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Abstract

The distribution of asset returns may lead to structural breaks. These
breaks may result in changes of the optimal portfolio weights. For a port-
folio investor, the ability of timely detection of any systematic changes
in the optimal portfolio weights is of a great interest.
In this master thesis work, the use of the Shewhart method, as a
method for detecting a sudden parameter change, the implied change
in the multivariate portfolio weights and its performance is reviewed.

Keywords: Shewhart method; Change-point detection; Monitoring;
ARL.
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Chapter 1

Introduction

In every asset allocation the investors naturally try to obtain the maximum
returns and in order to get the maximum profit, it is necessary to make
best decisions. To give some examples, Statistical Process Control (SPC),
statistical quality control, change point detection and statistical surveillance
are some decision tools that enable investors to make proper decisions and
consequently to achieve more success. In the 1920s, Walter A. Shewhart
and co-workers at Bell Telephone laboratories developed the first versions
of a modern control chart (Frisén [1]). Shewhart gave his proposals moti-
vated by needs in industrial quality control. He was a researcher with Bell
Laboratories at that time and recognized the fact that regardless of how ac-
curate a manufacturing process is, it will never be able to produce the same
output all the time. Therefore, statistical methods have been deployed to
enable owners to measure how much information they have about a possible
change from the target. Comments on the role of statistical quality control
in industry are given in the paper by Banks [2] and the related discussion.
The recent interests in industry focus on new applications such as manage-
ment problems which have been described, for example, by Pettersson [3]
and Wessman [4]. Furthermore, the surveillance method which can be used
to detect targets in multichannel and multisensory distributed systems are
described by Tartakovsky and Veeravalli [6]. Additionally, they have pro-
posed systems to enable intrusion detections in computer networks in order
to avoid maliciously attacks (Tartakovsky and Veeravalli [6]).

On account of the fact that the Shewhart method is general and is not
limited to industry, it can be applied to a large variety of applications. In
the recent years, these widely purposed applications have influenced the the-
oretical research on methods and evaluations (Frisén [1]). The considerable
number of recent papers in medical science, environmental control and other
areas discussing the needs for monitoring methods can demonstrate this fact.
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2 Chapter 1. Introduction

In general, the monitored processes can be divided in two states; in control
and out of control states. A process is in control when its behavior is normal
and predictable. At a random time, which is unknown, when the process
changes its behavior, it moves to out of control state. According to definition
of in control states, they are specified in many situations so that certain
quality criteria are met, whereas the out of control states are not specified
as a single form. Usually, a sudden shift in the mean is considered in out of
control state (Shaarawi and Pettersson [5]).

It is assumed that the investor behaves myopically and chooses the global
minimum variance portfolio (GMVP). The GMVP attracts the attention of
many researchers (Feleming and Ostdiel [7])(Johannes, Polson and Stroud [8]),
because utilizing the estimated expected returns in the asset allocation may
lead to negative effects on the performance of the Markowitz (1952) portfolio
procedure (Merton [9])(Best and Grauer [10]). To solve this portfolio prob-
lem, the knowledge of the covariance matrix of the asset returns should be
deployed. The true covariance matrix is unknown and has to be estimated.

When the optimal portfolio weights have changed as a consequence of
changing in the covariance matrix, early detection of this change in the
weights would be a great desire for the investors. Control charts are the most
common and significant tools of statistical process control (SPC). (Ghosh and
Sen [11])(Montgomery [12]). A control chart as a tool is used to determine
whether the process is in control state or not.

Although the Cumulative Sum (CUSUM) method is very simple, the She-
whart method has been the most popular method in change detection. It is
a very basic method in process control. Once an observation deviates from
the target more than a specific level, an alarm will be generated. So in this
method, only the last observation is considered.

The background of this master work is addressed in chapter 1. In chap-
ter 2, by choosing monitoring of the Global Minimum Variance Portfolio
(GMVP), the Mahalanobis distance and the Shewhart control chart based on
the multivariate Exponentially Weighted Moving Average (EWMA) statistic
is introduced. The Shewhart method as a specific case of EWMA statistic is
introduced.

In chapter 3, the Average Run Length (ARL) as a tool to control the
performance of the Shewhart method which is defined for in control and out
of control state is mentioned. Since the explicit forms of in control ARL
and out of control ARL could not be derived, results are achieved by means
of simulations. Moreover, the methodologies for simulation studies are pre-
sented. To do the simulation study, the in control state parameters (target
values) are needed. The in control state is identified via the mean difference
test with the unknown unequal variances.
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The ARL0 = 100, which is popular in the literature is prespecified. To
find the control limit, the starting value of the control limit is chosen. By
using the calculated sample average and sample covariance of the empirical
data of the identified in control state, at least 104 values of the process are
simulated. These simulated values are applied to the Shewhart control chart
and and the stopping times of the Shewhart control chart with different
window sizes are simulated. Again, at least 104 values of the process are
simulated and the stopping times are recorded. By iterating this simulation
procedure at least 104 times, the 104 stopping times for each window size
are simulated. According to the law of large numbers (LLN) the estimated
expected run length in the in control state is the average of simulated stopping
times. If the estimated ARL0 < 100−0.1, a new control limit which is greater
than the previous one is chosen and if ARL0 > 100 + 0.1, a new control limit
which is smaller than the previous one is chosen. Using this new control limit
a new iteration to simulate the stopping times and consequently to estimate
the ARL0 is performed. By choosing new control limits, the simulation
procedure iterates until the estimated ARL0 is close to its prespecified value
like 100 ± 0.1. The control limits which fulfills this condition are chosen as
the optimal control limits.

By using the target values, the out of control state with different smooth-
ing shift values δ is simulated. By using the simulated out of control covari-
ance matrix and estimated in control mean, at least 104 values of the process
are simulated. These simulated values are applied to the Shewhart control
chart and the stopping times of the Shewhart control chart with different
window sizes are estimated. Again at least 104 values of the process are
simulated and the stopping times are recorded. By iterating this simulation
procedure at least 104 times, the 104 stopping times for each window sizes
are simulated. According to the law of large numbers (LLN) the estimated
expected run length in the out of control state is the average of simulated
stopping times.

The conditional expected delay (CED) in general, is a function of the
time of the change point, s. The CED for the Shewhart method, with respect
to s is a constant value because it concerns only the properties long after start
(Frisén [1]). According to the law of large numbers (LLN) for s = 1, the
CED(1) of different window sizes can be estimated by subtracting the value
1 of the all estimated ARL1s. Since the CED(s) is a constant value, it can be
concluded that in the case of the Shewhart method, CED(s) = ARL1 − 1.
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Chapter 2

Methods

2.1 Multivariate Asset Allocation

On account of the fact that asset allocation problem is very important from
practical aspect, the development of the Mean-Variance Principle for port-
folio selection by Markowitz [18] led to new trends in studying their asset
allocation problems. The Mean-Variance Principle describes the behavior
of the investor and focuses on keeping a utility function at maximum level
which is another modeling method itself used in the decision process of asset
management.

It is assumed that the asset returns follow multivariate normal distribu-
tion, and in fact this means myopic behavior, i.e. considering a one period
problem and maximizing the derived quadratic utility function. The myopic
behavior motivates to choose the Mean-Variance optimal portfolio. By ob-
taining the proportions of wealth allocated to the assets, we can overcome
the utility maximization problem. The key role of portfolio weights in as-
set allocation as well as their distributional properties are significant and of
interest.

Okhrin and Schmid [14] discussed the exact distribution of four types of
weights (weights of the expected quadratic utility optimal portfolio, weights
of the global minimum variance portfolio, weights of the sharp ratio optimal
portfolio and weights of the tangency portfolio) and they realized that due
to the standard exact distribution, the global minimum variance portfolio
weights have the most attractive statistical properties.

As mentioned above, asset returns and their evaluation play a key role
in lots of financial theories. Thus the sensitivity of weights to changes in
the assets means or variances is another considerable problem which relies
on the exact distribution of the weights (Best and Grauer [17], Chopra and

5



6 Chapter 2. Methods

Ziemba [16]) and only the significant change in portfolio weights will cause
the asset reallocation (Golosnoy and Schmid [15]).

This work deals with the vector of optimal weights since it is understood
from the asset allocation that the investors are likely to choose GMVP. As-
suming that asset reallocation is only performed in considerable changes to
the estimated portfolio weights, the methodology is chosen respectively.

It is assumed that X t is a k-dimensional vector of risky asset returns at
time t.

Xt =


X1,t

X2,t
...

Xk,t


and by using the covariance matrix, generally the weight of the GMVP is:

WGMV =
Σ−11

1
′
Σ−11

where 1 indicates the k × 1 vector that is

1 =


1
1
...
1


It is assumed that asset returns over the time points are individual iden-

tically independently normally distributed (iid), and that the mean and the
covariance matrix of k asset returns are unknown. In this case µ̂ and Σ̂ are
used instead of µ and Σ which are asymptotically normal if the fourth mo-
ment exists. This observed sample average and sample covariance based on
n period returns can be calculated from

Σ̂t,n = σk,` =
1

n− 1

i=t∑
i=t−n+1

j=t∑
j=t−n+1

(Xk,i − X̄k)(X`.j − X̄l),

{
k = 1, 2, . . . , k
` = 1, 2, . . . , k

where

µ̂ = X̄t,n =
1

n

t∑
i=t−n+1

Xi
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then we will have

X̄ =


X̄1,n

X̄2,n
...

X̄k,n


where each X̄i is the sample average of the ith asset over the last n obser-
vations and Σ̂t,n is the k × k covariance matrix of n observations at times
{t− n+ 1, t− n+ 2, . . . , t} while the sign hat indicates that it is an estima-
tor. Now the weight of the GMVP based on this sample covariance matrix
will be

Ŵt,n =
Σ̂−1
t,n1

1
′
Σ̂−1
t,n1

where Ŵt,n is the k × 1 vector of estimated optimal weights.
Since the Variance mean approach is subject to the constraint which says

that the sum of the portfolio weights is equal to one, i.e. Ŵ ′
t,n1 = 1. Therefore

the k-dimensional weight vector Ŵt,n has no density. Okhrin and Schmid [14]
show that by restricting ourselves to the first k−1 components of the weight
vector, without loss of generality, Ŵt,n with k − 1 components follows a
k−1-variate elliptical t-distribution and therefore has density function. This
new optimal vector with k − 1 components is denoted by Ŵ ∗

t . Okhrin and
Schmid [14] show that the distribution of the last omitted component, Ŵk,
can be calculated from 1− 1′Ŵ ∗

t , and

Ŵ ∗
t =

(
e′1Σ̂

−1
t,n1

1
′
Σ̂−1
t,n1

, . . . ,
e′k−1Σ̂

−1
t,n1

1
′
Σ̂−1
t,n1

)
(2.1)

where ei
′ is an elementary vector which consists of all 0s except in its ith

element, which is 1. Therefore

E(Ŵt,n) = W, cov(Ŵt,n, Ŵt−s,n) = Ω =
1

n− k − 1

Q

1
′
Σ−11

where

Q = Σ−1 − Σ−111
′
Σ−1

1
′
Σ−11
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Because the sum over all components of W is equal to one and therefore
its covariance matrix is singular. The random vector Ŵ ∗

t , made by the first
k − 1 components of Ŵt,n, is taken and its covariance matrix, Ω∗,which is
made by dropping the k-th row and the k-th column of Ω are used in all
calculations. As it is said, the multivariate marginal distribution of Ŵt,n is a
scaled t-distribution with n− k + 1 degrees of freedom.

2.2 Shewhart Method

The Shewhart method is one of the most popular methods which is used for
detecting a sudden parameter change in variety of applications. Suppose that
X = {Xt : t = 1, 2, . . .} is the random process of which we are making our
observations, and xt is the observation of X made at time t. By time t we
have made the observation {x1, x2, . . . , xt}. At an arbitrary time s ≥ n, when
the observation is made, two states (in control and out of control states) of the
monitored system should be distinguished. Let us denote the observations
up to the time s by

X≤s = {Xt; t ≤ s}

From Equation 2.1 we can get

Ŵ ∗
≤s,n =

{
Ŵ ∗
t,n; t ≤ s

}
In general the alarm will be triggered at time τ when

τ = inf
{
s;C(Ŵ ∗

≤s,n) > L
}

where C(Ŵ ∗
≤s,n) is a control statistic based on the observation up to time

s. The Shewhart method is only based on the last observation, the stopping
time

τ = inf {s;Zs > L}

where Zs = Z(Ŵ ∗
s,n) is a control statistic based on the last observation and

L is the control limit.

2.2.1 Mahalanobis Distance Definition

The Mahalanobis distance measures the distance between estimated weights
Ŵ ∗
t,n and the target weights which is W = E0(Ŵt,n), where E0 is expectation

of Ŵt,n in in control state. We can define W ∗ by choosing the first k − 1

components of target weight W and Ŵ ∗
t,n is previously defined. Therefore

the Mahalanobis distance is
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Tt,n = (Ŵ ∗
t,n −W ∗)′Ω∗−1(Ŵ ∗

t,n −W ∗), t ≥ 1

2.2.2 Shewhart Control Chart Based on Multivariate
EWMA statistic

In this control chart, each component of Ŵ ∗
t,n is exponentially smoothed

by its own smoothing factor. The multivariate EWMA recursion for k − 1
dimensional matrix of weights is shown as

Zt,n = (I −R)Zt−1,n +RŴ ∗
t,n

I is the (k− 1)× (k− 1) identity matrix and R = diag(r1, r2, . . . , rk−1) with
0 < ri ≤ 1 for i ∈ {1, 2, . . . , k − 1}. In the Shewhart method the ris are
equal 1 then R = I. Therefore we will have

Zt,n = Ŵ ∗
t,n

Following Golosnoy and Schmid [15], the control chart is constructed by
using the distance between Zt,n = Ŵ ∗

t,n and E(Zt,n) = W ∗ which is measured
by Mahalanobis distance. Thus the control chart will give a signal as soon
as

(n− k − 1)1
′
Σ−11(Zt,n −W ∗)′Q∗−1(Zt,n −W ∗) > L

where W ∗ is the target weight, and L is the control limit. The control limit
will be determined by choosing specific value for ARL in the in control state.
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Chapter 3

Results

3.1 Calculation of the Chart Performance

3.1.1 Definition of ARL0 and ARL1

The run length (RL) is a discrete random variable which represents the num-
ber of observations before the chart gives a signal (τ = inf {t ∈ N : Zt > c})
where Zt is the control statistic. The average run length (ARL), which is
the mean of run length distribution, E(τ), is a popular measure of charts
performance.

In an in control state an efficient control chart would never give an alarm.
Therefore, the average run length of the in control state would be large. To
obtain a quick alarm in the out of control state, a small average run length
in the out of control state, is desired.

Since in the Shewhart method the control statistic Zt,n is calculated

from Ŵt,n, and since the vector of Ŵt,n is asymptotically normal (Okhrin,
Schmid [14]), then Zt,n will be normally distributed as well.

If we assume that θ is the change point, then it can be written

Zt,n ∈
{
N(0, 1) if t < θ
N(µ, 1) if t ≥ θ.

This means that at time t there are two possibilities: there is no change
in the system under our observations or a change happened in the system.
If the system gives an alarm before the time when the change happens, it is
a false alarm. The average run length until the first false alarm when the
change happens is called ARL0. If the system gives a signal after the change
point, it is a true alarm and the average run length until that signal is called

11



12 Chapter 3. Results

ARL1.

3.1.2 Calculation of the ARL0

The ARL0 is calculated

ARL0 = E(τ |τ < θ) =
t=∞∑
t=1

tP (τ = t|τ < θ)

=
t=∞∑
t=1

tP (inf(Zt,n > L |τ < θ))

=
t=∞∑
t=1

tP (Z1,n < L,Z2,n < L, . . . , Zt−1,n < L,Zt,n > L |τ < θ)

where Zi,n are calculated directly from Wi,n and since Wi,n and Wi−1,n are
based on samples from time intervals (t − n + 1, t) which have overlaps to-
gether, then conditioning ARL0 is:

=
t=∞∑
t=1

tP (Zt,n > L|Zt−1,n < L, . . . , Z1,n < L, τ < θ)P (Zt−1,n < L . . . Z1,n < L|τ < θ)

=
t=∞∑
t=1

tP (Zt,n > L|Zt−1,n < L, . . . , Z1,n < L, τ < θ)

P (Zt−1,n < L|Zt−2,n < L, . . . , Z1,n < L, τ < θ) . . . P (Z2,n < L|Z1,n < L, τ < θ)

P (Z1,n < L|τ < θ)

However we have to skip the calculation in this step since the control
statistic does not follow the Markov chain due to the complexity of the
GMVP. A more appealing way to calculate the ARL is to make a simulation
study.

3.1.3 Simulation Study

In the simulation study that has been done in this thesis, the efficiency of
the chosen control chart is characterized by testing different values of window
size n. First the target parameters will be recognized. Second, by using the
estimated target parameters the control limit with respect to the pre-specified
ARL0 will be chosen. Finally the out of control simulation study in order to
determine the ability of the introduced control chart to detect the changes
will have been done.
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In order to recognize the target values, first of all we have to identify the
in control state.

3.1.3.1 Identifying the in control state

To identify the in control state, the data set from two big Swedish banks,
SEB and Handelsbanken and three big companies, Volvo, Ericsson and ABB
are chosen. The data is collected from the Nordic market which contains
the stock prices between 1990− 01− 01 and 2009− 11− 16 with 4900 daily
observations. First of all the sample average, sample covariance matrix,
the weight of the GMVP and its covariance matrix for all daily returns are
estimated. The estimated values are as below,

X̄ =


47.92
153.01
121.47
55.17
47.33

 ,Σ =


627.09 882.47 863.30 285.56 644.82
882.47 4319.79 1846.19 −12.15 541.96
863.30 1846.19 18442.78 −807.98 −21.19
285.56 −12.15 −807.98 771.52 401.74
44.82 541.96 −21.19 401.74 959.52


The calculated weight is Ŵt,n = (−0.25,−0.005,−0.017, 0.92, 0.35)′ and giv-

ing a covariance matrix of Ŵt,n is

Ω = 10−6


880 −110 −430 −190 −520
−110 39 2.7 24 47
−430 2.7 7.4 11 22
−190 24 11 140 14
−520 47 22 14 440



To identify the in control state, the whole data set is divided in to 49 non-
overlapping periods where every period contains N = 100 daily observations.
Then from each period, the optimal weight is calculated. In the next step
weights in all consequent periods are checked to identify whether they are
statistically equal or not. The sequence of test for equality of weights are
used to find out the periods which contain the same weights.

As previously stated the Ŵt,n follows a t-distribution with n − k + 1

degrees of freedom(df) (Okhrin and Schmid [14]). In each period Ŵt,n is
calculated by n = 100 data which concludes that t-distribution is very close
to standard normal distribution. The mean difference test with the unknown
unequal variances suggested by Lehmann and Romano [19] is used. The test
statistic Ti,t is
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Ti,t =
Ŵi,t − Ŵi,t−1

(V (Ŵi,t) + V (Ŵi,t−1))1/2

while Ŵt,n = (Ŵ1,t, Ŵ2,t, . . . , Ŵk,t) that each Ŵi,t is the ith element of vector

Ŵt,n and V (Ŵi,t) is the variance of Wi,t which is the σ2
ii (iith elements of di-

agonal) from the covariance matrix of Ŵt,n that we introduced it before as Ω.

The value T ∗t = max|Ti,t| is defined to identify all the periods, which
have the same optimal weights. The calculated values of T ∗ are ordered
periodically are below (from left to right, started from the 2nd period up to
the 49th period).

0.268 1.162 0.879 1.243 1.389 0.112
0.866 1.410 1.141 0.703 0.344 0.332
1.394 0.146 0.254 0.831 0.579 0.511
0.683 0.281 0.451 1.260 1.015 0.383
0.339 1.408 1.280 1.357 0.347 1.172
0.934 0.482 0.709 1.047 0.650 0.165
0.914 0.726 1.343 0.638 1.323 0.213
1.096 0.993 1.401 0.558 0.421 1.015

Table 3.1: The values of T ∗ for the 49 none overlapping periods between
1990-01-01 till 2009-11-16.

At time point t the decision should be made between two hypothesis
whether E(Ŵt,n) = E(Ŵt−1,n) or not.

{
H0 : E(Ŵt,n) = E(Ŵt−1,n)

H1 : E(Ŵt,n) 6= E(Ŵt−1,n).

By choosing the critical value Zα = 1.28 which corresponds to the signif-
icance level α = 0.1, we can identify the areas. The calculated result for T ∗

is plotted in figure 3.1.
Considering the calculated T ∗ and the chosen critical value, the identified

periods can be shown in table 3.1
The numbers in the brackets correspond to the number of observations

before the null hypothesis is rejected. The longest period where the null
hypothesis is not rejected is between 1995/8/1 − 2000/5/12 which contains



Monitoring portfolio weights 15

Figure 3.1: Plot of the test statistic T ∗t to detect changes in the optimal
portfolio weights.

1990/5/28 - 1991/12/30[400] 1992/5/27 - 1993/3/12[200]
1993/8/9 - 1995/3/3[400] 1995/8/1 - 2000/5/12[1200]
2000/10/5 - 2001/2/26[100] 2001/7/25 - 2005/7/21[1000]
2005/12/19 - 2006/5/4[100] 2006/9/27 - 2007/12/3 [300]
2008/5/2-2009/7/14[300]

Table 3.2: Identified periods with optimal weights

1200 daily observations. This period is chosen as the in control state, and the
calculated parameters in this period will be used as the in control parameters
in all calculations (target parameters). The calculated in control parameters
are

X̄ =


42.30
208.59
187.06
37.39
32.88

 ,Σ =


162.39 775.24 759.09 83.22 14.17
775.24 8222.29 −2697.99 296.45 −154.67
759.09 −2697.99 24697.88 566.02 332.33
83.22 296.45 566.02 53.72 16.84
14.17 −154.67 332.33 16.84 44.31


resulting of the target weight W = (−0.26,−0.006,−0.018, 0.093, 0.031)′.

3.1.3.2 Calibrating of the control limits

Since the target parameters are calculated, it is time to simulate the control
limit, L.

As previously mentioned the control limit can be simulated by using the
prespecified value for the in control ARL. Using ARL0 = 100, this would
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mean on average the process gives its first false alarm after 100 daily obser-
vations. The value 100 for ARL0 is chosen because in the literature, this
prespecified value for the in control ARL is commonly used.

To do the simulation, first of all a starting value for the control limit is
used (L = l1). By using the estimated sample average and sample covariance
calculated from the empirical data from identified in control state, at least
104 values of the process are simulated. By using these simulated values of
the process, the weights for different window sizes n ∈ {20, 50, 80, 100} can
be estimated. According to the section 2.2.2, the Shewhart control chart is
Zt,n = Ŵ ∗

t,n and it will give a signal when

(n− k − 1)1
′
Σ−11(Zt,n −W ∗)′Q∗−1(Zt,n −W ∗) > L

Thus the first stopping time, which is the first time when the estimated
(n− k − 1)1

′
Σ−11(Zt,n −W ∗)′Q∗−1(Zt,n −W ∗) exceeds the l1, is simulated.

We again simulate 104 values for the process and find the next stopping time
with the control limit l1. We iterate this simulation procedure for at least 104

times and the stopping times {t1, t2, . . . , t104} for selected l1 can be simulated.
According to the definition of ARL0 in section 3.1.1, ARL0 = E(τ |τ < θ),

where τ is the stopping time and θ is the change point. But there is no exact
formula for ARL0 to estimate this expectation. According to the law of large
numbers (LLN) the estimated expected run length in the in control state is

ÂRL0 = ̂E(τ |τ < θ) =
1

104

i=104∑
i=1

ti

If the estimated ARL0 is close to its prespecified value like 100±0.1, l1 is
selected as the control limit, otherwise if estimated ARL0 < 100, a new value
for control limit like l2 > l1 is chosen or if ARL0 > 100 the value l2 < l1 is
chosen and the iteration to find the stopping times and consequently to find
the ARL0 with new control limit is repeated. By choosing new control limits,
the iteration to find out a proper control limit which fulfills the condition
that the estimated ARL0 is quite close to its prespecified value of 100±0.1 is
repeated. For each window size n ∈ {20, 50, 80, 100}, this simulation is done.

The control limits for different window sizes which are found due to 2×106

iterations of simulated procedure are shown in the table 3.3.

3.1.3.3 Simulating the out of control state

The simulation of the out of control state provides the ability of selected
control charts to detect economically important changes. For this reason we



Monitoring portfolio weights 17

n 20 50 80 100
L 12.82 8.53 7.16 6.75

Table 3.3: The simulated control limits for different window sizes due to
2× 106 iterations.

consider the change in variance of the returns. Using the in control covariance
matrix estimated in section 3.1.3.1 is used.

Σin =


627.09 882.47 863.30 285.56 644.82
882.47 4319.79 1846.19 −12.15 541.96
863.30 1846.19 18442.78 −807.98 −21.19
285.56 −12.15 −807.98 771.52 401.74
44.82 541.96 −21.19 401.74 959.52


Following Golosnoy and Schmid [15] a diagonal 5×5, ∆ matrix to model

the changes is :

∆ =


δ1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 δ2

 ,where δ1 ∈ {1, 1.5, 2, 2.5} and δ2 ∈ {−0.5, 0.5, 1}

Where δ1 and δ2 are smoothing shift parameters that they cause a small
shift of process occurs. then we consider the case when the out of control
covariance matrix is defined by

Σout = ∆Σin∆

By using the simulated covariance matrix and the estimated in control
parameters, the out of control parameters are estimated. The value δ1 =
δ2 = 1 corresponds to the in control state. Considering the simulated out of
control state, and applying the estimated parameters on the Shewhart control
charts with different window sizes n ∈ {20, 50, 80, 100}, the minimum values
of the Shewhart alarm statistic will be presented in table 3.4

As the table shows the changes in δ1 and δ2 are not symmetric, and by
increasing δ1 and decreasing δ2, a large variation in Ŵt,n occurs.
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δ2/δ1 1 1.5 2 2.5

23.63[20] 20.94[20] 20.24[20] 20.57[20]
-0.5 74.22[50] 65.81[50] 63.63[50] 64.67[50]

12.32[20] 10.34[20] 11.75[20] 14.33[20]
0.5 38.70[50] 32.50[50] 36.92[50] 45.06[50]

Shewhart[20] 3.08[20] 9.52[20] 13.94[20]
1 Shewhart[50] 9.68[50] 29.94[50] 50.12[50]

Table 3.4: The minimum values of the Shewhart alarm statistic, the corre-
sponding n is given in bracket.

3.1.3.4 Simulating the out of control ARL

It is assumed that the change has already happened at time point t = 1.
Using the simulated out of control covariance matrix which is simulated in
section 3.1.3.3 and the estimated in control mean, at least 104 values of the
out of control process are simulated. By using these simulated values, the
Shewhart control chart with different window size n ∈ {20, 50, 80, 100} is
estimated. The simulated control limits for different window sizes which are
presented in table 3.3 are used. The process is run and the first stopping time,
which is the first time when (n− k − 1)1

′
Σ−11(Zt,n −W ∗)′Q∗−1(Zt,n −W ∗)

exceeds the L, that is corresponded to the chosen window size, is simulated.
We iterate this simulation procedure for at least 104 times and the stopping
times {t1, t2, . . . , t104} can be simulated.

According to the definition of the out of control ARL in section 3.1.1,
ARL1 = E(τ |τ ≥ θ = 1), where τ is the stopping time and θ is the change
point which already has happened at time point t = 1. But there is no exact
formula for ARL1 to estimate this expectation. According to the law of large
numbers (LLN) the estimated expected run length in the out of control state
is

ÂRL1 = ̂E(τ |τ ≥ θ = 1) =
1

104

i=104∑
i=1

ti

The estimated out of control ARLs that correspond to different window
sizes and different smoothing shift parameters are provided in the tables.

As the tables show, the changes in δ1 and δ2 are not symmetric and by
increasing δ1 and decreasing δ2, smaller ARL1 can be reached. The ARL1

performance analysis provides that by increasing the window size, the simu-
lated control chart provides an increase in correlation between asset returns
and consequently the smallest ARL1.
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δ2/δ1 1 1.5 2 2.5

-0.5 1.275 1.3432 1.0092 1.0002
0.5 4.028 4.133 1.365 1.0357
1 99.873 34.984 7.853 1.845

Table 3.5: The estimated ARL1 for the Multivariate Shewhart control chart
for n = 20.

δ2/δ1 1 1.5 2 2.5

-0.5 1 1 1 1
0.5 1.0004 1.02 1.001 1
1 99.873 10.534 1.074 1

Table 3.6: The estimated ARL1 for the Multivariate Shewhart control chart
for n = 50.

δ2/δ1 1 1.5 2 2.5

-0.5 1 1 1 1
0.5 1 1 1 1
1 99.91 18.02 1.01 1

Table 3.7: The estimated ARL1 for the Multivariate Shewhart control chart
for n = 80.

δ2/δ1 1 1.5 2 2.5

-0.5 1 1 1 1
0.5 1 1 1 1
1 100.09 1.06 1 1

Table 3.8: The estimated ARL1 for the Multivariate Shewhart control chart
for n = 100.
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3.1.3.5 Conditional expected delay simulation

The conditional expected delay (CED), with the assumption that the change
has already happened at time point s, in general is a function of the time of
the change point, s

CED(s) = E(τ − θ |τ ≥ θ = s)

where τ is the stopping time.

The CED for the Shewhart method, with respect to s is a constant
value because it concerns only the properties long after start (Frisén [1]).
Therefore, to estimate the CED(s) for s = 1, according to the law of large
numbers (LLN) the conditional expected delay can be estimated

̂CED(1) = ̂E(τ − θ|τ ≥ θ = 1) =
1

k

i=k∑
i=1

(ti − 1) =
1

k

i=k∑
i=1

(ti)− 1

Therefore the CED(1) of different window sizes can be estimated by
subtracting the value 1 of the all estimated ARL1s. Since we are considering
the Shewhart method, the CED(s) is a constant value, and thus it can be
concluded that CED(s) = ARL1 − 1.
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Conclusions

The investors require the ability to detect a possible change in his portfolio
weights quickly and accurately. In order to deal with lowest variance, moni-
toring of the global minimum variance portfolio (GMVP) is chosen. The con-
trol statistics based on the estimated GMVP are chosen and by applying the
EWMA recursion to those values, the monitoring schemes are constructed
as in Golosnoy and Schmid [15]. In EWMA control chart a multivariate
EWMA recursion is applied to the estimated GMVP. By choosing R = I
in multivariate EWMA recursion, the control chart gives us the Shewhart
control chart.

In order to measure the chart performance we have to calculate ARL0 and
ARL1. Since the ARLs can not be derived in explicit form, the simulation
study offers an alternative way.

To do the simulation study, the in control state parameters are needed.
In order to identify the in control state, the mean difference test with the
unknown unequal variances is chosen, allowing us to identify the periods
which contain the same weights. The in control state is identified and its
parameters are chosen as the target parameters.

The ARL0 = 100, which is popular in the literature is prespecified. To
find the control limit, the starting value for the control limit is chosen. By
using the calculated sample average and sample covariance of the empirical
data of the identified in control state, at least 104 values of the process are
simulated. These simulated values are applied to the Shewhart control chart
and and the stopping times of the Shewhart control chart with different
window sizes are simulated. Again, at least 104 values of the process are
simulated and the stopping times are recorded. By iterating this simulation
procedure at least 104 times, the 104 stopping times for each window size
are simulated. According to the law of large numbers (LLN) the estimated
expected run length in the in control state is the average of simulated stopping
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times. If the estimated ARL0 < 100−0.1, a new control limit which is greater
than the previous one is chosen and if ARL0 > 100 + 0.1, a new control limit
which is smaller than the previous one is chosen. Using this new control limit
a new iteration to simulate the stopping times and consequently to estimate
the ARL0 is performed. By choosing new control limits, the simulation
procedure iterates until the estimated ARL0 is close to its prespecified value
like 100 ± 0.1. The control limits which fulfills this condition are chosen as
the optimal control limits.

By using the target values, the out of control state with different smooth-
ing shift values δ is simulated. By using the simulated out of control covari-
ance matrix and estimated in control mean, at least 104 values of the process
are simulated. These simulated values are applied to the Shewhart control
chart and the stopping times of the Shewhart control chart with different
window sizes are estimated. Again at least 104 values of the process are
simulated and the stopping times are recorded. By iterating this simulation
procedure at least 104 times, the 104 stopping times for each window sizes
are simulated. According to the law of large numbers (LLN) the estimated
expected run length in the out of control state is the average of simulated
stopping times. The results show that δ1 and δ2 are not symmetric and by
increasing δ1 and decreasing δ2, a smaller ARL1 can be reached. The ARL1

performance analysis provides that by increasing the window size, the simu-
lated control chart provides an increase in correlation between asset returns
and consequently the smallest ARL1.

The conditional expected delay (CED) in general, is a function of the
time of the change point, s. The CED for the Shewhart method, with respect
to s is a constant value because it concerns only the properties long after start
(Frisén [1]). According to the law of large numbers (LLN) for s = 1, the
CED(1) of different window sizes can be estimated by subtracting the value
1 of the all estimated ARL1s. Since the CED(s) is a constant value, it can
be concluded that in the case of the Shewhart method, CED(s) = ARL1−1.
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Appendix

The code in R project which is used in the simulation studies in this master
work.
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