the different
nature in the volatility curve. These are the three option portfolios:

3.2.1 Short straddle

Short call and short put for ATM options with the same strike price and
maturity date.

profit

price of
[ underlying
ATM

loss

Figure 3.1. The payoff of a short straddle.

Market expectation: market neutral or volatility bearish. P&L: limited
profit with unlimited loss potential. Payoff: if the underlying S; is close to
strike price K, the straddle leads to a profit. However, if the underlying .S;
has a sufficiently large movement in price level in either direction, it leads to a
loss. Therefore this option portfolio anticipates a period of low or decreasing
volatility, the underlying is not expected to move drastically.

Payoff table for the short straddle:

Payoff for call | Payoff for put | Total payoff
Sr < K C 0 C
ST > K 0 P P

Table 3.1. The payoft structure for a short straddle.

It is sensitive to changes in the level of the ATM implied volatility smile.
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The value of the option portfolio will decrease (increase) with the increase
(decrease) in Implied Volatility level.

3.2.2 Long risk reversal

One short put and one long call for OTM options with the same maturity
date (synthetic long underlying). Positive Risk Reversal refers to buing a
call option more expensive than a put due to higher implied volatility of a
call option. (Bullish sentiment). Negative Risk Reversal refers to selling a
put option more expensive than a call due to higher implied volatility of put
option. (Bearish sentiment).

profit

price of

underlying
loss

Figure 3.2. The payoff of the long risk reversal

Market expectation: market bullish or volatility neutral. P&L: unlimited
profit and unlimited loss potential Payoff: if the underlying S; trade above the
strike price K, the risk reversal leads to a profit. However, if the underlying
S; stay at or below the strike price K, it leads to a loss. Therefore option
portfolio anticipates a period of neutral volatility, the underlying is expected
to rise.

Payoft Table for the long risk reversal:

Short OTM put | Long OTM call | Total payoft
ST>K P ST—K ST—K+P

Table 3.2. The payoff data for a long risk reversal.

It is sensitive to the changes in the slope of the Implied Volatility smile.
The value of the option portfolio will decrease (increase) with the increase
(decrease) steepness of slope of the Implied Volatility smile.
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3.2.3 Long butterfly spread

One short call and one short put for ATM options and one long call and
one long put for OTM options with same maturity date.

profit B

Pl
ATM

A time decay C

loss

Figure 3.3. The payoff of the long butterfly spread.

Market expectation: direction neutral or volatility bearish. Expect un-
derlying stay near ATM level. It is less risky than shorting straddles or
strangles due to it’s limited downside exposure. P&L: limited profit and loss
potential (due to the net cost of the position for either a rise or a fall in the
underlying price.) Payoff: if the underlying S; is close to the strike price K,
the straddle leads to a limited profit. However, if the underlying S; has a
sufficiently large movement in the price level in either direction, it leads to
a limited loss. Therefore the option portfolio anticipates a period of low or
decreasing volatility, the underlying is not expected to move drastically.

Payoff table for the long butterfly:

Long OTM call

OTM put | Short ATM call | ATM put

Total payoff

ST<K 0
ST>K ST—K

K — Sy
0

C
0

0
P

K-Sr+C
Spr—K+P

Table 3.3. The payoff features for a long butterfly spread.

It is sensitive to the changes in the curvature of the Implied Volatility
smile. The value of the portfolio will decrease with the decrease in the cur-
vature of the Implied Volatility smile.
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Chapter 4

Stochastic Volatility Inspired
model

4.1 The SVI model

Jim Gatheral’s SVI model [4] is described as follow

USVI:a+b(p(x—c)+\/(x—c)2+s2>. (4.1)

Where the SVI parameters mean
e a estimates the overall ATM level of the implied volatility,
e b captures the the angle between the left and right asymptotes (slopes),
e s determines the smoothness of the vertex,
e p determines the orientation of the plot,
e ¢ changes the translation of the plot.

SVI is used to extrapolate the smile point and provide smooth smile.
Hence, it facilitates the calibration of the stochastic volatility model for the
underlying asset by reconstructing the local volatility smiles via Dupire’s
formula which interpolate in time.

SVI provides an outstanding calibration performance to single maturity
time T'. However it has drawback on the least lquare calibration, it is badly
affected by the presence of several local minima.

On simple observations on the symmetries of the functional equation
(4.1), we can introduce dimension reduction to eliminate the drawback. The

17
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number of parameters are reduced from 5 to 2 (mainly ¢ and s), while the
optimization over the remaining 3 parameters is performed explicitly. This
method allows us to constract an optimal parameter set which is consistent
with the arbitrage free constraint on the slopes of the implied volatility.

4.2 Parameters of the SVI

The parameters a, b, p, c and s in general depend on time to maturity 7.
Let us assume that the parameters b, s, p satisfied the following conditions

b>0, s>0, pel[-1,1].

4.2.1 Slopes and minimum

Properties of the SVI parametric form are described as the left and the
right asymptotes as follow

v () =a—=b(1—p)(z—c),

vr(z)=a+b(1+p)(x—c). (4.2)

Parameter a in (4.1) is positive and convex w.r.t. z, it has a minimum
point with the following properties

e if p? # 1, the minimum is a + bsy/1 — p? attained at x* = ¢ — —2—

\/ 1—p2;

e if p> = 1, ogy; is non-increasing for p = —1 and non-decreasing for
p=1and

- if s # 0, ogy is strictly monotone and the minimum is never attained
(nevertheless, ogy; — a for very positive or negative x);

- if s =0, gy has the shape of a Put or Call payoff of strike ¢ (g
is worth a for x > cif p= —1 and for z < cif p = 1).

4.2.2 Arbitrage constraints

A necessary condition is required for the absence of arbitrage as a con-
straint on the maximal slope of the implied volatility

4

b < aToT (4.3)



SVI ESTIMATION OF THE IMPLIED VOLATILITY BY KALMAN FILTER 19

4.2.3 Limiting cases s — 0 and s — oo (almost-affine
smiles)

As considered in the case p? = 1, letting s — 0 gives a piecewise affine
parameterization of the volatility. The following two regions, where x < ¢
and x > ¢, the volatility is represented as

osvi=a+b(pFl)(x—rc). (4.4)

Implied volatility smiles are well-fitted with an affine parametrization
osyr = pxr +q. If we let s — 0 and take ¢ to be greater than the largest
observed log-moneyness, then matching of the two relevant quantities,i.e.
smile slope p and intercept ¢, yields the two equations

CL—bC<p—1):q7
correspondent to infinitely many choices of parameters of a, b, p, which leads
to many solutions.
If we limit s — oo and a — 0o, we can allow a to be non-negative value

It follows from that the positivity of the parameterisation of the equation
(4.2) can be achieved by attaining the minimum ogy; to be non-negative

a > —bsy/1— p.

If the minimum is not attained, then p? = 1 and the condition becomes
a < 0. Assume a > 0 and s >> 1, we obtain

o=t {te— 0+ o) -

2

= —la| +bp(z —c)+bp 1+%~
2

~ —lal +bp(x —c)+bp <1+(:UQTC)> ~

(o)
~la|=bp bp (x—c)—l—bT
Hence
lim osvr = bp(x —¢)

$—00,a——00,|a|=bs
for any value of x, and this corresponds again to an affine smile whose slope
and intercept identify the product bp and the parameter ¢, but not b, p and
c separately.
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The main objective of the calibration is to acquire the stability conditions.
In order to avoid the instability behavior condition, we limit the calibration
of the SVI model parameters by the following boundaries:

(4.5)

The positive lower bound s,,;, for s is set at the value of 0.004.

At the same time, we limit ¢ to be non-negative value. It was done
to avoid the instability behavior when s — oo and a — oo. Finally, we
would like to limit an upper bound for s, however this would not prevent the
situation of coupling of low values of a and high values of s, where s tends
t0 Smae and a leads to negative value. Therefore, we limit the upper bound
on a to be

a < max {osvi}- (4.6)

4.3 Dimension reduction

The SVI model suffers from the least square calibration which lead to
an optimization problem in dimension 5. This problem can be eliminated
by simple observation on the properties of the functional form (4.1), and
reformulate the equation from dimension 5 to 2. By the means of change of

variables
T —c
Yy = )
s

the SVI parametrization can be transformed into

ogyr = al + bsT <py+ V2 + 1> )

For fixed values of ¢ and s, the implied volatility curve is supported by a,
p and the product of bs. Thus we can redefine the parameters as

e = bsT,
d = pbsT,
a=aTl,

where ogy; is linearly depend on paremeters a,d and e.

osvi(y) =a+dy+evy>+ 1. (4.7)
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Therefore, given the fixed value for ¢ and s, we are looking for the solution
of the problem

(PC,S> HliIl f{yiJSVIi} <€7 d7 EL) )

(e,d,a)ED

where fy is the cost function
{yzvaSVIi}

n

2
f{ymswi} (e.d,a) = f(e,d,a) = Z (& +dyi +eyJy; +1 - f~7SVIi> ;

=1

with &gy, = Togyy, and D is the compact and convex domain (a paral-
lelepiped)
0 <e<4s,
D =1{ |d <eand |[d <4s—e, (4.8)

0 < a < max&swi.
i

which is obtained from the bounds (4.3) and (4.5)-(4.6) on the parameters b,
p and a. We let (e*,d*,a*) denote the solution of P, and (a*,b*, p*) be the
corresponding triplet for a, b, p. Finally the complete calibration problem is

n

. 2
(P) HCHSDZ (051, s e (X3) = OsvE,) "

=1

4.4 The calibration of the SVI model.

The purpose of the calibration is to make sure that the output of the
model matches the data in the financial market. As the movement of the
financial asset does not behave as clearly as the way we define the law of
physics, it is mainly driven by human behavior and sentiment. Therefore,
we need to calibrate the system model by setting conditions to ensure that
the obtained output data is closely relevant to the financial market.

As mentioned in the previous section, we can reduce the complexity of
the SVI model by reducing the dimension from 5 to 2. From the observation,
we can fix the ¢ and s parameters in the SVI equation.

4.4.1 The calibration procedures of the parameter c

The parameter ¢ describes the translation of the implied volatility curve
along log forward moneyness on z-axis. The plot (4.1) has four solid lines.
The black solid line is the implied volatility curve obtained from Black-
Scholes formula. The green solid line refers to the SVI implied volatility
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curve with no translation, ¢ = 0. The blue and red solid lines refer to
the SVI implied volatility with translation of ¢ = 0.05 and ¢ = —0.05 re-
spectively. The purpose of calibration is to fit the estimated SVI implied
volatility curve as close as possible to the Black-Scholes implied volatility
curve. From the blue line we have assumed the log forward moneyness is
greater than zero which indicates that the forward value of the underlying
asset has risen above the initial value. From the plot we observe the curve
which is translated to the right. On the other hand, the red line shows that
the log forward moneyness is less than zero which indicates that the forward
value of the underlying asset has fallen below the initial value. This can be
observed with the translation of the red line to the left.

Calibration of parameter ¢

= -5yl c=D
0.035 [ svl, c=0.05
——— 5V, ¢=-0.05
——BS-W
£ 003
=
g
gl
I
B ooozs |
ozt
0.015 L L

o

1 1
-0.4 -0.3 -0.2 -01
Log Moneyness

Figure 4.1. The market implied volatility and the SVI implied volatility with
translation ¢ = 0,c¢ = 0.05 and ¢ = —0.05.

4.4.2 The calibration of the parameter s

The parameter s describes the smoothness of the curvature of the implied
volatility curve and the plot (4.2) includes four solid lines. The black solid
line is the implied volatility curve obtained from the Black-Scholes formula.
The green solid line refers to the SVI implied volatility curve with best fit, s =
0.004. The blue, red and magenta solid lines display the SVI implied volatility
with change of curvature of s = 0.01, 0.1 and 1 respectively. Generally,
for the short term contract, we select a value of s ranging from 0.004 to
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0.01. These curves displayed a steeper and sharper curvature of the implied
volatility. While for the longer term contract, we can choose to increase the
value of s to achieve a smooth implied volatility curve that fits closer to the
Black-Scholes implied volatility curve. The curve has a more curvature.

Calibration of parameter s

0.04 -
Sl, 5=0.004
(929 K S, 5=0.01
Sl 5=0.1
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o
2 nozs |
0.02
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Log Moneyness

Figure 4.2. The market implied volatility and the SVI implied volatility with
the smoothness s = 0.04,s = 0.01,s = 0.1 and s = 1.
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Chapter 5

Procedures of a Kalman
Filtering Estimation

5.1 The Kalman Filter

According to [2], let us assume that (z,05) = ((x,), (61v)) is a partially
observed sequence, where

zp = (21(t),. . ax(t), oy = (orvi(l), ... omvi(t)).
The recurrent equations, which govern our sequence (x,oyy ), are

Tir1 = ag(t, O'jv) + &1(t, O‘jv)l'n + bl(t, O'jv)El(t + 1) + bQ(t, 0’]\/)82(75 + 1),
UIVt+1 = Ag(t, O'jv) + Al(t, O']\/)l’n -+ B1<t, Ujv)&f(t + 1) + Bg(t, O'Iv>52(t + 1)
(5.1)

Where
61(t) = (811(t),...,81k(t)) and 52(t> = (621(t)7...,621(t))

are independent Gaussian vectors with independent components, which are
normally distributed with parameters 0 and 1.
The functions

ao(t,orv) = (ao1(t,omv), .. am(t,ory) and  Ag(t,ornv) = (Aoi(t,omv), ... au(t, o)

are vector functions, which depend for a given t only on oy, ..., o0v;.
The matrix functions
, ba(toy) =

ay(t, o) = bgjl')(taglv)

ag)(t,azv)H , bi(to) =

25

b£]2) (t, O'Iv)
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Ayt orv) = HAS')(@UIV)”> Bi(t,orv) = HBi(;)(t,UIV)‘ , DBao(t,o) = HBZ'(;)@,UIV)H

depend on oy without looking ahead and have orders k x k, k X k, kX [, ] X
k,l x k,l x [, respectively. We assume that the initial vector (zg, o) is
independent of the sequences €1 = (¢1(¢)) and &3 = (£2(1)).

For the existing solution of the system (5.1) with finite second moments,
we suppose that

E([lzoll” + llorvoll*) < oo,

) tom)|<C |AP o) <C.

and if f(¢t,o5,) is any of the functions agi,Aoj,bgjl-),bg),Bi(;) or Bi(;) then
E|f(t,on)]> < oo for any t = 0,1,... . According to these assumptions,
(z,07v) has E(||z||” + lorve]|?) < oo, for any ¢ < 0.

FV =o0{w:0orvg,...,00v} represents the smallest c— algebra gener-
ated by ovq,...,0v and

my =K (%U‘}UIV) , w=E [(xt - mt) (zt - mt)* |}_fw] :

As determined by Theorem 1, §8, Chapter 2, page 237, [2], m; = (mq(t), ..., mg(t))
is an optimal estimator for the vector x; = (x1(t),...,xx(t)), and

Evy; = E[(x; —my) (xs — my)"] is the matrix of errors of observation.
The main problem is to determine these matrices for arbitrary sequences
(x,071v) governed by equations (5.1). We assume an additional condition
on (xg,07vg), which indicates the conditional distribution P(z¢ < a|oryg) is
Gaussian,

1 r z —mg)
P(zo < alorve) = Noin / exp {—%} dz, (5.2)

with parameters mg = mo(orv), Y0 = Yo(orv0)-

Lemma 1 According to the above assumptions made about the coefficients
of (5.1), together with (5.2), the sequence (z,oyy) is conditionally Gaussian,
1. e. the conditional distribution function

P{xo < ag,..., v < ay|F/V}

is (P-a.s.) the distribution function of an t-dimensional Gaussian vector
whose mean and covariance matriz depend on (orvg,...,01v¢)-

See the proof in [2], page 466.
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Theorem 1 Assume that (x,0pv) is a partial observation of the sequence
which satisfies the system (5.1) and condition (5.2). Then (my,~:) comply
the following recursion equations:

Mys1 = [ap + aymy]+[bo B+ a1y AY] [B o B + Ay A% (o1 — Ao — Aimy],
(5.3)

Yer1 = [ ya] +bob]—[bo B + a1 Al][Bo B + AlfytA*{]@ [bo B+ a1y Aj]".
(5.4)

Here bo b = b1b] + beb5, b0 B =0, B] +b0:B5, Bo B = BB} + ByB3.
See the proof in [2], page 467.

Corollary 1 In the case, if the coefficients ao(t,orv), ..., Ba(t,on/) from
the system (5.1) do not depend on ory we obtain the Kalman-Bucy model,
and equations (5.3) and (5.4) for my and v, describe the Kalman-Bucy filter.
We notice that then the conditional and unconditional error matrices vy, are
equal, 1. e.

v = Eyy = E (2 — my) (2, — my)].

Example 1 Assume that (z,01v) = (x4, 01v¢) 15 a Gaussian sequence gov-
erned by the following special case of (5.1):

Ty = axy + bey(t+ 1), opvip = Azy + Beo(t + 1).

We will show that if A # 0,0 # 0,B # 0, then the limiting error of filter-
ing, v = limy o v, exists. With the use of equation (5.1), we can get an
expression for y,iq:

a? A%}
.B2 + Az’}/t ’
If we let t tend to the infinity, we obtain

Yi+1 = a2% +

a’ A%y

2
—aty - — 2,
> B2 4+ A%y

v

After simplification of the equation, we get

B% (1 — a? b B
v+ {% — 521 Y-z =0 (5.5)

We showed that the error of filtering is converging, and the limit is determined
as the positive root of the equation (5.5).
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The simple dynamic volatility skew is model in a state-space form (Harvey
1989). This time series of volatility skew estimation provide both cross-
sectional information on the changes of the implied volatility across various
strikes and temporal information on the time evolution of implied volatility.
The measurement equation, according to (5.1), is given by:

okt = Gy + Dyvy, (5.6)

where o ; is the general market implied volatility with the strike price K and
the observed time ¢, Gy is the t x size(coefficients) matrix of strike/moneyness,
7, is the coefficient matrix. D;D} = ¢2I represents the measurement noise
covariance matrix, and v; ~ ¢ (0, 1) are serially uncorrelated noise terms, in-
dependent of x;. There were several studies on the parametric volatility curve
fitting for the observed implied volatility. Mascia and Stewart [1], suggested a
procedures of simple cubic polynomial interpolation against moneyness with
Kalman Filter. According to Cont (2002), the implied volatility curve fitted
against the function of the moneyness m has less deviation as compared to
as a function of the strike K.

5.2 The cubic polynomial interpolation model

The approximation of the implied volatility by the cubic polynomial
model has the following structure

Opor = (1) + mx(2) + m*z(3) + m’z(4), (5.7)

where o0, is the t X 1 vector approximation of the implied volatility which
fit against the function of moneyness m. (refer to section (3.1.2))

x(1) estimates the level of the ATM implied volatility, (2), z(3) and x(4)
capture the ATM slope, curvature and skewness, respectively.

The choice of cubic polynomial is easy to implement because it uses 4
coefficients to provide a fit to the observation volatility curves. We can fur-
ther improve the accuracy of the curve fit using a higher order of polynomial
interpolation. However, for using of the higher order polynomial, the growth
of implied volatility introduces a negative density of the underlying asset
when k increases. It was a fact mentioned in Christian Kahl which discussed
by Roger Lee [10], Jim Gatheral [8].
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5.3 The SVI model

In our study, we use Stochastic Volatility Inspired (SVI) ([4]). The SVI
model of an estimation of the implied volatility has the following structure

anga—i—b(p(x—c)—i— (:L‘—c)2+32>

is a t x 1 vector approximation of implied volatility which fit against the log
forward moneyness x.

The Least Square estimation was introduced to measure the error between
the observed Black-Scholes implied volatility and the SVI estimated implied
volatility.

5.4 The Kalman filter estimation

The 3 x 1 state vector of the SVI parameters evolves under the system
equation
v =a+Uzxi_; + Cuy. (5.8)

Multivariate autoregressive model was introduced to estimate the parameters

of the a, U and C from (5.8).

e a = Axpu, where A represents the 3 x3 matrix consists of mean reversion
coefficients on the main diagonal,

e i is the vectors of the long run means,
o U=1-A,
e C(' is the covariance matrix of the error terms of the process,

e u; ~ N(0,1) are uncorrelated disturbances and independent of X;_;.

Finally, we denote ; = E;_; [;] and S; = Var,_; [x;] before observing
implied volatility ok ;. After that, we assume that initial distribution of
x1 is multivariate normal with known values for z; ans S;. According to
Section (5.1), the optimal forecast z; for the skew coefficients x; and the
covariance S; are related to the observed implied volatility o ,;. Then the
new quantity evolves under the system equation is used to obtain the optimal
forecast #;,; for the next state. By the Theorem (1) from Section (5.1) we
get the following updating equations for expected value and covariance:

§ft+1 =U [I - StG;T;f_th} :fjt + KtJK,t + a,

1 r—1 ! ! (59)
St+1 =U [St - SthTt GtSt} U +cCc,
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where T, = G,S,G + 021, and K, = US,G/T; .



Chapter 6

Application of the Kalman
filter to an option portfolio
P& L forecasting

From the risk management perspective, the Kalman filter model can be
implemented to forecast the risk potential of portfolios. The risk potential on
the option portfolios can be detected as the sensitivity changes in the level,
slope and curvatures of the implied volatility. This potential risk will then
be translated into the P&L of the option portfolio.

6.1 The P-C-Parity

In financial mathematics, the Put-Call parity defines the relationship in
an option portfolio of a call and a put with the same strike price and maturity
time under no arbitrage condition

C—S8S=P—Ke ", (6.1)

6.2 The Portfolio 1: a Short Straddle

As mentioned in the section (3.2.1), we construct the short straddle port-
folio which consists of short call and short put for ATM options. As the
option portfolio consists of 2 ATM options, it is used to test a sensitivity to
the changes in the level of the ATM implied volatility.

Using the P-C-parity (6.1), we reformulate the payout of the short strad-
dle portfolio

31
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VS = C-P=-P+Ke"™ D _§_P=2P-S5+Ke "D (6.2)

1
P=—o (V¥ - KeT™ +8) (6.3)

At the money, S = K, the payoff of the put option is

p— KG_T(T_t)N(_dQ) — SN(—dy). (6.4)
Hence,
1 VSS
e—r(T—t)N(_dz) _ N(_dl) = 5 <T — e—T(T—t) + 1> , (65)
where

(r—31c)(T—t) (r+30)VT—t

d pu— p— 5
' VT —1 o (6.6)
d2 :dl—O'\/T—t.

6.3 The Portfolio 2: a Risk Reversal portfolio

To simulate a synthetic long underlying, the option portfolio can be
formed as a short OTM put and a long OTM call. OTM put (K_) and
call (K, ) are equidistant from ATM level. The delta of the option measures
the sensitivity of option prices relatives to the change of the underlying asset.
For the long call option, the delta is always positive between 0 and 1. On
the other hand, the put delta is in range from —1 to 0. We set the delta of
the put at —0.25 delta and call at 0.25. Then we formulate the payout for
the long risk reversal portfolio as follow,

VER — C(Ky,o5v1 (K4, T)) — P(K_,o5v; (K_,T)). (6.7)

The long risk-reversal portfolio is sensitive to the changes in the slope of
the volatility curve that helps to measure the delta changes in the option
portfolio.
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6.4 Testing procedures of option portfolios

We proceed to assess the application function of the SVI Kalman filter
model. Using the 1-day ahead forecast for the implied volatility by the SVI
Kalman filter model, we input the forecasted implied volatility into the two
option portfolios as mentioned above. We want to track the potential changes
of the P&L valuation for the option portfolio over the defined period.

We proceed to assess the application function of the SVI Kalman Filter
model. Using the 1-day aheas daily forecast function of the model, we track
the changes in value of the option portfolios, over an observe period.

We introduced GARCH(1,1) model to forecast the underlying asset value
Si¢r1. As our main objective of the study is not focus on the forecasting of
the underlying asset, therefore we suggest a simple and easy to use model to
forecast the underlying asset value for time ¢ + 1 at time ¢ = 0.

From the forecasted value, we can derive the maximum and minimum of
the forecasted underlying asset values between S;1max and S 1min interval
of 95% confident level due to data set constraint. We used the forecasted
underlying asset value to calculate the log forward moneyness matrix. This
log forward moneyness matrix is used to generate the forecast coefficient
vector for the implied volatility using the SVI kalman filter model at time
t = 0. The forecasted implied volatility for time ¢t + 1 is an input into the
Black-Scholes model to generate the forecast for the option pricing for call
and put option.

First of all, the option portfolios V** is constructed with the respective
parameters (S;, K,r,T,t,0) at time t = 0. We proceed to forecast the value
of the option portfolios with the known fixed parameters (K,r,T,t). Then
we forecast underlying asset value S;;; using GARCH(1,1) and the implied
volatility using the SVI Kalman filte, which are an input is input into the
Black-Scholes formula to derive the forecasted call and put option prices for
the option portfolios.

The forecasted value of the option portfolio are compared to the initial
value of the option portfolio at time ¢ = 0 and the actual value of the option
portfolios at time ¢ = 1. Besides using this Kalman Filter model to measure
the P&L value of the option portfolios, we further implemented a feature
which helps to track the risk potential of the option portfolios.

The new feature introduced is useful to track the risk potential of option
portfolios from the risk management perspective. Risk manager can easily
track the risk of individual portfolios with the features.

We set a 95.45% confident interval range for the S;.1 Max and Sy 1 Min
for the movement of the underlying asset value, and the corresponding changes
of the P&L value of the portfolios are refer to the delta changes for the option
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portfolios which determine the risk potential of the option portfolios.

These procedures mentioned above can be implemented on various cus-
tomization of the option portfolios, e.g. the Long Butterfly Spread which
measures the sensitivity to the curvature of the volatility curve.



Chapter 7

Results

7.1 The Implied Volatility Result Analysis

In our previous chapters, we have suggested two models to generate the
implied volatility. For a performance analysis, we require a better perfor-
mance model to produce a higher accuracy of the forecasted implied volatility.
The two suggested models have their respective strengths and weaknesses.
We would like to conduct the performance analysis to compare their perfor-
mance and accuracy for the implied volatility generated by the Black-Scholes
implied volatility.

Although the increase of the order of the polynomial model can provide
us with better accuracy of the curve fitting but the growth of the polynomial
order leads to a negative density of the underlying asset, when the strike
K increases. The higher order polynomial model opposed the fundamental
restriction of the implied volatility curve parametrization which induces an
non-negative density for the underlying assets. This fact has been analyzed
and discussed in detail by Lee and Gatheral [10]. In order to tackle this issue
and to achieve accurate curve fits, we introduce the SVI Kalman filter model.

Statistical data show that the SVI model has lower error rate as compared
to the cubic polynomial model. Using the Least Square Estimation of errors,
the SVI model generated an average error rate of 1.4731x 107% and maximum
error rate of 6.6460 x 107%. As compared to the cubic polynomial model
generated an average error rate of 1.9190 x 107% and maximum error rate of
1.0750 x 107°. The model performance has improved by 23%. The figure
(7.1) shows the LSE error measurement of the approximate implied volatility
using the SVI model and the cubic polynomial model.

To observe the market volatility smile, we generate the implied volatility
using the forecasted coefficient vectors for both the SVI model and the cubic

35
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Figure 7.1. The LSE errors of the approximate implied volatility using the
SVI and the cubic polynomial models.

polynomial model using the Kalman filter. The performance measurement
shows that the SVI Kalman filter model has a higher accuracy and produced
a lower LSE error rate as compared to the cubic polynomial Kalman filter
model.

The figure (7.2) shows the LSE measurement of the approximated implied
volatility using the SVI Kalman filter and the cubic polynomial Kalman filter
models. The SVI Kalman filter model has the average error rate of 1.2484 x
107% and the maximum error rate of 8.0630 x 10~° while the cubic polynomial
Kalman filter model has the average error rate of 1.9362 x 107% and the
maximum error rate of 3.8540 x 10~*. The average error rate of the SVI
Kalman filter has improved while the maximum error rate has significantly
increased.

The figure shows the LSE measurement of the 1-day ahead forecasted
implied volatility using the SVI Kalman filter model. From our performance
results, we can observe that the SVI Kalman filter has a better forecast
quality and we can use it to produce reliable 1-day ahead forecast of the
implied volatility. The maximum error rate of the 1-day ahead forecast is
6.8020 x 107°.

In order to present the better accuracy performance of the SVI Kalman
filter model, we have graphically displayed the 1-day ahead forecast of the SVI
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Figure 7.2. The LSE errors of the approximated implied volatility using the
SVI Kalman filter and the cubic polynomial Kalman filter models.

Kalman filter implied volatility smile curve compare with the Black-Scholes
implied volatility smile curve. The figure (7.4) shows both the minimum
and maximum of the LSE error rate for the 1-day ahead forecast of the SVI
Kalman filter model, the minimum LSE error rate is equal to 2.5526 x 10~°
and the maximum error rate is equal to 6.8020 x 107°.

7.2 The Portfolios Result Analysis

As mentioned in Chapter 6, we have introduced the use of the SVI
Kalman filter for the option portfolio’s profit and loss (P&L) forecasting.
This Kalman filter extrapolating techniques is implemented on the follow-
ing two index option portfolios, i.e the Short Straddle and the Long Risk
Reversal.

7.2.1 The Portfolio of a Short Straddle (V%)

As mentioned in Chapter 6.4, we followed the step by step testing proce-
dures for the forecasting of the implied volatility using the SVI Kalman filter
model.

The plot (??) shows the minimum and the maximum changes for the
portfolio of a Short Straddle. The red cross marks the initial P&L value of
the option portfolio at time t = 0. The black solid line displays the forecasting
value of the option portfolio with respect to the changes of the forecasting
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Figure 7.3. The LSE errors of the forecasted implied volatility using the SVI
Kalman filter model.

underlying asset value S;;; at time ¢ = 0. The blue and red circles along the
black line mark the minimum and maximum of the forecasting underlying
asset value Sy 1 Min and Sy 1 Max, respectively. The green cross marks the
position for the forecasting P&L of the option portfolios at time ¢ = 0 while
the red cross shows the actual P&L of the option portfolios at time ¢ = 1.

On the y-axis, it marks the delta changes which define the range of the
forecasting value changes of option portfolio with respect to the interval
between S;.1 Min and S;; 1 Max. The following figure displays the minimum
and maximum delta changes for the option short straddle V5.

7.2.2 The Portfolio of the Long Risk Reversal (VF)

The plot presents the minimum and the maximum changes of the values
of the portfolio of the Long Risk Reversal. The red cross marks the initial
P&L value of the option portfolio at time ¢t = 0. The black solid line displays
the forecasting value of the option portfolio with respect to the changes of the
forecasting underlying asset value S;,; at time ¢ = 0. The blue and red circles
along the black line mark the minimum and maximum of the forecasting
underlying asset value S;,1 Min and S, Max, respectively. The green cross
marks the position for the forecasting P&L of the option portfolios at time
t = 0 while the red cross shows the actual P&L of the option portfolios at
time ¢ = 1.

On the y-axis, it marks the delta changes which define the range for the
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Figure 7.4. The minimum and maximum errors of the 1-day ahead forecasted
implied volatility using the SVI Kalman filter model.
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Figure 7.5. The minimum and maximum delta changes for the portfolio of a

short straddle.

forecasted changes of the option portfolio value with respect to the interval
between Sy 1 Min and Sy 1 Max. The following figure displays the minimum
and maximum delta changes of the forecasted option portfolio called the

Long Risk Reversal V1E,
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Chapter 8

Conclusions

The study presents the Kalman filter procedures for the SVI approxi-
mation model of the implied volatility. We have successfully replaced the
existing cubic polynomial model with the suggested SVI model due to the
better accuracy. The statistical data shows that the SVI model produced a
more accurate forecasting result.

In addition, we have also implemented the application for the SVI Kalman
filter model to forecast the P&L of the option portfolio such as Short straddle
and Long risk reversal option. This Kalman filter extrapolating technique
helps to produce 1-day ahead forecasting of the P&L of the option portfolios.

For the applications, such as risk management of the portfolio and the
option pricing, we need to customize our existing SVI Kalman Filter to fore-
cast the 1-day ahead implied volatility of an underlying asset and to predict
the desirable range on the volatility changes. These are translated into the
special features that we can track the delta changes of the P&L of the option
portfolios for better managing of the potential risk of the portfolios.

Given the time constraint, we managed to meet all the objectives listed
for the research and implemented some new features. This study can be
more accurate with better database. This can further reduce the error with
more accurate forecasting of the coefficient vectors of the implied volatility
and the parameters of the Kalman filter model.

Finally, this model can be better calibrated and implemented with the
study of the term structure volatility and the volatility surfaces of the implied
volatility. This gives us macro understanding of the dynamic of the implied
volatility.
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Appendix

8.1 The Least Square Method

The method of the least squares is a standard approach to the approxi-
mate solution of overdetermined systems, i.e. sets of equations in which there
are more equations than unknowns. “Least” squares means that the overall
solution minimizes the sum of the squares of the errors made in solving ev-
ery single equation. The most important application is in data fitting. The
best fit in the least-squares sense minimizes the sum of squared residuals, a
residual being the difference between an observed value and the fitted value
provided by a model.

The objective consists of adjusting the parameters of a model function to
best fit a data set. A simple data set consists of n points (data pairs) (z;, ;) ,
1 = 1,...,n, where x; is an independent variable and y; is a dependent
variable whose value is found by observation. The model function has the
form f (z, ), where the m adjustable parameters are held in the vector f.
The goal is to find the parameter values for the model which “best” fits
the data. The least squares method finds its optimum when the sum, S, of

squared residuals
S=>r} (8.1)
i=1

is a minimum. A residual is defined as the difference between the value
predicted by the model and the actual value of the dependent variable

ri =y — [ (v5,0). (8.2)

The minimum of the sum of squares is found by setting the gradient to
zero. Since the model contains m parameters there are m gradient equations.

95 9y 2o =1 m (8.3)



and since r; = y; — f (x;, 5) the gradient equations become
of (x;, 8 ,
-2 i:O, =1,..., 8.4
Z o5, j m (8.4)

The gradient equations apply to all least squares problems. Each partic-
ular problem requires particular expressions for the model and its partial
derivatives.

A regression model is a linear one when the model comprises a linear
combination of the parameters, i.e.

Zm (8.5)

where the coefficients, ¢;, are functions of z;. Letting

Ip;

we can then see that in that case the least square estimate (or estimator, in
the context of a random sample), 3 is given by

Xij = = ¢ (), (8.6)

B=(XTX)" xTy. (8.7)
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