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Preface
After one year of study in Halmstad University, there is an idea in our mind,
in the real word, the most important thing is price fluctuation in the financial
market, and investors make profits up to the price. The owners of shares hope
the prices of stocks would go upward, but the factories make a wish that the
raw material price would go down. On this basis, we just want to find models
to describe the movement of price. If you are interested in the stochastic
process and the financial problems, this paper would give you one way to
understand them. In the paper, we focus on three models, Markov model,
Hidden Markov model and the Radial basis function neural network. We
are honored to express our deepest gratitude to our dedicated supervisor,
Eric Järpe. We could not work out this thesis without his help. He has
given us valuable ideas, suggestions with his profound knowledge. We really
appreciate his patience and kindness. And at the same time, thanks for all
our friends who always give us encouragement and suggestions. We want to
say this thesis is a team work. At last, we would like to thank our families
for their supports.
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Abstract
This study is based on three models, Markov model, Hidden Markov
model and the Radial basis function neural network. A number of work
has been done before about application of these three models to the
stock market. Though, individual researchers have developed their own
techniques to design and test the Radial basis function neural network.
This paper aims to show the different ways and precision of applying
these three models to predict price processes of the stock market. By
comparing the same group of data, authors get different results. Based
on Markov model, authors find a tendency of stock market in future
and, the Hidden Markov model behaves better in the financial market.
When the fluctuation of the stock price index is not drastic, the Radial
basis function neural network has a nice prediction.
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Chapter 1
Introduction
The time is a financial time. Every worker cares about the wage, the
owners of the factories care about the price of raw materials. Price becomes
more and more important in daily life. The most common influence of the
prices fluctuate is the relationship between the supply and demand. The
relationship is balanced implying that the price would be stable. On the
other hand, when the balance is broken, the price will be changed. The
global market has been developed very much during the last decades, the
economies among all countries have become highly correlated during that
time. The world economic globalization is variable, thus the raw materials
price is not only influenced by the supply and demand in their own countries,
but also effected the environment of other countries. Therefore, it is very
important to predict the price movement. There are a lot of markets all over
the word. Thousands of products are transacted everyday. In these markets,
the Stock Market is most active because of the variable stock price. In this
paper, authors chose data from the S & P 500, because it is further-developed
than others. Individual stocks are not selected, since single companies are
not representative for the American economy.
We chose the S & P 500 as the subject investigated. It is market-valueweighted index. The S & P 500 was established in 19th century, the McGrawhill Companies bought the S & P in 1966. The S & P 500 index is widely
accepted, since it is independent. The S & P 500 includes 500 companies
that are not traded at the same stock market. They are traded at the New
York Stock Exchange (NYSE), American Stock Exchange (AMEX), and the
National Association of Securities Dealers Automated Quotations system
(NASDAQ). The 500 companies are the largest companies in market values,
or sales, or profits, for example, 3M Company, Apple Inc., Cabot Oil & Gas.
The companies in the S & P 500 are the most important representations
in industry, economy, energy, information technology, health care and so
1
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on. From the S & P 500 index, investors can get lots of information, the
movement of the S & P 500 index shows the tendency of the American
economy. Therefore, the S & P 500 index is chosen in this paper.
It is very fashionable to research on the financial forecasting or stock
market prediction. But according to Zhang [32], we know that stock market
has its own characteristic which is non-linear, nonparametric, complicated,
essentially dynamic and chaotic in nature. And the movements also have
relationships with the political events, commodity price index, bank rate,
and so on. So it is hard to predict the stock price. Zhang [32] divides the
market researcher into three groups:
• The members of the first group are convinced that there is no chance
for the investor to get more profits than average trading advantages
just owning historical and present information.
• The people of the second group have an ideal that they can have some
fundamental analysis, from studying the various macro-economic factors and others information such as the financial conditions and so on,
they could find a correlation between those information and the stock
prices.
• Among those of the third group, one tries to predict the stock price by
finding a good model.
This study considers the task of predicting future prices by means of the
Markov model, Hidden Markov model and Radial basis function neural network, and compare the result of every model and, find out the optimal way to
model the price movement of stock. Markov chain is named by the professor
Andrei A. Markov (1856-1922), the person who first published his research
results about the model of Markov in 1906. Markov was born on June 14,
1856 in Ryazan, his father was the secretary of the public forest management of Ryazan. Markov became a professor in 1886 at the ST. Peterburg
University. Markov is a famous mathematician coming from Russia, and a
member of the Russia Academy of sciences, his research results focus on the
Markov chains applied the study of stochastic processes. During his life, he
published more than 120 papers about the Markov model, differential equations, numerical methods, probability theory and statistics.
Stock market volatility has already been discussed to a great extent especially in financial economics territory. Lots of documents which explain
the sources of the market volatility have been presented by Shiller [25]. A
number of investors also think that they must have the knowledge of these
sources, so they can make the best decision to reduce their impacts. In October 1987, there was a stock market crash, so Shiller [25] found some models
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to help us to understand it. But those events were very strongly a depending
on when the high levels of volatility have been recorded.
There are a lot of suggestions for modeling market volatility. And some
important implications can be found on derivatives markets. Nelson [22]
and Glosten, Jagannathan and Runkle [8] have used the GARCH model to
compute the difference, which has effects of negative and positive shocks on
volatility. Recently, Kim, Nelson and Startz [16] used Hidden Markov models
instead of ARCH to handle the effects in economic data. The difference between the Hidden Markov models and ARCH is the unconditional variance.
If there are sequential changes in regime, some researchers advise that some
more intuitive approaches need to be considered, and using different regimes
may contribute to the return-generating process in the market. Hamilton and
Susmel [9] realize that the long run variance could obey regime shift, but they
suggest an ARCH process. The effect will vanish if they use weekly data,
because sparse time point makes the dependence weaker. It is reasonable to
examine the price of stock market by using Hidden Markov models. By using
Hidden Markov models, Chu, Santoni and Liu [6] chose a two-stage process
to represent the return behavior in the stock market. Firstly, they considered
the return behavior in stock market as a Markov process. In the following,
different return regimes derived from the first stage are used to estimate the
volatility. At last, they found that the negative deviations in returns can
have larger increase in volatility than the positive one. So they think the
return and volatility are not linearly but asymmetrically. Hidden Markov
models have been applied for at least three decades in signal-processing applications, especially in automatic speech recognition. Now this theory and
application has expanded to other fields. A Hidden Markov model see Rabiner and Fellow [17] includes two stochastic processes of which one is an
underlying stochastic process that is not observable and, the other process is
the observation sequence.
An interesting non-linear ways to make approximation, artificial neural
network (ANN) has got a really good reputation on all the AI techniques
available, especially on some techniques which are about uncertainty(See
Tan [27]). Since it can still give good results even in noisy data environments.
Artificial neural networks are widely used in lots of fields, such as biology,
medical science military affairs and economy. According to Bo [30], by using
artificial neural network, a lot of problems in economics of business decisionmaking, economic projection and combinatorial optimization can be solved.
Most people focused on how to predict the stock market by using ANN at
the beginning. Kamijo and Tanigawa [15] used recurrent neural network and
Ahmadi [1] employed back propagation neural network successful predict the
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stock price. But a disadvantage is that the ANN neglects the tremendous
noise and non-stationary characteristics in stock price data, especially back
propagation (BP).
The method of radial basis function (RBF) was found by Powell [23] in
1985. And in 1988, Broomhead and Lowe [3] were the fist ones who used
radial basis function on a network, comparing the multilayer and the radial
basis function, then analyzing the relationship between them. Finally a new
network was designed by Moody and Darken [13] in 1989, which was called
Radial basis function neural network (RBFNN). In the same year, Jackon [10]
proved the uniform approximate of the nonlinear continuous function.
There are a number of excellent features of radial basis functions, which
have different network topology according to different aspects. On the other
hand, it calculates very fast and, there is no problem about local minimum.
Because of these excellent features it is used more widely than BP network.

Chapter 2
Methods
2.1
2.1.1

Markov model
Markov chain

We consider a stochastic process,
{qn , n = 1, 2, . . .}
where qn is the color of a ball inside a box. There are four different colors of
the balls: red, blue, white, black, i.e. the state space of the process variables
is
S = {red, blue, white, black}.
Every time we take one ball out and record the color, then put it back. After
some time, we can get a sequence such as,
q1 = blue, q2 = white, q3 = blue, q4 = black, . . . .
Now we start to define and study Markov chains {qn ; n ∈ N+ } with values
in a countable (or finite) state space S.
Definition 1 Markov property: A random sequence is called a Markov chain
if P (qt+1 = Sj |qt = Si , qt−1 = Sk , . . . , q1 = Sl ) = P (qt+1 = Sj |qt = Si ).
These probabilities are called the transition probabilities and are denoted by
aij (t) = P (qt+1 = Sj |qt = Si ).
Definition 2 Time homogeneity: A Markov chain {qt } is called time homogeneous if there exists transition probabilities aij independent of time such
that
P (qt+1 = Sj |qt = Si , qt−1 = Sk , . . . , q1 = Sl ) = P (qt+1 = Sj |qt = Si ) = aij ,
where Sj , Si , Sk , . . . , Sl ∈ S.
5
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Definition 3 Transition probability matrix: one matrix A containing aij ,
the transition probabilities


a11 a12 · · ·


A =  a21 a22 · · · 
..
.. . .
.
.
.
is called the one-step transition probability matrix of the process.
Example 1 To make matters simple, consider the following example to understand the meaning of the transition matrix: suppose that there is a transport company in Sweden which has three locations in Sweden: Halmstad (H),
Malmö (M) and Stockholm (T). The company has a team of drivers to serve
all three locations. The statistic of the company is shown as following:
1055 drivers start from Halmstad: 211 drivers drive the trucks in Halmstad, 211 drivers go to Malmö, and 633 drivers go to Stockholm.
1270 drivers start from Malmö: 508 drivers go to Halmstad, 381 drivers
drive the trucks in Malmö, and 381 drivers go to Stockholm.
1150 is delivered from Stockholm: 230 drivers go to Halmstad, 345 drivers
go to Malmö, and 575 drivers drive the trucks in Stockholm.
The current location of a specific driver is determined only by his or her
previous location. We model this problem with Figure 2.1: This results in the
location
H
M
T
H
211/1055 211/1055 633/1055
M
508/1270 381/1270 381/1270
T
230/1150 345/1150 575/1150
Figure 2.1: The company delivery statistic. H stands for Halmstad, M stands
for Malmö and T stands for Stockholm. The numbers are the estimated
transition probabilities from the previous location to the current location.
following matrix to describe the problem


0.2 0.2 0.6
Â =  0.4 0.3 0.3 
0.2 0.3 0.5
where Â is estimated the transition matrix.
(n)

Definition 4 Define aij to be the probability that a process in state Si will
be in state Sj after n transitions.
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Proposition 1 A(n) = An , where A(n) is the n-step transition probability
matrix and A is the one-step transition matrix.
The proof is given by Ching and Michael [31]. So we could know that
 (n) (n)

a11 a12 · · ·
 (n) (n)

A(n) = An =  a21 a22 · · ·  .
..
..
..
.
.
.
(n)

We could calculate aij by using An .
(2)

Example 2 Now, we consider 2 steps transition probability aHM , H stands
for Halmstad and, M stands for Malmö. Suppose each driver takes the same
amount of 2 hours to make a delivery, then he go to next location (we do not
know which city is the next stop). If the driver begins in Stockholm, according
to the statistic data of the company , after 2 hours, there will be a probability
of 0.2 in the Halmstad, probability of 0.3 in Malmö and probability of 0.5
in Stockholm. The sum of three probabilities equals 1. From this example,
there is an important information: the next location only depends on the
current location for the driver, nothing to the history records. Therefor, we
can model this problem as Markov chain. Suppose one driver begins from
Halmstad, what is the probability that he is in the Malmö after 2 deliveries?
First we think about how many choices there are in front of the person. Maybe
he will go to Stockholm as the next location, then go to Malmö. All of the
possible ways are listed by the following table.
Halmstad ⇒ Malmö ⇒ Malmö.
Halmstad ⇒ Stockholm ⇒ Malmö.
Halmstad ⇒ Halmstad ⇒ Malmö.
The aij is the probability that the driver goes from Si to Sj (where Si and
Sj are states among the three cities: Halmstad, Malmö and Stockholm). According to the transition matrix, the above question is solved by going via the
middle state.
H
.↓&
H M T

8
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&↓.
M

i.e. obeying the equation,
(2)

aHM = aHH aHM + aHT aT M + aHM aM M
where H stands for Halmstad, M stands for Malmö and T stands for Stock(2)
holm. âHM = 0.2 × 0.2 + 0.6 × 0.3 + 0.2 × 0.3 = 0.28. The probability is 0.28
that one driver is in Malmö after 2 deliveries. The calculation work is not big
since there are only 2 deliveries. But if we make the question more complex
to calculate the probability after 5 deliveries. Suppose the driver begin from
Halmstad and stop in Malmö. Now, we think about how many roads in front
of the delivery person, total there are 34 = 81 choices.
H
.↓&
H M T
.↓& .↓& .↓&
H M CH M T H M T
..
.
&↓.
M
where H stands for Halmstad, M stands for Malmö and T stands for Stockholm. It is not easy to calculate the probability with the above method. Therefore we rather turn to Proposition 1 and a matrix manipulation program, such
as MATLAB.


0.24 0.28 0.48
Aˆ(2) = Â2 =  0.26 0.26 0.48 
0.26 0.28 0.46
and



Aˆ(5)


0.2549 0.2745 0.4706
=  0.2550 0.2745 0.4705 
0.2549 0.2745 0.4706

According the above matrix, the probability of going from Halmstad to
Malmö with 5 deliveries is 0.2745.
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Building a Markov model

If we have a state sequence {qn , n ∈ N+ }, we can find the transition
frequency Fij in the sequence by counting the number of transitions from
state Si to state Sj in one step. Then the one-step transition frequency
matrix for the sequence {qn } can be constructed as follows:


F11 F12 F13 · · · F1m
 F21 F22 F23 · · · F2m 




F =  F31 F32 F33 · · · F3m  .
 ..
..
..
.. 
..
 .
.
.
.
. 
Fm1 Fm2 Fm3 · · · Fmm
Then we can get the estimate for aij as follows:

â11 â12 â13 · · ·
 â21 â22 â23 · · ·


Â =  â31 â32 â33 · · ·
 ..
..
..
..
 .
.
.
.
âm1 âm2 âm3 · · ·
(
where

âij =
0,

â1m
â2m
â3m
..
.





,



âmm

Pm
Fij > 0
,
if
j=1 Fij
Pj=1
m
if
j=1 Fij = 0

F
Pm ij

Example 3 Now we build a Markov model in an individual stock price.
Markov chains have been used successfully to analyze a lot of problems. Suppose there are three states: up, same and down, to simulate the movement
of the stock price. Here is a simple explaination what is up, same and down.
We only compare two stock prices, vn−1 and vn . vn is the current price, vn−1
is the price of yesterday, if vn − vn−1 > 0 is called up, vn − vn−1 < 0 is called
down and, vn − vn−1 = 0 represents same.
We chose the SEB (Skandinaviska Enskilda Banken AB) as the example.
We select the exchange data from the 24th July in 2009 to 2nd October in
2009, 50 trading days and, the data is downloaded from internet. We only
chose the everyday closing price, because it is easier to compare.
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Skandinaviska Enskilda Banken AB
Period
Share
Currency
Date
2009/7/24
2009/7/27
2009/7/28
2009/7/29
2009/7/30
2009/7/31
2009/8/03
2009/8/04
2009/8/05
2009/8/06
2009/8/07
2009/8/10
2009/8/11
2009/8/12
2009/8/13
2009/8/14
2009/8/17
2009/8/18

17/07/2008
SEB ser. A (STO)
SEK
Close
Date
39.90
2009/8/19
39.20
2009/8/20
39.30
2009/8/21
39.20
2009/8/24
40.30
2009/8/25
40.30
2009/8/26
43.40
2009/8/27
42.40
2009/8/28
43.40
2009/8/31
45.30
2009/9/01
48.50
2009/9/02
48.00
2009/9/03
44.50
2009/9/04
45.10
2009/9/07
45.50
2009/9/08
45.70
2009/9/09
43.90
2009/9/10
46.90
2009/9/11

07/10/2009

Close
47.00
48.30
50.75
51.75
50.50
50.75
50.00
51.75
50.00
47.20
45.50
46.00
47.20
49.80
48.90
49.70
49.10
49.30

Date
2009/9/14
2009/9/15
2009/9/16
2009/9/17
2009/9/18
2009/9/21
2009/9/22
2009/9/23
2009/9/24
2009/9/25
2009/9/28
2009/9/29
2009/9/30
2009/10/01
2009/10/02

Close
49.00
48.90
50.25
49.80
49.60
49.10
48.80
48.10
47.10
46.90
48.00
47.70
47.00
45.50
45.00

Figure 2.2: The table shows the everyday closing price of SEB stock (A), the
date is from 27th July in 2009 to 2nd October in 2009.

Figure 2.3: The movement of the SEB stock closing price (A) is between 27th
July in 2009 and 2nd October in 2009 yielding 50 trading days.
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We use the information from Figure 2.2 to calculate the transition probabilities. There are only three states. On the assumption that the state space
is S = {S1 , S2 , S3 }, S1 = up, S2 = same and S3 = down.
Date
2009/7/27
2009/7/28
2009/7/29
2009/7/30
2009/7/31
2009/8/03
2009/8/04
2009/8/05
2009/8/06
2009/8/07
2009/8/10
2009/8/11
2009/8/12
2009/8/13
2009/8/14
2009/8/17
2009/8/18

State
down
up
down
up
same
up
down
up
up
up
down
down
up
up
up
down
up

Date
2009/8/19
2009/8/20
2009/8/21
2009/8/24
2009/8/25
2009/8/26
2009/8/27
2009/8/28
2009/8/31
2009/9/01
2009/9/02
2009/9/03
2009/9/04
2009/9/07
2009/9/08
2009/9/09
2009/9/10

State
up
up
up
up
down
up
down
up
down
down
down
up
up
up
down
up
down

Date
2009/9/11
2009/9/14
2009/9/15
2009/9/16
2009/9/17
2009/9/18
2009/9/21
2009/9/22
2009/9/23
2009/9/24
2009/9/25
2009/9/28
2009/9/29
2009/9/30
2009/10/01
2009/10/02

State
up
down
down
up
down
down
down
down
down
down
down
up
down
down
down
down

Figure 2.4: Up, same and down are three states, which is decided by comparing the previous closing price and the current closing price.
We can calculate the number of days that both the first day and the second
day are up by using the data from the table. We also get the number of days
that the first day is down and the second day is up. Follow this way, at last
we can get a result.
S1 =⇒ S1 −→ 10 days S1 =⇒ S2 −→ 1 days S1 =⇒ S3 −→ 12 days,
S2 =⇒ S1 −→ 1 days S2 =⇒ S2 −→ 0 days S2 =⇒ S3 −→ 0 days,
S3 =⇒ S1 −→ 12 days S3 =⇒ S2 −→ 0 days S3 =⇒ S3 −→ 13 days,
where S1 = up, S2 = same and S3 = down. Then we get the one-step
transition matrix,


10/23 1/23 12/23
0
0 .
Â =  1
12/25
0
13/25
We can estimate the probability of statement about future price movement
from the above transition matrix. The current state is down, so the next day
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will be in the sate of down with an estimated probability of 52%, and the
probability if going up is estimated to 48%. There is no chance to transport
to the state of same. Therefore the most likely state is down on the next day.
Actually, the stock price is 44.5 on 5th October. It is down. So in this case,
the prediction turned out to be correct.

2.2

Hidden Markov model

We use a die tossing example to explain this model. In this paper, we use
five examples to illustrate the Hidden Markov model, then give three classic
problems and, how these problems are solved in practice.
Example 4 Dice tossing example
Your friend and you are in two different rooms. You can not see what
is happening in the other room. Your friend is executing the die tossing
experiment in it. It is impossible for you to know what he is doing exactly,
but he could tell you the result of every die tossing. Although the result of
the die tossing is observable for you, the process of the die tossing is hidden.
First of all, the one-fair die is used as a simplest example. Your friend is
performing only one-fair die in the other room. One die has six faces, with
one number on each face. Each time after tossing, there will be a number
from one to six. The even numbers and odd numbers are used as the results
of the die tossing. The probability of each number is same, thus the result of
even numbers and odd numbers have the same probability. Because there is
no bias, the equal probabilities is 0.5. The even numbers are defined as state
1, the odd numbers are state 2. After every tossing, your friend tells you the
result. Several times later, an observable sequence could be,
O = ==<=<=, . . . , =
where = represents an even number and < represents an odd number. For
this example, there is no bias on the result, because the die is fair and the
probability is known, each state is uniquely contacted with an even or odd
number. There is a picture to illustrate this example.
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Figure 2.5: One fair die. State 1 stands for the result of the even numbers
and, state 2 stands for the result of the odd numbers. The probability of each
state is 0.5.

According to the Figure 2.5, there is no unknown parameter and, each
transition probability is known. The second example, we change the fair die
to an unfair die. The unfair die is strongly biased towards the even numbers,
let pe be the probability of the even numbers, the probability p̂e is unknown
for us. The process of the experiment is the same as above example, but
the only different between two experiments is that there is a bias in the later
experiment. We can get an observable sequence as following,
O = =<==<=, . . . , =
where = represents an even number and < represents an odd number. There
is a picture to illustrate this example, there exists one unknown parameter,
i.e., pe . The picture of Figure 2.6 illustrates this case.

Figure 2.6: One unfair die. State 1 stands for the result of the even numbers
and, state 2 stands for the result of the odd numbers. The probability of the
even numbers is Pe .
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According to above two examples, they are the simplest experiments. Now
we will give a slightly more complicated example of two unfair dice. There
are two states (state A and state B) associate with two different dice. In
state A, the die is heavily biased towards the even numbers. In state B, the
die is heavily biased towards the odd numbers. The probabilities of dice are
different. A fair die is used to decide which unfair die is flipped.
result of the even numbers ⇒ state A.
result of the odd numbers ⇒ state B.
Your friend decides which unfair die will be chosen by flipping the fair die.
The state transition is a stochastic process and, the probability is equal to 0.5.
You do not know which die has been chosen. The change of states is hidden,
thus you can know an observable sequence, i.e.,
O = <=<=<=, . . . , =
where = represents an even number and < represents an odd number. The
observable sequence is also a stochastic process. The two unfair dice experiment is a Hidden Markov model. There are two stochastic processes. One
is the state transition and the other one is the observation sequence. The
process of this experiment looks like Figure 2.7.

Figure 2.7: There are two unfair dice in the experiment. The dice (states)
transition process is decided by a fair dice. After tossing the selected die,
there is a output (an even or odd number). The probabilities of the even or
odd numbers are different with each die.

Figure 2.8 illustrate the numerical relationship of the state transition.
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Figure 2.8: Two unfair dice. The figure illustrates the dice (states) transition
process and, the state transition probability is 0.5. For the each die, there is
a different probability of Peven .

According to the Figure 2.8, the probability of the even numbers is unknown on the left side in state A. However, it is also unknown on the right
side in state B. In this experiment, there are two unknown parameters. Two
sequences of observation and state are showed as following,
O = =<=<<<===<, . . . , =
S=1212211211,. . . ,2
The experiment of three dice tossing is a more complicated example. The
three different states (state A, state B and state C) are associated with three
biased dice. The die is heavily biased towards the even numbers in state A
and, the die is weakly biased towards the even numbers in state B, but the die
is heavily biased towards the odd numbers in state C. The change of states
depends on the state transition matrix A = {aij } by Figure 2.9.
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Figure 2.9: Three unfair dice. The dice (states) transition probability is
decided by the state transition matrix, aij is the state transition probability
from previous state Si to Sj .
P Where aAB means the state transition probability from state A to state B,
aAj = 1, j = A, B, C. It is the same condition as before. The change of
state is hidden, but you can get an observable sequence, i.e.,
O = =<=<<<===<, . . . , =
where = represents an even number and < represents an odd number. There
are two stochastic processes. One is the state transition probability which is
the hidden. The other one is the observation sequence. There are 9 unknown
parameters in this experiment.
Comparing above four experiments, there is no unknown parameter in the
first example, because the die is fair and, we know the probabilities. In the
second example, a fair die is changed to a biased die, thus the probability
of the even number is unknown, so there is an unknown parameter. Two
unfair dice are used in the third example. One die is heavily biased towards
the even numbers and, the other one is biased towards the odd numbers. But
we do not exactly know the probability for each die, for this reason there are
two unknown parameters. In the last example, we use the state transition
matrix to decide which unfair die would be flipped at each time and, the
transition probability is unknown. Three different states are corresponding to
three different biased dice. SO it has 9 unknown parameters.
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We extend the dice experiment to a more complicated practical problem.
There are N dice and, each die has its own different probabilities. The option
of die depends on a stochastic random process. The new die which would
be chosen is according to the current die. The relationship between the new
die and the current die is dictated by the state transition probability. The
process and conditions of experiment are the same as before. The change is
that the result is not the even or odd numbers. We chose the real number
from one to six as the result. Figure 2.10 illustrates this process.

Figure 2.10: There are N dice. The probability is different with the each die.

2.2.1

Elements of the HMM

From the examples, we could have a good knowledge of what a Hidden
Markov model is and what we can do by using a Hidden Markov model. Now
we start to talk about the elements of a Hidden Markov model. It is possible
to explain the observation sequences of the model.
The character of a Hidden Markov model is written by the following:
1. In the Hidden Markov model, N is used to show the number of the hidden states. A lot of practical applications could be found with Hidden
Markov model and, each distinct biased die is corresponded to a state
in our example of dice. It is not necessary that every state is connected
with each other. The state space is showed as S = {S1 , S2 , . . . , SN }
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and, the state is qt = Si when the time is t.
2. The number of distinct observation symbols can be showed by M in
each state. Thus M is a number which shows the discrete alphabet
size. The physical output of the system is modeled and, it is connected with the observation symbols. In the dice examples, the observation symbols are the even and odd numbers. Individual symbols as
V = {v1 , v2 , . . . , vM } are used to show it in this paper.
3. A = {aij } is the state transition probability distribution, where aij =
P (qt+1 = Sj |qt = Si ), 1 ≤ i, j ≤ N . In some cases, each state could
transit to any other state in one step, then aij > 0 for all the i, j.
Otherwise, we could have aij = 0.
4. B = {bj (k)}, it is the observation symbol probability distribution in
state Sj . And bj (k) = P (Ot = vk |qt = Sj ), 1 ≤ j ≤ N, 1 ≤ k ≤ M .
5. π = πi is the initial state distribution, where πi = P (q1 = Sj ), 1 ≤ j ≤
N.

So if the values of N, M, A, B, and π are given, an observation sequence
O = O1 O2 , . . . , OT could be generated by using Hidden Markov model. From
the above discussion, the Hidden Markov model include two parameters ( N
and M ) and three probability measures A, B, and π. Therefore we use
λ = (A, B, π) to dictate the Hidden Markov model.

2.2.2

The three classical problems for the HMM

To apply the knowledge of hidden Markov model to a practical problem,
three key problems must be solved. These problems are the following:
• Problem 1: When the observation sequence O = O1 , O2 , . . . , OT and
the model λ = (A, B, π) are given, how to calculate the probability of
the observation sequence at condition of given the λ?
• Problem 2: When the observation sequence O = O1 , O2 , . . . , OT and
the model λ = (A, B, π) are given, how to choose a state sequence
Q = q1 , q2 , . . . , qT which is optimal in some certain sense?
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• Problem 3: When the observation sequence O = O1 , O2 , . . . , OT and
the model λ = (A, B, π) are given, how to adjust the model parameters
λ = (A, B, π) to maximize P (O|λ)?
The first problem is called the evaluation problem. Given a model λ =
(A, B, π) and a sequence of observations, how can we calculate the probability
of P (O|λ) that the observation sequence was generated by the model. The
solution of the Problem 1 gives us an idea to select the model which can
match the observations better.
The second problem is called estimation problem. The whole Hidden
state sequence is attempted to uncover. A lot of optimality criteria have
been used to solve this problem. The Viterbi algorithm is recommended in
this paper.
The third problem is called the training problem. It is used to adjust
the parameters of the model to maximize the probability of the observation
sequence, when the model is given. It makes the parameters more adaptive
to the real phenomena, thus it is more important.
Now we present the formal mathematical solutions to each of the three
fundamental problems for a Hidden Markov model.
The forward-backward variable
We introduce the forward variable see Rabiner and Fellow [17].
Given a definition of forward variable, αt (i), where
αt (i) = P (O1 , O2 , . . . , Ot , qt = Si |λ)
which is the probability of the partial observation sequence and state Si at
time t, given the model parameter of λ = (A, B, π). The probability P (O|λ)
is calculated by using αt (i) in three steps:
1. α1 (i) = πi bi (O1 ), 1 ≤ j ≤ N .
2. For t = 1, 2, . . . , T − 1, 1 ≤ i ≤ N,
N
X
αt+1 (j) = [
αt (i)aij ]bj (Ot+1 ).
i=1
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3. P (O|λ) =

PN
i=1

αT (i).

According to the definition of αt (i), given a condition of t = 1, we have that
α1 (i) = P (O1 , q1 = Si |λ).
Because we may split the joint probability of O and Q by conditioning,:
P (O, Q|λ) = P (Q|λ)P (O|Q, λ)
and get the solution:
α1 (i) = P (O1 , q1 = Si |λ)
= P (q1 = Si |λ)P (O1 |q1 = Si , λ)
= πi bi (O1 ).
In step 2, step 1 is generalised to the steps from t to t + 1, t = 1, 2, . . ..
The state Sj is reached at time t + 1 with the observation sequence Ot+1 =
O1 , O2 , . . . , Ot+1 from the state Si at time t with the observation sequence
Ot = O1 , O2 , . . . , Ot . We know that the probability of Si at time t with the
observation sequence Ot is αt (i), thus the product αt (i)aij is the probability
of Sj is reached at time t + 1 with the observation sequence Ot from the Si
at time t. But it is not clear about which state is at time t. Sj would be
reached by N ways at time t + 1. The following figure illustrates N possible
ways:
S1 , S 2 , S 3 , . . . , S N
&↓.
Sj .

P
So we sum up the product αt (i)aij over all N possible, i.e., N
i=1 αt (i)aij .
We must notice the change of the observation sequence. At time t + 1, the
observation sequence is Ot+1 = O1 , O1 , . . . , Ot+1 . According to the definition
of bj (k), the probability of Ot+1 that the state is Sj at time t + 1 is equal to
bj (Ot+1 ). Therefore
N
X
αt+1 (j) = [
αt (i)aij ]bj (Ot+1 ).
i=1

Because the t + 1 has a limit T , t has a range from 1 to T − 1.
The last step, using the equality:
X
P (O|λ) =
P (O, Q|λ).
all Q
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Because αT (i) = P (O1 , O2 , . . . , OT , qt = Si |λ).
Thus
X
P (O|λ) =
αT (i)
all Q

=

N
X

αT (i).

i=1

In a similar idea, given a definition of backward variable, βt (i), where
βt (i) = P (Ot+1 , Ot+2 , . . . , OT |qt = Si , λ).
βt (i) is the probability of the partial observation sequence and, given the
state Si at time t and the model parameter λ(A, B, π).
1. βT (i) = 1, 1 ≤ i ≤ N .
2. For t = T − 1, T − 2, . . . , 1, 1 ≤ i ≤ N,
βt (i) =

N
X

aij bj (Ot+1 )βt+1 (j).

i=1

The forward-backward variable is used to solve the next problem.
The Viterbi algorithm
The second problem is: Having the observation sequence O = O1 , O2 , . . . , OT ,
how can we find a state sequence Q = q1 , q2 , . . . , qT which is optimal in some
meaningful sense? In other words, we are attempting to find qˆt such that
qˆt = arg max P (qt |Ot )
qt

P (qt , Ot )
qt
P (Ot )
= arg max P (qt , Ot )
= arg max
qt

The second problem can be solved in many ways. In 1967, Viterbi [28]
introduced an algorithm in his paper. The Viterbi algorithm is one of the
most commonly used techniques for finding the best hidden sequence. For
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using Viterbi algorithm which is summarized by Rabiner and Juang [18], a
sequence of row vectors δt = (δt (1), . . . , δt (N )) is defined by
δt (i) = max P (qt−1 , qt = Si , Ot |λ).
1≤i≤N

This is the same as
δt (qt ) = max P (qt , Ot |λ).
qt−1

Meanwhile, the relevant values need to be stored, when the sequence which
maximizes the probability is extracted. Therefore another expression ψ is
given to store the values qt that maximizes [P (qt+1 |qt )δt (qt )] for all qt+1 . Then
the best state sequence could be got by the following recursion formula:
1) Initialization:
δ1 (i) = max P (q1 = Si , O1 |λ) = max P (O1 |q1 = Si , λ)P (q1 = Si |λ),
1≤i≤N

1≤i≤N

thus
δ1 (i) = πi bi (O1 ),

1 ≤ i ≤ N,

ψ1 (i) = 0.
2) Recursion:
With the definition of δt (qt ) and the structure of the Markov model, it
is easy to find the recursion formula as
δt+1 = max P (qt+1 , Ot+1 |λ)
qt

= max[P (qt+1 |Ot+1 , λ)P (qt+1 |Ot , λ)P (qt , Ot |λ)]
qt

= P (qt+1 |Ot+1,λ ) max P (qt+1 |qt,λ ) max[P (qt , Ot |λ)]
qt

qt−1

= P (qt+1 |Ot+1 , λ) max[P (qt+1 |qt , λ)δt ].
qt

In other words,
δt (j) = max [δt−1 (i)aij ]bj (Ot ),
1≤i≤N

ψt (j) = arg max [δt−1 (i)aij ],
1≤i≤N

1 ≤ t ≤ T, 1 ≤ j ≤ N,
2 ≤ t ≤ T, 1 ≤ j ≤ N.
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3) Termination:
The recursion has terminated when
max P (qT , OT ) = max = δT (i) = max P [qT −1 , qT = Si , OT |λ],
qT

1≤i≤N

qT δT (i)

and then we have that
P̂ = max [δT (i)]
1≤i≤N

P̂T = arg max [δT (i)].
1≤i≤N

4) Finally the estimated probabilities Pt for t = 1, 2, . . . , T − 1 may be
derived by path (state sequence) backtracking:
P̂t = ψt+1 (P̂t+1 ),

t = T − 1, T − 2, . . . , 1.

Now we find the optimal state sequence that maximizes the probability
P (qt |Ot ).
The Baum-Welch reestimation formulas
To solve the problem 3: We should adjust the model parameters λ =
(A, B, π) to make maximization of P (O|λ). This problem is the most difficult and important in the three problems. There are many ways to solve
it. We use the Baum-Welch algorithm to discuss the problem, see Étienne
Pardous [33]. First, consider the function:
X
D(λ, λ̂) =
P (Q|O, λ) log[P (O, Q|λ̂)],
all Q

where λ̂ is the reestimated model parameter. Since by Wai-Ki Ching and
Michael K. Ng [31].
P (O, Q|λ̂) = P (O|λ̂)P (Q|O, λ̂)
we have that
log[P (O|λ̂)] = log[P (O, Q|λ̂)] − log[P (Q|O, λ̂)].
Thus,
P (Q|O, λ) log[P (O|λ̂)] = P (Q|O, λ) log[P (O, Q|λ̂)]−P (Q|O, λ) log[P (Q|O, λ̂)].
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Summing over Q, we get the equality:
X
X
log[P (O|λ̂)] =
P (Q|O, λ) log[P (O, Q|λ̂)] −
P (Q|O, λ) log[P (Q|O, λ̂)].
Q

Q

And
log[P (O|λ̂)]−log[P (O|λ)] = D(λ, λ̂)−D(λ, λ)+

X

P (Q|O, λ) log

Q

P (Q|O, λ)
P (Q|O, λ̂)

For the last part of the right side, we know that
X
X
P (Q|O, λ) =
P (Q|O, λ̂) = 1.
Q

Q

Due to the inequality
log(x) ≤ x − 1 f or x ≥ 0,
we get
−

X

P (Q|O, λ) log

Q

P (Q|O, λ)
P (Q|O, λ̂)

=

X

P (Q|O, λ) log

Q

≤

X

P (Q|O, λ)(

Q

=

X

P (Q|O, λ̂)
P (Q|O, λ)

P (Q|O, λ̂)
− 1)
P (Q|O, λ)

(P (Q|O, λ̂) − P (Q|O, λ))

Q

= 0.
Thus we proved that
log[P (O|λ̂)] − log[P (O|λ)] ≥ D(λ, λ̂) − D(λ, λ).
If λ = λ̂,
P (O|λ̂) = P (O|λ).
Otherwise λ 6= λ̂, we choose
λ̂ = arg max D(λ, λ̂).
λ̂

.
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Comparing the D(λ, λ̂) and D(λ, λ), the D(λ, λ) is stable. We only need to
find λ̂ to make a maximum of the difference between them. We present the
Baum-Welch reestimation formulas by Rabiner and Fellow [17].
π̂i = γ1 (i), 1 ≤ i ≤ N
PT −1
ξt (i, j)
âij = Pt=1
T −1
t=1 γt (j)
PT
t=1,O =k γt (j)
,
b̂j (k) = PT i
t=1 γt (j)
where γt (i) is the probability of state Si at time t given the observation
sequence and model parameters λ = (A, B, π). ξt (i, j) is the probability of
state Si at time t and state Sj at next time t + 1, given the observation
sequence and model parameters.
ξt (i, j) = P (qt = Si , qt+1 = Sj |O, λ).
Using the forward-backward procedure, we can get the new equation:
P (qt = Si , qt+1 = Sj , O|λ)
P (O|λ)
αt (i)aij bj (Ot+1 )βt+1 (j)
.
= PN PN
j=1 αt (i)aij bj (Ot+1 )βt+1 (j)
i=1

ξt (i, j) =

And
γt (j) =

N
X

ξt (i, j),

j=1

where the αt (i) and the βt (j) are forward-backward variables as defined previously. The Baum-Welch reestimation formulas are used to generate the new
model parameters estimates. We choose λ̂ such that it maximizes D(λ, λ̂).

2.3

Radial basis function neural network

The Radial basis function neural network (RBFNN) is expressed in terms
of three layers: Input layer, hidden layer and output layer. In the hidden
layer, the radial basis function is the basis function. The main idea of the
RBFNN is the radial basis function, which the value depends on the distance
from the center. The process is shown by Figure 2.11.
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Figure 2.11: The RBFNN contains three layer, input {xi }, hidden {hi (x)}
and output y. {wi } is the weight. {hi (x)} is the radial basis function over x.

The output function
y(x) =

m
X
i=1

wi hi (x) =

m
X

wi R(||x − ci ||),

i=1

where the wi is the weight and R(||x − ci ||) is the radial basis function over
x and, ci is the center of ith hidden unit. ||x − ci || means the distance
from x to ci . If the x is one dimension number, ||x½− ¾
ci || = |x −½ci |. ¾
If
x1
ci,x1
x is two-dimensional, then the distance from x =
to c =
x2
ci,x2
p
2
2
is the Euclidean distance, ||x − ci || = (x1 − ci,x1 ) + (x2 − ci,x2 ) . When
2
i)
], the radial basis function is the Gaussian function,
hi (x) = exp[− (x−µ
2σ 2
where µi is the center of ith hidden unit and σ is the width.
In this paper, two steps are used to predict the index. First, two sets are
used to train the model to determine the hidden layer. One is the training
input set and, the other is training output set. Second, we use the validation
set to get the predicted index with the model which is built before.

Chapter 3
Results
3.1

Results by using a Markov model

We chose the true values of the closing index from the S & P 500 dating
from the 3rd January, 2007 to 30th October, 2009 yielding 714 trading days.
The closing index is chosen, since it is easy to compare and model the process.

Figure 3.1: The movement of the S & P 500 closing index from 3rd January
in 2007 to 30th October in 2009, 714 trading days.

We should give the definition of the states. In this model, there are only
three states, on the assumption that the state space is S = {S1 , S2 , S3 },
27
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S1 = up, S2 = same and S3 = down. The definition of up is vn − vn−1 > 1,
where the vn is the current closing index and the vn−1 is the previous closing
index. The definition of same is |vn − vn−1 | ≤ 1. The definition of down is
vn − vn−1 < −1. We train the true values of the closing index and use the
definition of the states to get the picture of Figure 3.2.

Figure 3.2: The state transition from 3rd January in 2007 to 30th October
in 2009. There are three states: up, same and down.
It is difficult to watch the movement of states, since there are too much data.
In order to illustrate the movement clearly, we chose the data dating from
28th June in 2007 to 24th January in 2008 yielding 144 trading days, it is
shown by Figure 3.3.

Figure 3.3: The state transition from 28th June in 2007 to 24th January in
2008. Every little point indicates a state and, the connecting lines between
points illustrate the transitions.
For finding the trend of the stock index movement, we need to find the state
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transition probability. By calculating the number of days that both first day
and second day are the up, we could find the probability from up to up.
Then it is easy to get the number of days that first day is up and second day
is down. Following this way, at last we can have a result.
S1 =⇒ S1 −→ 149 days S1 =⇒ S2 −→ 38 days S1 =⇒ S3 −→ 163 days,
S2 =⇒ S1 −→ 31 days S2 =⇒ S2 −→ 7 days S2 =⇒ S3 −→ 29 days,
S3 =⇒ S1 −→ 169 days S3 =⇒ S2 −→ 22 days S3 =⇒ S3 −→ 104 days,
where S1 represents up, S2 represents same and S3 represents down. We get
the one-step transition matrix:


149/350 38/350 163/350
7/67
29/67 
Â =  31/67
169/295 22/295 104/295
Equals the following matrix:



0.4257 0.1086 0.4657
Â =  0.4627 0.1045 0.4328 
0.5729 0.0746 0.3525

Use the Matlab, we get the two-step

0.4983
Â2 =  0.4933
0.4804

transition matrix:

0.0923 0.4094
0.0934 0.4133 
0.0963 0.4234

Three-step matrix:



0.4894 0.0943 0.4163
Â3 =  0.4900 0.0941 0.4159 
0.4916 0.0938 0.4146
..
.
As n tends to infinity we get the limit:


0.4904 0.0941 0.4156
Ân = lim =  0.4904 0.0941 0.4156 
n→∞
0.4904 0.0941 0.4156
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Figure 3.4: The figure shows the trend of the S & P 500. The up is the probability 0.49, the down is the probability 0.42 and, the same is the probability
0.09.
According to the above result, the transition matrix is stable and the
most likely trend of index is up, since the probability of up is biggest.
In the above model, there are three states, we only get the information
about up, same and down and can not known the others. So we improve the
model by choosing 15 states to get more information.
S = {S1 , S2 , S3 , S4 , S5 , S6 , S7 , S8 , S9 , S10 , S11 , S12 , S14 , S14 , S15 }.
S1
S2
S3
S4
S5
S6
S7
S8
S9
S10
S11
S12
S13
S14
S15

definition of state
Sn − vn−1 < −50
−50 ≤ vn − vn−1 < −40
−40 ≤ vn − vn−1 < −30
−30 ≤ vn − vn−1 < −20
−20 ≤ vn − vn−1 < −10
−10 ≤ vn − vn−1 < −5
−5 ≤ vn − vn−1 < −1
|vn − vn−1 | ≤ 1
1 < vn − vn−1 ≤ 5
5 < vn − vn−1 ≤ 10
5 < vn − vn−1 ≤ 10
10 < vn − vn−1 ≤ 20
20 < vn − vn−1 ≤ 30
30 < vn − vn−1 ≤ 40
40 < vn − vn−1 ≤ 50

Where the vn is the current closing index and the vn−1 is the previous closing
index. We use the same way as the above model to get the state transition
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Figure 3.5.

Figure 3.5: The state transition from 3rd January in 2007 to 30th October
in 2009. There are 15 states.
There is a lot of data, Figure 3.5 do not show clearly the transition process. We chose the date dating from 28th June in 2007 to 24th January in
2008 yielding 144 trading days. It is shown by Figure 3.6.

Figure 3.6: The state transition from 28th June in 2007 to 24th January in
2008. Every little point indicates a state and, the connecting lines between
points illustrate the transitions.
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Using Figure 3.5 of the state transition, we can calculate the number of
transitions.

Figure 3.7: The number is the transition times from the previous state Si to
the current state Sj , 1 ≤ i, j ≤ 15.
We get one-step state transition matrix:

 0.000
 0.154
 0.050

 0.000

 0.014

 0.000

 0.015

 0.000

 0.011


 0.020
 0.000

 0.027

 0.000

0.000
0.000

Â =
0.111
0.000
0.000
0.019
0.028
0.017
0.015
0.015
0.000
0.020
0.022
0.054
0.000
0.100
0.000

0.000
0.000
0.000
0.000
0.042
0.017
0.015
0.015
0.022
0.051
0.022
0.081
0.000
0.100
0.250

0.000
0.000
0.100
0.077
0.070
0.086
0.044
0.073
0.097
0.133
0.067
0.055
0.059
0.000
0.000

0.223
0.076
0.000
0.077
0.099
0.172
0.059
0.073
0.097
0.071
0.133
0.081
0.059
0.200
0.125

0.000
0.154
0.050
0.039
0.056
0.086
0.103
0.118
0.118
0.072
0.056
0.000
0.176
0.200
0.125

0.000
0.000
0.100
0.077
0.085
0.052
0.074
0.147
0.161
0.041
0.156
0.081
0.059
0.100
0.125

0.000
0.308
0.150
0.096
0.042
0.035
0.074
0.088
0.118
0.102
0.144
0.135
0.117
0.100
0.000

0.000
0.077
0.050
0.173
0.099
0.069
0.132
0.177
0.140
0.133
0.167
0.189
0.118
0.000
0.125

0.111
0.000
0.250
0.192
0.197
0.103
0.235
0.102
0.086
0.122
0.078
0.108
0.177
0.100
0.125

0.000
0.000
0.050
0.096
0.127
0.207
0.191
0.132
0.086
0.153
0.111
0.135
0.059
0.000
0.000

0.111
0.077
0.050
0.058
0.056
0.086
0.044
0.059
0.043
0.041
0.044
0.027
0.118
0.000
0.000

0.222
0.077
0.150
0.058
0.028
0.000
0.000
0.000
0.021
0.031
0.000
0.027
0.059
0.000
0.000

0.111
0.000
0.000
0.019
0.028
0.052
0.000
0.000
0.000
0.010
0.000
0.000
0.000
0.100
0.125

0.111
0.077
0.000
0.019
0.028
0.017
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

We could see an example to explain how to use this Markov model. The last
state is S4 , and we check the fourth row. For next unknown state, the most
likely state is S9 or S10 . So we can predict that the closing index on the next
trading day would go up, the rising range is between 1 and 10. Thus we
could compare it with the next true closing index 1042.88, the rising range
is 6.

3.2

Results by using the HMM

We chose the same data, but it is calculated by using Hidden Markov
model. First we need to build our model. A Hidden Markov model need three
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factors (A, B, π). π = (πi ) is the initial state probabilities. In this papers,
authors assume that π is a random distribute. A = {aij } means the state
transition matrix. Assume there are three hidden states, up, same and down,
and they are Markov process. We use the same definition as before. So it is
the probability of transition matrix (3.1), where aij = P (qt+1 = Sj |qt = Si ).
The confusion matrix is showed by B = {bj (k)}, where bj (k) = P (Ot =
vk |qt = Sj ) satisfy Gaussian distribution.
With the help of Baum-Welch algorithm, authors find a way to adjust
the new model parameters. Thus a new model λ̂ = (Â, B̂, π̂) is builded
which could make the maximization of P (O|λ̂). We could calculate the
most likely state sequence by using Viterbi algorithm. Then we know the
most likely state of today Ŝi . The most likely state of tomorrow is know
by the state transition matrix, which is Â = {âij }. Because we assume
b̂j (k) satisfy Gaussian distribution, we could predict the most likely index of tomorrow when we know the most likely state of tomorrow. There
is an example of how to calculate it. We use 10 days closing index as
O = {1416.6, 1418.34, 1409.71, 1412.84,
1412.11, 1414.85, 1423.82, 1430.73, 1431.9, 1430.62}. And we will get the transition matrix as following,


1.0000 0.0000 0.0000
Â =  0.2496 0.7504 0.0000 
(3.1)
0.0000 0.5017 0.4983
And the most likely state sequence is {3,3,2,2,2,2,1,1,1,1}, where {1}
stands for up, {2} stands for same and {3} stands for down. From the
one step transition matrix (3.1) and the most likely state sequence, it is easy
to know that the biggest probability of tomorrow is up, if today is up. Thus
by using Hidden Markov model, we could predict the index of next day, it
is 1429.3. It is compared with the true closing index of the next day which
is 1426.37. Using the same way, we calculate all of the data. The result is
showed by Figure 3.8.
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Figure 3.8: The date is from 3rd January in 2007 to 30th October in 2009
yielding 714 data. The blue line illustrates the movement of the true values
of the closing index. The red line illustrates the movement of the predicted
values by the HMM.

The picture is much more clear when there are not so much data. Thus we
take 70 data out and put it in Figure 3.9. The date is from 16th September
in 2008 to 24th December in 2008. We chose this 70 data, it is just used to

Figure 3.9: The date is from 16th September in 2008 to 24th December in
2008 yielding 70 data. The blue line illustrates the movement of the true
values of the closing index. The red line illustrates the movement of the
predicted values by the HMM.

illustrate the movement clearly. Then we could clearly find that the predicted
value delay a few days by Figure 3.9.
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Results by using the RBF network

We will use the RBF network to predict the index in the following chapter.
Output layer of the RBF network is a linear weighted sum of mesosphere.
So it is much faster and easier than BP network, and it has better result on
nonlinear mapping. For comparing the difference easily, it is the same data
which was used by us. So it is exactly the same data from the S & P 500,
the date from the 3rd January in 2007 to 30th October in 2009, 714 trading
days.
In this papers, the number of neurons in the input layer is 5. x is three
dimension number, suppose N = 5. The number of neurons in the output
layer is 1, suppose M = 1. And then by using the RBF network, we could
predict a value from the index of every 7 trading days. It is calculated all by
Matlab.

Figure 3.10: The date is from 3rd January in 2007 to 30th October in 2009
yielding 714 data. The blue line illustrates the movement of the true values
of the closing index. The red line illustrates the movement of the predicted
index by the RBF.

The predicted value and the true values are put into Figure 3.10, so it is
easy to compare. From above figure, it is obvious that when there is a big
shock in the data, the predicted value will have a blunder by all appearance.
But if the price is smooth and steady at the beginning in the Figure 3.10,
the predicted values will be very close to the true values.
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Figure 3.11: The date is from 16th September in 2008 to 24th December in
2008 yielding 70 data. The blue line illustrates the movement of the true
values of the closing index. The red line illustrates the movement of the
predicted values by the RBF.

Chapter 4
Conclusions
In this paper, three models are used to predict the stock index by the same
data. Comparing with Hidden Markov model and RBF network, Markov
model can only be used to find the tendency. On the other hand, Hidden
Markov model and RBF network could predict the index from the true data.
Both of them have errors and, both of them would delay a few days. When
there is a big volatility, both of them will have big errors. The error is
calculated by that the true data minus predicted value. The errors of two
models is shown by Figure 4.1 and Figure 4.2.

Figure 4.1: The date is from 3rd January in 2007 to 30th October in 2009
yielding 714 data. The blue area stands for the errors of the HMM.
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Figure 4.2: The date is from 3rd January in 2007 to 30th October in 2009
yielding 714 data. The blue area stands for the errors of the RBF.

Now we compare these two models with the 70 data which we have chosen
out before and, the date is from 16th September in 2008 to 24th December
in 2008. Both of them have the biggest error when the index goes down from
1200 to 700. The errors of the HMM and the RBF are illustrated by Figure
4.3 and Figure 4.4.

Figure 4.3: The date is from 16th September in 2008 to 24th December in
2008 yielding 70 data. The red area stands for the errors of the HMM.
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Figure 4.4: The date is from 16th September in 2008 to 24th December in
2008 yielding 70 data. The green area stands for the errors of the RBF.

Comparing Figure 4.5(a) and Figure 4.5(b), it is clearly that the result
by using the RBF has bigger error than Hidden Markov model.
Then if we put the true values of the closing index and the predicted
values from two models in Figure 4.6. It is clear that the predicted value of
the RBF delay much more than Hidden Markov model.
In a word, advantages could be found in each of models, but none of
them is perfect to predict the index. The Markov model is much easier to use
and understand. The RBF network could predict the index very well when
the fluctuation of the stock price index is not drastic. The Hidden Markov
model could not delay so much as the RBF network and, it has not so many
errors when the volatility is big.
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Figure 4.5: The date is from 16th September in 2008 to 24th December in
2008 yielding 70 data. The red area stands for the errors of the HMM, the
green area stands for the errors of the RBF and, the blue area stands for the
sum of errors of the HMM and the RBF.

Figure 4.6: The date is from 16th September in 2008 to 24th December in
2008 yielding data. The blue line stands for the movement of the true values
of the closing index, the red line stands for the movement of the predicted values by the HMM and, the green line stands for the movement of the predicted
values by the RBF.

Notation
S

The state space. S = {S1 , S2 , . . . , SN }.

qt

qt = Si , it means the state is Si when the time is t.

A

The state transition probability matrix. A = {aij }.

aij
A(n)

The state transition probability, aij = P (qn+1 = Sj |qn = Si ).
n-step state transition probability matrix.

(n)

n-step state transition probability.

Fij

Transition frequency is the number of transitions from Si to Sj .

âij

The estimate for aij .

aij

V

The set of observation symbols. V = {vi }.

Ot

Ot = vi , it means the observation symbols is
vi when the time is t.

B

B = {bj (k)} is the probability distribution
matrix of observation symbol.

bj (k)
π = πi
λ = (A, B, π)

bj (k) = P (Ot = vk |qt = Sj ), where 1 ≤ j ≤ N, 1 ≤ k ≤ M.
π is the initial state distribution, where πi = P (q1 = Sj ).
A hidden Markov model.

αt (i)

The probability of the partial observation sequence and
state Si at time t, given the model parameter of λ = (A, B, π).

δt (i)

A sequence of row vectors, δt (i) = max1≤i≤N P (qt−1 , qt = Si , Ot |λ).

ψ
ξt (i, j)
γt (i)

Store the values qt that maximizes [P (qt+1 |qt )δt (qt )] for all qt+1 .
ξt (i, j) = P (qt = Si , qt+1 = Sj |O, λ).
P
γt (j) = N
j=1 ξt (i, j)
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Appendix
Computer programs for hidden Markov model: A hidden Markov model
toolbox for Matlab is used by us to compute the result. It was written by
Kevin Murphy. It could be downloaded from the following web page,
http : //people.cs.ubc.ca/ murphyk/Sof tware/HM M/hmm download.html.
There is a example of using the toolbox:
nex=12;
data=[1416.6,1418.34,1409.71,1412.84,1412.11,1414.85,1423.82,
1430.73,1431.9,1430.62,1426.37,1430.5];
M=1;
Q=3;
prior0=normalise(rand(Q,1));
transmat0 = mk_stochastic(rand(Q,Q));
[mu0, Sigma0] = mixgauss_init(Q*M, data, ’full’);
mu0 = reshape(mu0,[O Q M]);
Sigma0 = reshape(Sigma0, [O O Q M]);
mixmat0 = mk_stochastic(rand(Q,M));
[LL, prior1, transmat1, mu1, Sigma1,mixmat1] = mhmm_em(data, prior0,
transmat0, mu0, Sigma0, mixmat0, ’max_iter’, 10).
Computer programs for radial basis function neural network: A radial basis
function neural network toolbox for Matlab is used by us. We use Matlab
Version 7.8.0.347 (R 2009a). It could be downloaded from following web
page: http : //www.mathworks.com.
There is a example of using the toolbox:
P=[1416.6,1418.34,1409.71;1418.34,1409.71,1412.84;1409.71,1412.84,1412.11
1412.84,1412.11,1414.85;1412.11,1414.85,1423.82];
T=[1414.85,1423.82,1430.73];
P_test=[1412.84,1412.11,1414.85,1423.82,1430.73]’;
net=newrbe(P,T,5);
Y=sm(net,P_test)
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