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Abstract

This master project is dedicated to the analysis of one of the finan-
cial market models in an illiquid market. This is a nonlinear model.
Using analytical methods we studied the symmetry properties of the
equation which described the given model. We called this equation a
Schönbucher–Wilmott equation or the main equation. We have found
infinitesimal generators of the Lie algebra, containing the information
about the symmetry group admitted by the main equation. We found
that there could be different types of the unknown function g, which
was located in the main equation, in particular four types which ad-
mits richer symmetry group. According to the type of the function g
the equation was split up into four PDEs with the different Lie alge-
bras in each case. Using the generators we studied the structure of
the Lie algebras and found optimal systems of subalgebras. Then we
used the optimal systems for different reductions of the PDE equations
to some ODEs. Obtained ODEs were easier to solve than the corre-
sponding PDE. Thereafter we proceeded to the solution of the desired
Schönbucher–Wilmott equation. In the project we were guided by the
papers of Bank, Baum [1] and Schönbucher, Wilmott [2]. In these two
papers authors introduced distinct approaches of the analysis of the
nonlinear model - stochastic and differential ones. Both approaches lead
under some additional assumptions to the same nonlinear equation – the
main equation.
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Chapter 1

Introduction

There is some mathematical model which lies in the heart of each life process.
The problem arises if the model is based on assumptions, which do not hold
by 100 per cent in reality. In Financial Mathematics for a price process of an
option such an ideal model is the Black–Scholes model. If one will relax the
Black–Scholes model assumption about the perfect liquidity of the market,
one may obtain so-called feedback effect. Usually it occurs if there is a large
trader in the market. In this work we rely on two papers, which furthermore
will be described in detail.

The basic idea of the paper [1] is to introduce a general model which is
a continuous–time model and works for an illiquid financial market with a
single large investor. The authors also gave a mathematical analysis of the
developed model, i.e. proved the absence of arbitrage, characterized the set
of approximately attainable claims, showed how to compute superreplication
prices. A presence of a large investor induces so-called feedback effect be-
tween the large investor trading strategy and the asset price. The feedback
includes two competing aspects: the large investor can influence the price on
his demand, but on the other hand the large investor orders may be exer-
cised only after the prices have changed. To specify a new model the authors
assumed that on the financial market there was one large investor, which
portfolio contained one risky stock and one riskless bond.

To model the asset price evolution, the authors took a family of continuous
semimartingales Pϑ = (Pϑ

t )0≤t≤T , where ϑ was a constant number of shares
which the large investor holds.

This family was observed on fixed probability space (Ω,F ,P,F) with a fil-
tration F = (Ft)0≤t≤T , satisfying the usual conditions of the right
continuity and completeness. In case of a time-varying strategy of the
investor θ = (θt)0≤t≤T , the family of continuous semimartingales expands
to the following P(θt, t) = Pθt

t , 0 ≤ t ≤ T .

1



2 Chapter 1. Introduction

There are five assumptions, which were made by the authors of the paper
[1] to exclude unreasonable price fluctuations and arbitrage.

Assumption 1.0.1 The family of semimartingales P ϑ(ϑ ∈ R) is smooth.

Assumption 1.0.2 Asset prices are nondecreasing functions with respect to
the large investor’s position P ϑ ≤ P ϑ′ for ϑ ≤ ϑ′.

Assumption 1.0.3 There exists a measure P∗ ≈ P, which simultaneously is
a local martingale measure for all primal processes P ϑ, (ϑ ∈ R).

Assumption 1.0.4 One of the primal models, called P 0, dominates all the
others in the sense that each model P ϑ, ϑ ∈ R, admits a representation of the
type

P ϑ
t = P ϑ

0 +

∫ t

0

pϑsdP
0
s , 0 ≤ t ≤ T, (1.0.1)

for some predictable P 0-integrable process pϑ.

Assumption 1.0.5 For P ⊗ dP 0 – a.e (ω, s) ∈ Ω × [0, T ], the mapping

ϑ→
∫ ϑ

0
pxs(ω)dx is surjective from R onto R.

In their paper Bank and Baum gave a theorem ([1], p.11) which proved
the reasonability of previous assumptions.

The authors have studied the wealth dynamics of a self–financing portfolio
strategy to prove the absence of arbitrage. To this purpose the following
notions were took up.

− A semimartingale strategy of a large investor, denoted as θ = (θt)0≤t≤T .

− A bank account of a large investor, denoted βθ, which evolves according
to the equation βθt = βθ0− −

∫ t
0
P (θs−, s)dθs − [P (θ, .), θ]t, (0 ≤ t ≤ T ).

− The book value of the portfolio, which is equal to W θ
t = βθt +P (θt, t)θt,

means that at time t the large investor has βθt on the bank account and
a stock position of θt shares.

− The block liquidation value of the position, which is equal to
Ṽ θ
t = βθt + P (0, t)θt if the investor liquidate the stock position in a

single trade order immediately.

− The income from a single block liquidation, which becomes
L(υ, t) =

∫ υ
0
P (x, t)dx, where υ = θt denotes the number of shares

of the investor before the liquidation.
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− The real wealth achieved by a trading strategy θt until time t is equal
to V θ

t = βθt + L(θt, t).

The authors obtained the dynamics of the real wealth which was expressed
in the following lemma ([1], p.7).

Lemma 1.0.1 For any self–financing semimartingale strategy θ, the
dynamics of the real wealth process V θ is given by

V θ
t − V θ

0− =

∫ t

0

L(θs−, ds)−
1

2

∫ t

0

P ′(θs−, s)d[θ]cs

−
∑

0≤s≤t

∫ θs

θs−

(P (θs, s)− P (x, s)) dx. (1.0.2)

This lemma shows that dynamics of the real wealth can be decomposed into
three parts.

The first one
∫ t

0
L(θs−, ds) corresponds to the profits and losses of the

large investor, the second and third terms account for the transaction costs
due to the illiquidity of the market.

The absence of the transaction costs for the large investor follows from this
dynamics for the strategies, which are continuous and of bounded variation.

For those strategies, i.e. continuous and of bounded variations the authors
determine which payoff could be attained by the large investor. Therefore
notions of a claim, attainable modulo transaction costs and a claim, approx-
imately attainable for some initial capital ([1], p.8) were introduced.

Definition 1.0.1 A contingent claim H ∈ L0(FT ) is called attainable

modulo transaction costs for the initial capital υ, if H = υ+
∫ T

0
L(θs, ds)

almost surely for some L-integrable predictable process θ, for which
∫ T

0
L(θs, ds)

is uniformly bounded from below.

Definition 1.0.2 A contingent claim H ∈ L0(FT ) is called approximately
attainable for the initial capital υ, if for any ε > 0 there exists an admissible
large investor strategy θε such that V θε with V θε

0− = υ satisfies

|H − V θε

T | ≤ ε, P− a.s. .

In this terminology the authors gave the following theorem and the
proposition ([1], p.9).

Theorem 1.0.1 Under Assumption 1.0.1 any contingent claim H ∈ L0(FT ),
which is attainable modulo transaction costs, is approximately attainable with
the same initial capital.
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Proposition 1.0.1 Under Assumption 1.0.1, there exists a density

pϑs (ω) =
d[P ϑ, P 0]

d[P 0]
(ω, s),

which is continuous in ϑ for any fixed pair (ω, s) ∈ Ω × [0, T ] and satisfies
the equation (1.0.1) in Assumption 1.0.4.

The induced predictable process p = (ps)0≤s≤T with values in C(R) allows

us to write the dynamics of L(ϑ, .) =
∫ ϑ

0
P (x, .)dx, ϑ ∈ R, in the form

L(ϑ, t) =

∫ ϑ

0

P (x, 0)dx+

∫ t

0

{∫ ϑ

0

pxsdx

}
dP 0

s , 0 ≤ t ≤ T.

In particular, a predictable process θ = (θt)0≤t≤T is L–integrable provided
that ∫ T

0

{∫ θs

0

pxsdx

}2

d[P 0]s < +∞, P− a.s.

and we have ∫ T

0

L(θs, ds) =

∫ T

0

{∫ θs

0

pxsdx

}
dP 0

s .

As an application of the preceding results the authors [1] proposed the
next theorem.

Theorem 1.0.2 Under Assumptions 1.0.1 − 1.0.5, any claim H ∈ L0(FT ),
that is attainable in the small investor model P 0, is approximately attainable
for the same initial capital in the large investor model Pθt

t , 0 ≤ t ≤ T .

As the corollary ([1], p.12) of the theorem follows that the optimal utilities
for the small and large investors coincide for any concave and increasing
utility function (see Definition A.0.3).

Finally, they proved a theorem which shows that the superreplication
price for the large investor is determined by the superreplication claim for
the small investor.

Definition 1.0.3 The superreplication price of the contingent claim H is the
infimum of all capitals ϑ, for which there exists an admissible strategy θ, such
that at time T we have V θ

T ≥ H(θT ) almost surely

Π(H) = inf
{
ϑ : ∃θ − admissible with V θ

T ≥ H(θT ) P− a.s., V θ
0− = ϑ

}
.
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Theorem 1.0.3 Under Assumptions 1.0.1−1.0.5, the superreplication price
Π of a contingent claim H satisfies

inf
ϑT∈L0(FT )

sup
P∗∈P∗

E∗[H(ϑT )] ≤ Π(H) ≤ inf
ϑT∈L0(FT−)

sup
P∗∈P∗

E∗[H(ϑT )], (1.0.3)

where P∗ 6= � is the set of P–equivalent probability measures, under which
any primal model P ϑ(ϑ ∈ R) becomes a local martingale.
If H is FT− ⊗ R–measurable with inf

ϑ∈R
H(ϑ) ∈ L0(FT−), the superreplication

price is given by
Π(H) = sup

P∗∈P∗
E∗[ inf

ϑ∈R
H(ϑ)].

The following outcomes were obtained in this paper, which rely on As-
sumptions 1.0.1− 1.0.5:

− It is shown that in the market with one large investor the features of
the small investor market preserved.

− In particular, an absence of the arbitrage for the market with the large
investor is proved as a consequence of the absence of the arbitrage for
the market with the small investors.

− The attainable claims for the small investor are approximately attain-
able for the large investor.

− The calculation of optimal utilities and superreplication prices for a
market with a large investor take over from the market with the small
investor.

Thereafter we present a second paper [2]. In contrast to [1] the authors
obtained a differential equation there, which we would analyze later in the
paper. The equation was derived by means of a reaction–function model,
which was firstly presented by Schönbucher and Wilmott in [2]. (The process
which generates the equation studied in more detail see in the next chapter.)
The paper [2] consists of four parts. At first the authors set up a model that
used furthermore for analyzing the dynamic trading strategy in the illiquid
market. There were some definitions in this part which we would use later.

Definition 1.0.4 A market manipulation is a trading strategy that deliber-
ately moves the price to gain a risk–free profit.

Definition 1.0.5 A short squeeze is a special form of the market manipula-
tion, when the manipulator holds the total supply of shares of some type.
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The authors also make several assumptions on the market and market
participants. Some of the them coincide with the assumptions which were
made by Bank and Baum in [1]

− There are two possibilities of the investment: a share St and a risk–free
bond Bt.

− There are two possible types of participants in the market: a large
investor and a number of small investors.

− There are no arbitrage opportunities in the market.

− The market is illiquid for the large investors, it is perfectly liquid for
the small investors.

The problem of the large investor in the market was studied by the au-
thors of papers [1] and [2] in two different ways. Bank and Baum used a
Levy process theory to obtain dynamics of the portfolio, while Schönbucher
and Wilmott used a Brownian motion. Then Schönbucher and Wilmott ap-
plied a Feynman–Kac formula (see A.0.1) to get a differential equation. The
following assumptions were presented in [2] and they were not presented in
[1] because of the difference in the approaches

(i) A price process of a share is a diffusion process of the following form

dSt = µ(St, t)dt+ σ(St, t)dWt. (1.0.4)

(ii) A price process of a risk–free bond is a process of the form

dBt = rBtdt. (1.0.5)

(iii) New information follows a Brownian motion Wt.

(iv) All factors effecting the intentions of small investors are included in W .

(v) The large investor follows a dynamic trading strategy f (S, t), where the
function f (S, t) is sufficiently differentiable.

(vi) The excess demand X (S,W, t) = D(S,W, t) − S(S,W, t) is twice con-
tinuously differentiable in S,W and once in t, where D(S,W, t) and
S(S,W, t) are demand and supply correspondingly.

(vii) The function X (S,W, t) depends only on current values of S,W, t.
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(viii) The slope of the excess demand curve is negative with respect to S

∂

∂S
X (S,W, t) < 0.

(ix) For each process W and time t there exists an equilibrium price S such
that X (S,W, t) = 0.

The paper [1] introduces more general model than [2]. As a result there
are some assumptions which were contained only in the paper had written
by Schönbucher and Wilmott

− Large investors can trade continuously, the small investors cannot.

− There are no transaction costs in the market.

− The price reacts without delays to investor’s trading strategy.

− All information is uniform for the investors.

− There are no manipulation strategies in the market.

− There are no short squeezes.

Further the authors of [2] defined an equilibrium condition in the case of
the illiquid market

X (S,W, t) + f (S, t) = 0, (1.0.6)

where the function f is defined in Assumption (v).

From the equation (1.0.6) it is possible to derive then the stochastic dif-
ferential equation, which shows the dynamic of the price S, i.e. the equation
(1.0.4) is implicitly defined by (1.0.6). Thus, from (1.0.6) and Itô′s formula
we have

dX (S,W, t) + df (S, t) =

[
∂

∂t
X (S,W, t) +

1

2
σ2(S, t)

∂2

∂S2
X (S,W, t)

+ σ(S, t)
∂2

∂S∂W
X (S,W, t) +

1

2

∂2

∂W 2
X (S,W, t)

]
dt

+
∂

∂S
X (S,W, t)dS +

∂

∂W
X (S,W, t)dW

+

[
∂

∂t
f (S, t) +

1

2
σ2(S, t)

∂2

∂S2
f (S, t)

]
dt+

∂

∂S
f (S, t)dS = 0. (1.0.7)
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Substituting (1.0.4) in (1.0.7) we get[
∂

∂t
X (S,W, t) +

∂

∂t
f (S, t) +

1

2

∂2

∂W 2
X (S,W, t)

+σ2(S, t)

(
1

2

∂2

∂S2
X (S,W, t) +

1

2

∂2

∂S2
f (S, t)

)
+ σ(S, t)

∂2

∂S∂W
X (S,W, t)

+µ(S, t)

(
∂

∂S
X (S,W, t) +

∂

∂S
f (S, t)

)]
dt (1.0.8)

+

[
σ(S, t)

(
∂

∂S
X (S,W, t) +

∂

∂S
f (S, t)

)
∂

∂W
X (S,W, t)

]
dW = 0.

Both the stochastic and deterministic parts should be equal to zero in or-
der the equality to be held. This action yields to the formulas for parameters
of the stochastic price process

σ(S, t) = −
∂
∂W
X (S,W, t)

∂
∂S
X (S,W, t) + ∂

∂S
f (S, t)

, (1.0.9)

µ(S, t) = − 1
∂
∂S
X (S,W, t) + ∂

∂S
f (S, t)

[
∂

∂t
X (S,W, t) (1.0.10)

+
∂

∂t
f (S, t) +

1

2

∂2

∂W 2
X (S,W, t)

+
1

2

( ∂
∂W
X (S,W, t)

∂
∂S
X (S,W, t) + ∂

∂S
f (S, t)

)2(
∂2

∂S2
X (S,W, t) +

∂2

∂S2
f (S, t)

)
−

( ∂
∂W
X (S,W, t)

∂
∂S
X (S,W, t) + ∂

∂S
f (S, t)

)
∂2

∂S∂W
X (S,W, t)

]
.

The second part of the paper [2] concentrated on the dynamic trading
strategy itself and its features. It started with the new notation, which was
introduced in order to generalize the model. Here ft denoted the holding in
the share, ct denoted the holding in the bond, Yt denoted the paper value of
the portfolio, Y l

t denoted the real value of the portfolio.
The paper value of the portfolio in the case of an illiquid market is not

equal to the real (liquidation) value of the portfolio. Thus the authors in-
troduced two definitions here: the paper value and the real value as an
approximation of the paper value.

Definition 1.0.6 At any time t the paper value of the portfolio is equal to

Yt = ftSt + ctBt. (1.0.11)
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Definition 1.0.7 The real value of the portfolio is the value of the c bonds
plus the liquidation value of the f shares using the optimal liquidation strategy.

Schönbucher and Wilmott also considered the case of a self–financing
trading strategy. The concept of a trading strategy was the same as for the
liquid market.

The authors of [2] added some assumptions to those which were intro-
duced before: the trading was nonanticipatory and f , c were predictable
processes.

To derive a trading liquidation strategy authors considered the time in-
terval from t− = t− dt to t. Let us assume that the share price at time t−
was determined by (1.0.6)

X (St−,Wt−, t−) + f (St−, t−) = 0. (1.0.12)

If the large trader decided to liquidate at time t all his shares then the
new price was defined by

X (St,Wt, t) = 0. (1.0.13)

Because of the negative slope of the excess demand function (Assumption
(vi)) the new price St was be much lower then the St−, it meant that the
large trader depressed the market to the price St < St−. But using the
suitable liquidation strategy the investor could minimize the loss. It could
be achieved by choosing the strategy as a sequence of small rapid tradings.
The real value of f (St, t) shares then was equal to∫ f (St,t)

0

S(f ′;Wt, t)df ′. (1.0.14)

The real value of the portfolio was equal to

Y l
t =

∫ f (St,t)

0

S(f ′;Wt, t)df ′ + ctBt. (1.0.15)

Because of the continuity in time of both W and X the real value could
be approached in the limit.

Further Schönbucher and Wilmott gave a description of the manipulation
strategy of a large investor. If the trader wanted to move price from St to
S∗ at time T then the number of shares which were necessary to hold was
described by

f ∗ = −X (S∗,WT , T ). (1.0.16)
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Using the continuous strategy the trader could buy f ∗ shares at time
T − dt and sold them at time T + dt, the profit then was equal to∫ f ∗

0

[S(f ′;WT+dt, T + dt)− S(f ′;WT−dt, T − dt)] df ′. (1.0.17)

At the third part of the paper [2] the authors examined the manipulation
strategies that would lead to a collapse in the option market. Because of
the difference in the real value and the paper value the authors distinguished
the payoff: cash payoff, denoted by the P1(ST ) and physical payoff, denoted
as P2(ST ). The danger of the manipulation of the large trader would avert
all traders from using the option and the option market would collapse, i.e.
the option pricing in the classical sense would not possible anymore. Despite
that there were some situations when the option replication made sense in
illiquid markets. There were two possible cases.

The first case arose if the large investor was a large group of a small
investors who couldnot coordinate their tradings or a large investor who was
not able to manipulate in the option market. In this case the paper value
and the real value coincided and we got the partial differential equation for
P (S, t) (as an example was taken the European Put Option)

∂

∂t
P (S, t) + rS

∂

∂S
P (S, t) +

1

2
σ2(S, t)

∂2

∂S2
P (S, t)− rP (S, t) = 0, (1.0.18)

where the volatility was given by (1.0.9).
The second case of possible replication was when the large investor for

some reason refrained from manipulation and wanted to find the self–financing
replication strategy. Assuming the paper value of the payoff at time T was
F (S), the existence of the self–financing strategies f , c and the continuity of
the price process S, we got

∂

∂t
Y (S, t) + rS

∂

∂S
Y (S, t) +

1

2

(
∂
∂W
X (S,W, t)

∂
∂S
X (S,W, t) + ∂

∂S
f (S, t)

)
∂2

∂S2
Y (S, t)

−rY (S, t) = 0, (1.0.19)

where Y (S, t) was the paper value process and f (S, t) = ∂
∂S
Y (S, t). By

solving (1.0.19) with the final condition Y (S, t) = F (S) it was possible to
find a corresponding replication strategy.

The final part of the [2] illustrated the price effects of hedging in illiquid
markets. If there was no feedback effect the price process was following

dS ′ = µ̃S ′dt+ σ̃S ′dW, (1.0.20)
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here S ′ denoted the undisturbed price process

S ′ = S0e
(µ̃− 1

2
σ̃2)t+σ̃W .

The excess demand after assumption (vi) in this case was linear in S
and exponential in W and equal to X (S,W, t) = a(S ′ − S), where a was a
parameter which measures the liquidity of the market. So the influence of
a large trader changed the price process according to (1.0.9) and (1.0.10) to
dS = µ(S, t)dt+ σ(S, t)dW with

σ(S, t) =
aσ̃S ′

a− ∂
∂S

f (S, t)
,

µ(S, t) =
1

a− ∂
∂S

f (S, t)

[
aµ̃S ′ +

∂

∂t
f (S, t) +

1

2

a2σ̃2S ′2

(a− ∂
∂S

f (S, t))2

∂2

∂S2
f (S, t)

]
.

One could make the variables and equation dimensionless. For the reason
authors used the following substitutions

S = S0S
∗, S ′ = S0S

′∗, t = Tt∗, X = NX ∗, f = Nψf ∗,

where the S0 was the value of the share price, T denoted the time to maturity,
ψ was the size of the portfolio relative to the scale of the excess demand
N . All the variables with asterisks were dimensionless. After substitutions
those asterisks would be dropped for convenience. The modified equilibrium
equation had the following form

β(S ′ − S) + ψf = 0, (1.0.21)

where the β = aS0

N
was a dimensionless parameter of the liquidity. If it is

small then the market is illiquid. (Here and further there is a variable β
instead of the variable α as it was in the article of Schönbucher and Wilmott
to refrain from repetition.) Denoting ε = ψβ−1 = ψN

aS0
, we obtained the

following relation from (1.0.21)

(S ′ − S) + εf = 0. (1.0.22)

After this substitution µ and σ took a form

σ(S, t) =
σ̃S ′

1− ε ∂
∂S

f
, (1.0.23)

µ(S, t) =
1

1− ε ∂
∂S

f

(
µ̃S ′ + ε

( ∂
∂t

f +
1

2

σ̃2S ′2

(−ε ∂
∂S

f )2

∂2f

∂S2

))
. (1.0.24)
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Thus, in the paper [2] a partial differential equation (1.0.19) was obtained.
The rest of the paper is organized in the following way. In Chapter 2

we describe the model which is analyzed later. In Chapter 3 definitions and
theorem of the Lie groups theory will be given. In Chapter 4 we consider
the domain of the main equation and search for the symmetries of the given
equation. In Chapter 5 we are looking for an optimal systems of subalgebras
for an algebra that was found in previous chapter. The optimal systems are
used in Chapter 6 for founding the reductions of the Schönbucher–Wilmott
equation to ODEs. Finally, in Chapter 7 one can see a short overview of the
results which were obtained in the paper. This work is provided by a list
of notations (see p. 59) and the Appendix A, devoted to the mathematical
terms, as well as the Appendix B, devoted to the economical terms of the
paper.



Chapter 2

The main model description

2.1 The reaction–function model

As a model for the Lie group analysis we took the model which had
been considered in [5]. The authors based on the model which had been
introduced in [2]. In [5] the authors used a normalized equilibrium, i.e.
S(Ft, St) = 1, instead of the generalized equilibrium as it had been presented
by Schönbucher and Wilmott. So we got the following equation connecting
the demand and supply functions

D(Ft, St) + ρΦt = 1, (2.1.1)

where St was an equilibrium stock price, Ft – some fundamental value, ρ ≥ 0
was a parameter which measures a size of the large trader position, D(Ft, St),
S(Ft, St)(= 1) were demand and supply respectively. The function of a nor-
malized demand of a large trader f(St, t) which had been introduced in the
previous chapter was replaced in [5] by ρΦt.

There exists such a function ψ that (2.1.1) has a unique solution

St = ψ(Ft, ρΦt)

considering that the function D(Ft, St) is smooth enough. The function ψ is
called a reaction function. Let us assume further that Ft follows a geometric
Brownian motion, Φt = φ(t, S) is a smooth function and ψ has a form

ψ(h, α) = hg(α), ⇒ St = ψ(Ft, ρφ(t, S)) = Ftg(ρφ(t, S)) (2.1.2)

for arbitrary function h, increasing function g and variable α. The equality
(2.1.2) holds for any demand function

D(h, s) = U(h/s), ⇒ D(Ft, St) = U(Ft/St) = U

(
1

g(ρφ(t, S))

)
13
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where U is the utility function (see Definition A.0.3). For such demand
function we have that

U

(
1

g(α)

)
+ α = 1, α = ρφ(t, S).

As the utility function acting on (0,+∞), the function 1
g(α)

or, followingly,

g(α) should be positive.
Applying the Itô′s formula to (2.1.2) we obtain

dSt = g(ρφ(t, St))dFt + ρFtgα(ρφ(t, St))φS(t, St)dSt + b(t, St)dt,

where b(t, St) is a drift term. Assuming 1− Ftgα(ρφ(t, St))φS(t, St) > 0 and
recalling that dFt = σFtdWt + rFtdt we obtain

dSt =
σSt

1− ρgα(ρuS)
g(ρuS)

φS(t, St)St
dWt + b̃(t, St)dt.

The equation for the value function u(S, t) for the self–financing strategy
then has a following form

ut +
1

2

σ2S2uSS(
1− ρgα(ρuS)

g(ρuS)
SuSS

)2 = 0. (2.1.3)

For the simplicity of further calculations we denote κ = σ2

2
, then the

equation (2.1.3) will look like

∆ = ut +
κS2uSS(

1− ρgα(ρuS)
g(ρuS)

SuSS

)2 = 0, (2.1.4)

where S ∈ [0,∞), t ∈ [0, T ].
As it follows from the posing of the model κ = 1

2
σ2 6= 0 and g(α) 6= 0.

Further we suppose that the constant ρ 6= 0. Otherwise the Schönbucher–
Wilmott model (2.1.4) turns into the usual Black–Scholes model for the com-
pletely liquid market. Without loss of generality we set that the derivative
g′(α) is not identically equal to zero. If it is not the case the Schönbucher–
Wilmott model also transforms to the Black–Scholes equation

ut +
1

2
σ2S2uSS = 0.

Using these assumptions we study the equation (2.1.4) in Chapter 4 by
means of the Lie group theory. But at first we will recall in Chapter 3 some
definitions and theorems of the Lie group theory.



Chapter 3

The Lie group theory in
application to PDEs

3.1 The Lie groups, definitions and proper-

ties

The Schönbucher–Wilmott equation is of the second order, there are two
independent variables S, t and one dependent variable u(S, t) in the equation.
All definitions here and in the Appendixes will be given accordingly to this
case (for the general Lie theory see [10], [11], [14], [15] and [16]). The Lie
groups were named after the Norwegian mathematician Sophus Lie, who
introduced a theory of many parameter smooth transformations in Rn. A
Lie group is a group (see Appendix A) which possesses as well properties
of a smooth manifold (see Appendix A). It is usually used for studying the
symmetries of the equations.

Definition 3.1.1 ([10], p.15) A r–parametric Lie group is a group G
which also carries the structure of a r-dimensional smooth manifold (see
Definitions A.0.4 and A.0.5) in such a way that both the group operation

m : G×G→ G, m(g, h) = g · h, g, h ∈ G

and the inversion

i : G→ G, i(g) = g−1, g ∈ G

are smooth maps between manifolds.

The Lie groups are often not defined on the whole manifold, but only on
some manifold. Thus, one may consider a so-called local Lie group.

15
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Definition 3.1.2 ([10], p.18) A r–parametric local Lie group consists
of connected open subsets V0 ⊂ V ⊂ Rr containing coordinate origin and
smooth maps

m : V × V → Rr,

defining the group operation and

i : V0 → V,

defining the group inversion with the following properties

(i) If x, y, z ∈ V and m(x, y), m(y, z) ∈ V then

m(x,m(y, z)) = m(m(x, y), z).

(ii) for all x ∈ V
m(0, x) = x = m(x, 0),

(iii) for all x ∈ V0

m(x, i(x)) = 0 = m(i(x), x).

Usually Lie groups arise as groups of transformations of some manifold
M .

Definition 3.1.3 ([10], p.20) Let M be a smooth manifold. A local group
of transformations acting on M is given by a (local) Lie group G, an open
subset U , with

{e} ×M ⊂ U ⊂ G×M,

which is a domain of definition of the group action, and a smooth map Ψ :
U →M with the following properties

(i) if (h, x) ∈ U , (g,Ψ(h, x)) ∈ U and (g · h, x) ∈ U , then

Ψ(g,Ψ(h, x)) = Ψ(g · h, x),

(ii) for all x ∈M , Ψ(e, x) = x.

(iii) if (g, x) ∈ U , then (g−1,Ψ(g, x)) ∈ U and

Ψ(g−1,Ψ(g, x)) = x.

To present a notion of an infinitesimal generator, which is the main tool
in the Lie group analysis of differential equations, we first need to develop a
concept of a vector field.
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Definition 3.1.4 ([10], p.25) The collection of all tangent vectors to all
possible curves passing through the given point x on a manifold M is called
tangent space to M at x and denoted as TM |x.

Definition 3.1.5 ([10], p.26) A vector field v on M assigns a tangent
vector v|x ∈ TM |x to each point x ∈ M . In local coordinates v|x has the
form

v|x = ξ1(x)
∂

∂x1
+ ξ2(x)

∂

∂x2
+ ξ3(x)

∂

∂x3

and is called the infinitesimal generator.

3.2 The Lie algebra

A set of infinitesimal generators if it possesses an algebraic structure defined
below is called Lie algebra.

Definition 3.2.1 (Lie algebra)
A Lie algebra g is a vector space of operators

U =
n∑
i=1

ai
∂

∂xi
(3.2.1)

with the following property. If U1 =
∑n

i=1 ai
∂
∂xi

and U2 =
∑n

i=1 bi
∂
∂xi

are
elements of g, then their commutator

[U1,U2] = U1U2 −U2U1 =
n∑
i=1

(U1(bi)−U2(ai))
∂

∂xi

is also an element of g and defines a corresponding Lie bracket.
The dimension of the Lie algebra g (dim g) is the dimension of the vector
space M . If dimM = r we denote the r-dimensional Lie algebra as gr.

Definition 3.2.2 ([10],p.199) Let G be a Lie group. For each g ∈ G a group
conjugation Kg(h) = ghg−1, h ∈ G, determines a diffeomorphism on G.
The differential dKg : TG|H → TG|Kg(h) determines a linear map on the Lie
algebra g, is called an adjoint representation

Ad g(v) = dKg(v), v ∈ g. (3.2.2)

TG here is a tangent bundle of G.
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The adjoint representation gives a global linear action of the Lie group G on
the Lie algebra g.

The global structure of a Lie group is not determined by its Lie algebra,
unless we require the Lie group to be connected. Then there is a one–to–one
correspondence between the Lie group and Lie algebra.

Theorem 3.2.1 ([10], p.47) Let g be a finite–dimensional Lie algebra. Then
there exists a unique connected Lie group G having g as its Lie algebra.

Let g be the Lie algebra of the Lie group G. There is one–to–one cor-
respondence between one–dimensional subalgebras of the Lie algebra g and
(connected) one–parametric subgroups of the Lie group G.

Proposition 3.2.1 ([10],p.45) Let v 6= 0 be a right–invariant vector field on
a Lie group G. Then the flow generated by v through the identity, namely
gε = eεv defined for all ε ∈ R and formed a one–parameter subgroup of G,
with

gε+δ = gεgδ, g0 = e, g−1
ε = g−ε,

isomorphic to either R itself or the circle group SO(2). Conversely, any con-
nected one-dimensional subgroup of G is generated by such a right–invariant
vector field in the above manner.

3.3 The symmetry group of an equation

The symmetry group of a differential equation is a local group of transfor-
mation with a property that it transforms a solution of the equation to other
solution. Knowing the symmetry group it is possible sometimes to reduce
the differential equation to a simplier one.

Definition 3.3.1 ([10], p.77) Let G be a local group of transformations act-
ing on a manifold M . A subset J ∈ M is called G–invariant, and G is
called a symmetry group of J , if whenever x ∈ J , and g ∈ G is such that
g · x is defined, then g · x ∈ J .

Definition 3.3.2 ([10], p.77) Let G be a local group of transformations act-
ing on a manifold M . A function F : M → N , where N is another manifold,
is called a G–invariant function if for all x ∈M and all g ∈ G such that
g · x is defined,

F (g · x) = F (x).

A real–valued G–invariant function ζ : M → R is called an invariant of G.
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For any smooth function F (z1, . . . , zk) and invariants ζ1(x), . . . , ζk(x) of a
group of transformations ζ(x) = F (ζ1(x), . . . , ζk(x)) will also be an invariant.

Let us denote the solution of the differential equation as u = f(x), where
x = (x1, x2) = (S, t) are independent variables and u is a dependent variable.
To replace the notion of a differential equation by a geometric object we
need to prolong the basic space M = X × U representing the independent
and dependent variables to space which represents also all the derivatives
occurring in the equation.

Definition 3.3.3 ([10], p.95) Let J = (j1, j2) be an unordered 2–tuple of
integers called multi-index. The order of such multi-index which we denote
by #J = |J | is defined by #J = #j1 + #j2.

We employ this notation to the derivatives of the following type

∂Jf(x) =
∂kf(x)

∂xj1 . . . ∂xjk
.

We let

U1 =

(
∂u

∂x1

,
∂u

∂x2

)
,

U2 =

(
∂2u

∂x2
1

,
∂2u

∂x1∂x2

,
∂2u

∂x2
2

)
.

Furthermore, we set U (2) = U1×U2 as a vector which coordinates present all
the derivatives of the function f(x) up to the order 2.

Definition 3.3.4 ([10], p.96) Given a smooth function u = f(x), so f :
X → U . There is an induced function u(2) = pr(2)f(x) called the second
prolongation of f, which is defined by the equations

uJ = ∂Jf(x).

Definition 3.3.5 The space M (2) = X × U × U (2), which coordinates rep-
resent the independent variables, the dependent variables and the derivatives
of the dependent variables up to the order 2 are called the second order jet
bundle of the base space M .

The second order differential equation is given as

∆(x, u(2)) = 0.
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The function ∆(x, u(2)) assumed to be smooth in its arguments, so ∆ can be
viewed as a smooth map

∆ : X × U × U (2) → R.

The smooth solution u = f(x) is then defined by the following equation

∆(x, pr(2)f(x)) = 0.

Definition 3.3.6 The equality ∆ = 0 determines a subvariety

J∆ = {(x, u(2)) : ∆(x, u(2)) = 0} ⊂M (2)

of the jet space which is called a solution manifold.

It is possible then to reduce a problem of finding the symmetry groups to a
problem of determining the subvariety which is invariant under some group
of transformations.

Theorem 3.3.1 ([10], p.104) Suppose

∆(x, u(2)) = 0

is a differential equation defined over M ⊂ X × U . If G is a local group of
transformations acting on M , and

pr(2)v[∆(x, u(2))] = 0, whenever ∆(x, u(2)) = 0 (3.3.3)

for every infinitesimal generator v of G, then G is a symmetry group of the
equation. The equation (3.3.3) is called determining equation.

Definition 3.3.7 ([10], p.109) The i–th total derivative of the function
ϕ(x, u(n)) is the unique smooth function Diϕ(x, u(n+1)) defined on M (n+1)

which is obtained by the following formula

Diϕ =
∂ϕ

∂xi
+
∑
J

uJ,i
∂ϕ

∂uJ
,

where for J = (j1, . . . , jk),

uJ,i =
∂uJ
∂xi

=
∂(k+1)u

∂xi∂xj1 . . . ∂xjk
.
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We will also recall a formula for the second prolongation of the vector
field.

Theorem 3.3.2 ([10], p.110) Let

v =
2∑
i=1

ξi(x, u)
∂

∂xi
+ ϕ(x, u)

∂

∂u

be a vector field defined on an open subset M ⊂ X × U . The second prolon-
gation of v is the vector field

pr(2)v = v +
∑
J

ϕJ(x, u(2))
∂

∂uJ

defined on the corresponding jet space M (2) ⊂ X×U ×U (2), the second sum-
mation being over all (unordered) multi–indices J = (j1, j2). The coefficient
functions ϕJ of pr(2)v are given by the following formula

ϕJ(x, u(2)) = DJ(ϕ−
2∑
i=1

ξiuαi ) +
2∑
i=1

ξiuJ,i, (3.3.4)

where ui = ∂u/∂xi and uJ,i = ∂uJ/∂x
i.

Finally, we show how to find the invariants of the Lie group.
Let G be a one–parametric transformation group acting on the manifold

M with the infinitesimal generator

v = ξ1(x)
∂

∂x1
+ ξ2(x)

∂

∂x2
+ ξ3(x)

∂

∂x3
.

The invariant is the solution of the following equation

v(ζ) = ξ1(x)
∂ζ

∂x1
+ ξ2(x)

∂ζ

∂x2
+ ξ3(x)

∂ζ

∂x3
= 0.

The solution of this equation can be found by solving the characteristic sys-
tem of equations

dx1

ξ1(x)
=

dx2

ξ2(x)
=

dx3

ξ3(x)
, (3.3.5)

which is called Lie equations.
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Chapter 4

The Lie group analysis of the
Schönbucher–Wilmott equation

4.1 The domain of the Schönbucher–Wilmott

equation

In this chapter we analyze the domain of the equation, i.e. check the cases
of singularity of the main equation

∆ = ut +
κS2uSS(

1− ρgα(ρuS)
g(ρuS)

SuSS

)2 = 0. (4.1.1)

The variables S and t denote the price of the security and the current
time, therefore we take S ∈ [0,∞) and t ∈ [0,∞)). Since the equation
(4.1.1) includes terms which are derivatives of the second order in S and
of the first order in t, we take as the domain a subspace of the space D =
C2,1([0,∞)× [0,∞)) ∩ C([0,∞)× [0,∞)).

Since the analyzed equation contains a fraction, it may be not defined on
the total domain D. The denominator of this term we should study closely.

Equating the denominator to zero, we will obtain the equation

1− ρuSSS
g′(ρuS)

g(ρuS)
= 0. (4.1.2)

The function g depends on ρuS only, but as we can see there is also a variable
S in the equation. Therefore one cannot find the general solution of the
preceding equation. Nevertheless there exists a partial solution for some
special form of the function u(S, t). We denote ρuS = α and suppose α =

23
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α(S), then we can rewrite this equation in the following form

1− SαS(ln g(α))α = 1− S ln g(α(S))S = 0. (4.1.3)

If there exists an inverse function g−1 such that

g(α(S)) = cS, α = ρuS, (4.1.4)

the partial solution of the equation (4.1.3) has a form

u(S, t) =
1

ρ

∫
g−1(cS)dS.

This solutions should be excluded in further calculations, i.e. the solutions of

the main equation should be in domain D̃ = D \
{
u(S, t) = 1

ρ

∫
g−1(cS)dS

}
.

We skip in further investigations as well following cases

1. We exclude the case when g(α) = 0 because of the model assumptions.

2. The case gα(α) = 0 is excluded because otherwise we obtain the usual
Black–Scholes equation.

3. There are constants κ = σ2

2
, ρ in the main equation (4.1.1), where

ρ ≥ 0 and κ ≥ 0. We exclude the cases ρ = 0 and κ = 0 (i.e. σ = 0).
Because they are also leads us to the known equations.
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4.2 The Lie group analysis

We calculate first all partial derivatives of the equation (2.1.4), which we are
going to use later. We recall that g = g(α) = g(ρuS), then

∂∆

∂S
=

2κSuSS(
1− ρg′

g
SuSS

)2 −
2κS2uSS(

1− ρg′
g
SuSS

)3 (−ρg
′

g
uSS)

=
2κSg3uSS

(g − ρSg′uSS)3
,

∂∆

∂t
= 0,

∂∆

∂u
= 0,

∂∆

∂ut
= 1, (4.2.5)

∂∆

∂uS
=

−2κS2uSS(
1− ρg′

g
SuSS

)3 (−ρSuSS)

(
gg′′ − g′2

g2

)
∂α

∂uS

=
2κρ2S3g(gg′′ − g′2)u2

SS

(g − ρSg′uSS)3
, (4.2.6)

∂∆

∂uSS
=

κS2(
1− ρg′

g
SuSS

)2 −
2κS2uSS(

1− ρg′
g
SuSS

)3

(
−ρg

′

g
S

)

=
κS2g2(g + ρSg′uSS)

(g − ρSg′uSS)3
.

For the Lie group analysis of equation (2.1.4) we should find infinitesimal
generators of the corresponding Lie algebra (see Definition 3.1.5). We are
looking for an infinitesimal operator in the following form

V = ξ(S, t, u)
∂

∂S
+ τ(S, t, u)

∂

∂t
+ ϕ(S, t, u)

∂

∂u
. (4.2.7)

According to the Theorem 3.3.2 we should calculate the second prolonga-
tion of this generator (because the Schönbucher–Wilmott equation (2.1.4) is
of the second order) to find the coefficients ξ, τ and ϕ of the generator (4.2.7)

pr(2)V = ξ(S, t, u)
∂

∂S
+ τ(S, t, u)

∂

∂t
+ ϕ(S, t, u)

∂

∂u

+ ϕS(S, t, u)
∂

∂uS
+ ϕt(S, t, u)

∂

∂ut
(4.2.8)

+ ϕSS(S, t, u)
∂

∂uSS
+ ϕSt(S, t, u)

∂

∂uSt
+ ϕtt(S, t, u)

∂

∂utt
,
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where the coefficients are given by (according to the formula (3.3.4))

ϕ(t)(S, t, u) = ϕt − ξtuS + ϕuut − ξuuSut − τtut − τuu2
t , (4.2.9)

ϕ(S)(S, t, u) = ϕS + (ϕu − ξS)uS − ξuu2
S − τSut − τuuSut, (4.2.10)

ϕ(SS)(S, t, u) = ϕSS + (2ϕSu − ξSS)uS + (ϕuu − 2ξSu)u
2
S (4.2.11)

− ξuuu
3
S + (ϕu − 2ξS − 3ξuuS)uSS

+ 2(τuuS − τS)uSt − τSSut
− τuuSSut − 2τSuuSut − τuuu2

Sut.

The equation (2.1.4) does not depend on uSt, utt, t, u, so we will skip the
terms
ϕ(St)(S, t, u) ∂

∂uSt
, ϕ(tt)(S, t, u) ∂

∂utt
, τ ∂

∂t
and ϕ ∂

∂u
in the prolongation formula

(4.2.8).

The determining equation that is used for defining the coefficients
ξ(S, t, u), η(S, t, u), τ(S, t, u) arises from the action of the prolonged opera-
tor pr(2)V on the equation ∆ = 0. The determining equation has a following
form (compare to Theorem 3.3.1)

pr(2)V (∆)|∆=0 = ξ
2κSg3uSS

(g − ρSg′uSS)3
+ ϕ(S) 2κρ2S3g(gg′′ − g′2)u2

SS

(g − ρSg′uSS)3
+ ϕ(t)

+ ϕ(SS) κS2g2(g + ρSg′uSS)

(g − ρSg′uSS)3

∣∣∣
ut=−

κS2g2uSS
(g−ρSg′uSS)2

= 0. (4.2.12)

Let us inset in equation (4.2.12) formulas (4.2.9)-(4.2.11) for ϕ(t), ϕ(S), ϕ(SS)

pr(2)V (∆)|∆=0 = ξ
2κSg3uSS

(g − ρSg′uSS)3
+ (ϕS + ϕuuS − ξSuS − ξuu2

S (4.2.13)

− (τS + τuuS)ut)
2κρ2S3g(gg′′ − g′2)u2

SS

(g − ρSg′uSS)3
+ (ϕt − ξtuS

+ (ϕu − ξuuS − τt)ut − τuu2
t ) + (ϕSS + (2ϕSu − ξSS)uS

+ (ϕuu − 2ξSu)u
2
S − ξuuu3

S + (ϕu − 2ξS − 3ξuuS)uSS

− 2(τS + τuuS)uSt + (−τSS − 2τSuuS − τuuSS

− τuuu
2
S)ut)

κS2g2(g + ρSg′uSS)

(g − ρSg′uSS)3

∣∣∣
ut=−

κS2g2uSS
(g−ρSg′uSS)2

= 0.

We assume that the denominator (g − ρSg′uSS) 6= 0 (the case
(g − ρSg′uSS) = 0 was considered in Chapter 4.1). Now we use a substi-

tution ut = − κS2g2uSS
(g−ρSg′uSS)2

, which guarantees us that we stay on the solutions
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manifold (see Definition 3.3.6) ∆ = 0 of the equation (2.1.4)

pr(2)V (∆)|∆=0 = ξ
2κSg3uSS

(g − ρSg′uSS)3
+ (ϕS + ϕuuS − ξSuS

− ξuu
2
S)

2κρ2S3g(gg′′ − g′2)u2
SS

(g − ρSg′uSS)3
+ (−τS

− τuuS)
(−κS2g2uSS)

(g − ρSg′uSS)2

2κρ2S3g(gg′′ − g′2)u2
SS

(g − ρSg′uSS)3

+ (ϕt − ξtuS) + (ϕu − ξuuS − τt)
(−κS2g2uSS)

(g − ρSg′uSS)2

− τu
κ2S4g4u2

SS

(g − ρSg′uSS)4
+ (ϕSS + (2ϕSu − ξSS)uS

+ (ϕuu − 2ξSu)u
2
S − ξuuu3

S)
κS2g2(g + ρSg′uSS)

(g − ρSg′uSS)3

+ (ϕu − 2ξS − 3ξuuS)
κS2g2(guSS + Su2

SSρg
′)

(g − ρSg′uSS)3

+ (−2τS − 2τuuS)
κS2g2(guSt + ρSg′uSSuSt)

(g − ρSg′uSS)3

+ (−τSS − 2τSuuS − τuuu2
S)

(−κS2g2uSS)

(g − ρg′SuSS)2

κS2g2(g + ρSg′uSS)

(g − ρSg′uSS)3

− τuuSS
(−κS2g2uSS)

(g − ρSg′uSS)2

κS2g2(g + ρSg′uSS)

(g − ρSg′uSS)3
= 0. (4.2.14)

We can multiply the preceding equation by (g− ρSg′uSS)5 and study the
numerator of the (4.2.14)

2ξκSg3(g2uSS − 2ρSgg′u2
SS + ρ2S2g′2u3

SS) + 2(ϕS + ϕuuS − ξSuS
−ξuu2

S)κρ2S3g(gg′′ − g′2)(g2u2
SS − 2ρSgg′u3

SS + ρ2S2g′2u4
SS)

+2(τS + τuuS)κ2ρ2S5g3(gg′′ − g′2)u3
SS + (ϕt − ξtuS)(g5 − 5ρSg4g′uSS

+10ρ2S2g3g′2u2
SS − 10ρ3S3g2g′3u3

SS + 5ρ4S4gg′4u4
SS − ρ5S5g′5u5

SS)

+(−ϕu + ξuuS + τt)κS2g2(g3uSS − 3ρSg2g′u2
SS + 3ρ2S2gg′2u3

SS

−ρ3S3g′3u4
SS)− τuκ2S4g4(gu2

SS − ρSg′u3
SS) + (ϕSS + 2ϕSuuS + ϕuuu

2
S

−ξSSuS − 2ξSuu
2
S − ξuuu3

S)κS2g3(g2 − 2ρSgg′uSS + ρ2S2g′2u2
SS)

+(ϕSS + 2ϕSuuS + ϕuuu
2
S − ξSSuS − 2ξSuu

2
S − ξuuu3

S)κρS3g2g′(g2uSS

−2ρSgg′u2
SS + ρ2S2g′2u3

SS) + (ϕu − 2ξS − 3ξuuS)κS2g3(g2uSS

−2ρSgg′u2
SS + ρ2S2g′2u3

SS) + (ϕu − 2ξS − 3ξuuS)κρS3g2g′(g2u2
SS

−2ρSgg′u3
SS + ρ2S2g′2u4

SS)− 2(τS + τuuS)κS2g3(g2uSt − 2ρSgg′uSSuSt
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+ρ2S2g′2u2
SSuSt)− 2(τS + τuuS)κρS3g2g′(g2uStuSS − 2ρSgg′u2

SSuSt

+ρ2S2g′2u3
SSuSt) + (τSS + 2τSuuS + τuuu

2
S)κ2S4g4(guSS + ρSg′u2

SS)

+τuκ2S4g4(gu2
SS + ρSg′u3

SS) = 0. (4.2.15)

The function g(α), (α = ρus) depends only on ρ and uS. Because we look
now on uS and uSS as on independent variables, each of the coefficients by
different degrees of uSS and uS should be equal to zero separately.

The coefficient by the highest degree, i.e. u5
SS is equal to

−(ϕt − ξtuS)ρ5S5g′5.

The constant ρ (liquidity) and derivative g′ assumed not to be equal
to zero (equality cases considered in Chapter 4.1) and the variable S is an
independent variable. Thus, we can divide the equation (4.2.15) over ρ5S5g′5

and obtain the following one

ϕt − ξtuS = 0. (4.2.16)

Acting in the same manner and using the conditions g(α) 6= 0 and κ 6= 0
(for details see Chapter 4.1), which follow from the definition of the posed
problem, we will obtain finally the following table of determining equations

1 u5
SS ϕt − ξtuS = 0,

2 u4
SS 2κρS(ϕS + ϕuuS − ξSuS − ξuu2

S)(gg′′ − g′2) + 5ρ(ϕt − ξtuS)g′2

+(ϕu − ξuuS − τt)κSgg′ + (ϕu − 2ξS − 3ξuuS)κSgg′ = 0,

3 u3
SSuSt τS + τuuS = 0,

4 u3
SS 2ξκρ2S3g3g′2 − 4(ϕS + ϕuuS − ξSuS − ξuu2

S)κρ3S4g2g′(gg′′ − g′2)
+2(τS + τuuS)κ2ρ2S5g3(gg′′ − g′2) + (ϕt − ξtuS)(−10ρ3S3g2g′3)
+3(−ϕu + ξuuS + τt)κρ2S4g3g′2 + τuκ2ρS5g4g′ + (ϕSS + 2ϕSuuS
+ϕuuu

2
S − ξSSuS − 2ξSuu

2
S − ξuuu3

S)κρ3S5g2g′3 + (ϕu − 2ξS
−3ξuuS)κρ2S4g3g′3 − 2(ϕu − 2ξS − 3ξuuS)κρ2S4g3g′2

+τuκ2S4g4(ρSg′) = 0,

5 u2
SSuSt τS + τuuS = 0,

6 u2
SS −4ξκρS2g4g′ + 2(ϕS + ϕuuS − ξSuS − ξuu2

S)κρ2S3g3(gg′′ − g′2)
+(ϕt − ξtuS)10ρ2S2g3g′2 + 3(ϕu − ξuuS − τt)κρS3g4g′ − τuκ2S4g5

+(ϕSS + 2ϕSuuS + ϕuuu
2
S − ξSSuS − 2ξSuu

2
S − ξuuu3

S)κρ2S4g3g′2

−2(ϕSS + 2ϕSuuS + ϕuuu
2
S − ξSSuS − 2ξSuu

2
S − ξuuu3

S)κρ2S4g3g′2

−2(ϕu − 2ξS − 3ξuuS)κρS3g4g′ + (ϕu − 2ξS − 3ξuuS)κρS3g4g′

+(τSS + 2τSuuS + τuuu
2
S)κ2ρS5g4g′ + τuκ2S4g5 = 0,
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7 uSSuSt τS + τuuS = 0,

8 uSS 2ξκSg5 − 5(ϕt − ξtuS)ρSg4g′ + (−ϕu + ξuuS + τt)κS2g5

−2(ϕSS + 2ϕSuuS + ϕuuu
2
S − ξSSuS − 2ξSuu

2
S − ξuuu3

S)κρS3g4g′

+(ϕSS + 2ϕSuuS + ϕuuu
2
S − ξSSuS − 2ξSuu

2
S − ξuuu3

S)κρS3g4g′

+(ϕu − 2ξS − 3ξuuS)κS2g5 + (τSS + 2τSuuS + τuuu
2
S)κ2S4g5 = 0,

9 uSt τS + τuuS = 0,

10 0 (ϕt − ξtuS) + (ϕSS + 2ϕSuuS + ϕuuu
2
S − ξSSuS − 2ξSuu

2
S

−ξuuu3
S)κS2 = 0.

Table 4.1: The system of determining equations for the coordinates of the
vector fields (4.2.7).

As it follows from the Table 4.1 all the coefficients by the uSt term and
different degrees of uSS coincides. So we will skip repeated equations.

Considering the equation (1) in Table 4.1, we obtain that the coefficients
by different degrees of the variable uS should be equal to zero separately

uS | ξt = 0, (4.2.17)

0 | ϕt = 0. (4.2.18)

Operating in the same manner with the coefficients by the u3
SSuSt term,

i.e. with the equation (3) in Table 4.1, we get

uS | τu = 0, (4.2.19)

0 | τS = 0. (4.2.20)

Then it follows that the corresponding second derivatives are also equal
to zero

τuu = 0, τSu = 0, τSS = 0. (4.2.21)

Using (4.2.17)–(4.2.21) and dividing the equations over the non identically
equal to zero factors, we shall get the reduced table

1 ϕt = 0, ξt = 0,

2 2ρ(ϕS + ϕuuS − ξSuS − ξuu2
S)(gg′′ − g′2) + (2ϕu − 2ξS − 4ξuuS

−τt)gg′ = 0,

3 τS = 0, τu = 0, τuu = 0, τSu = 0, τSS = 0,
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4 2ξgg′ − 4(ϕS + ϕuuS − ξSuS − ξuu2
S)ρS(gg′′ − g′2)− 3(ϕu

−ξuuS − τt)Sgg′ + (ϕSS + 2ϕSuuS + ϕuuu
2
S − ξSSuS − 2ξSuu

2
S

−ξuuu3
S)ρS2g′2 − (ϕu − 2ξS − 3ξuuS)Sgg′ = 0,

6 −4ξgg′ + 2(ϕS + ϕuuS − ξSuS − ξuu2
S)ρS(gg′′ − g′2) + 3(ϕu

−ξuuS − τt)Sgg′ − (ϕSS + 2ϕSuuS + ϕuuu
2
S − ξSSuS − 2ξSuu

2
S

−ξuuu3
S)ρS2g′2 − (ϕu − 2ξS − 3ξuuS)Sgg′ = 0,

8 2ξg + (τt − 2ξuuS − 2ξS)Sg − (ϕSS + 2ϕSuuS + ϕuuu
2
S − ξSSuS

−2ξSuu
2
S − ξuuu3

S)ρS2g′ = 0,

10 ϕSS + (2ϕSu − ξSS)uS + (ϕuu − 2ξSu)u
2
S − ξuuu3

S = 0.

Table 4.2: The reduced system of the determining equations, where we used
the equations (4.2.17)–(4.2.21).

Taking the equation (10) from the Table 4.2, we see that coefficients by
different degrees of uS should be equal to zero separately

u3
S | ξuu = 0, (4.2.22)

u2
S | ϕuu = 2ξSu, (4.2.23)

uS | 2ϕSu = ξSS, (4.2.24)

0 | ϕSS = 0. (4.2.25)

As coefficients ξ and ϕ depend just on S, u, we can represent equations
in (1) of the Table 4.2 in the following way

ϕ = ϕ(S, u), ξ = ξ(S, u). (4.2.26)

Collecting the terms with Sgg′ in equations (4), (6) of the Table 4.2,
using (4.2.22)–(4.2.25) for equations (4), (6), (8) in Table 4.2 and taking into
account (4.2.26), we will get

1 ϕ = ϕ(S, u), ξ = ξ(S, u),

2 2ρ(ϕS + ϕuuS − ξSuS − ξuu2
S)(gg′′ − g′2) + (2ϕu − 2ξS − 4ξuuS

−τt)gg′ = 0,

3 τ = τ(t),

4 2ξgg′ − 4(ϕS + ϕuuS − ξSuS − ξuu2
S)ρS(gg′′ − g′2)

−(4ϕu − 6ξuuS − 3τt − 2ξS)Sgg′ = 0,
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6 −4ξgg′ + 2(ϕS + ϕuuS − ξSuS − ξuu2
S)ρS(gg′′ − g′2) + (2ϕu

−3τt + 2ξS)Sgg′ = 0,

8 2ξ + (τt − 2ξuuS − 2ξS)S = 0,

10 ϕSS = 0, 2ϕSu = ξSS, ϕuu = 2ξSu, ξuu = 0.

Table 4.3: The simplified system of the determining equations, where we
used the equations (4.2.22)–(4.2.25).

Taking the equation (8) from the Table 4.3 and simplifying it, we will
obtain

2ξ + Sτt − 2SξS − 2SξuuS = 0. (4.2.27)

We separate it according to the degrees of uS

uS | ξu = 0, (4.2.28)

0 | 2ξ + Sτt − 2SξS = 0. (4.2.29)

Using (4.2.28), the equation (4.2.23) takes a following form

ϕuu = 2ξSu = 0. (4.2.30)

As a next step we take equations (1) from the Table 4.3 and (4.2.28) and
obtain that

ξ = ξ(S).

From equations (1) in Table 4.3 and (4.2.30) follows that ϕ is a linear
function in variables S and u

ϕ = (a1u+ a2)S + (b1u+ b2); a1, a2, b1, b2 − const. (4.2.31)

Combining these results with the second equation in (10) from Table 4.3,
we obtain

ξSS = 2a1

or, consequently, we can represent the function ξ(S) in the form

ξ = a1S
2 + d1S + d2; d1, d2 − const. (4.2.32)

We insert (4.2.32) in (4.2.29) and get the additional equation for the
coefficients of the function ξ

2(a1S
2 + d1S + d2) + Sτt − 2S(2a1S + d1) = 0. (4.2.33)
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Coefficients according to the monomials of S should be equal to zero
separately

S2 | a1 = 0,

S | τt = 0,

0 | d2 = 0,

then we can write the desired coefficients ξ, ϕ and τ in the following form

ξ = d1S, (4.2.34)

ϕ = a2S + b1u+ b2, (4.2.35)

τ = const. (4.2.36)

There remain the determining equations (2),(4) and (6) from Table 4.3.
After inserting in that equations formulas for ξ, ϕ and τ which were obtained
above, we get

2 ρ(a2 + (b1 − d1)uS)(gg′′ − g′2) + (b1 − d1)gg′ = 0,

4 ρ(a2 + (b1 − d1)uS)(gg′′ − g′2)− (b1 − d1)gg′ = 0,

6 ρ(a2 + (b1 − d1)uS)(gg′′ − g′2) + (b1 − d1)gg′ = 0.

Table 4.4: Equations of the reduced Table 4.3, which contains the function
g(α), α = ρuS.

These three equations in Table 4.4 are equivalent to each other. Therefore
we add the equation which corresponds to Table 4.4 to equations (4.2.34)–
(4.2.36). So we will obtain the final system which is equivalent to the system
of determining equations in the Table 4.1

ξ = d1S; (4.2.37)

ϕ = a2S + b1u+ b2; (4.2.38)

τ = const; (4.2.39)

ρ(a2 + (b1 − d1)uS)(gg′′ − g′2) + (b1 − d1)gg′ = 0. (4.2.40)

Let us analyze the equation (4.2.40). The equation contains a2 and b1−d1

as coefficients. So according to the equation (4.2.40) there are possible four
different variants of the function g(α). Recall that cases g(α) = 0, g′(α) =
0, ρ = 0 were considered in Chapter 4.1 and in this Chapter there were
assumed that they were non equal to zero.
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1. The case b1 = d1 and a2 = 0. Thereafter the equation (4.2.40) holds
for any function g(α), satisfying the conditions listed in Chapter 4.1.
Coefficients ξ, τ and ϕ of the vector field V then take a form

ξ = b1S, (4.2.41)

ϕ = b1u+ b2, (4.2.42)

τ = const. (4.2.43)

2. If b1 = d1 and a2 6= 0. The second term in the first factor and the second
factor of (4.2.40) are vanished. Dividing over the nonzero coefficient
a2ρ, we shall obtain the equation

gg′′ − g′2 = 0,

which has the following solution

g(α) = c2e
c1α, c1, c2 − const. (4.2.44)

The equation (4.2.44) is a constraint on the form of the function g. It
does not contradict with the conditions listed in Chapter 4.1. Cases
c1 = 0 and c2 = 0, i.e. g(α) = const, g(α) = 0 are considered in
Chapter 4.1. Then coefficients of the infinitesimal generator V (4.2.37)–
(4.2.39) under condition (4.2.44) can be presented in the following form

ξ = b1S, (4.2.45)

ϕ = a2S + b1u+ b2, (4.2.46)

τ = const. (4.2.47)

3. If b1 6= d1 and a2 = 0, then the constant a2 in equations (4.2.38) and
(4.2.40) is vanished and (4.2.40) takes a form

ρ(b1 − d1)uS(gg′′ − g′2) + (b1 − d1)gg′ = 0.

We divide the equation over (b1 − d1) 6= 0, take into account that
α = ρuS and get

α(gg′′ − g′2) + gg′ = 0.

The variable α can not be equal to zero as gg′ 6= 0, then we can get a
solution

g(α) = c2α
c1 , c1, c2 − const. (4.2.48)

There is no contradiction between the equation (4.2.48) and the con-
straints listed in Chapter 4.1. As previously, cases c1 = 0 and c2 = 0 are
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excluded (details were described in Chapter 4.1). As a result, for the
function g(α), satisfying the constraint (4.2.48), we have the following
coefficients of the infinitesimal generator V

ξ = d1S, (4.2.49)

ϕ = b1u+ b2, (4.2.50)

τ = const. (4.2.51)

4. If b1 6= d1 and a2 6= 0. It follows then that the first term of the equation
(4.2.40) is not equal to zero, i.e.

a2 + (b1 − d1)uS 6= 0.

It means that we can reformulate the equation (4.2.40) to

gg′′ − g′2

gg′
=

d1 − b1

ρ(a2 + (b1 − d1)uS)
,

g(α) = c2a2

(
ρ+ α

(b1 − d1)

a2

) c1
(b1−d1)

. (4.2.52)

The coefficients b1 and d1 do not appear in the equation (4.2.40) in-
dependently, they enter as a difference. Moreover it can be seen that
the coefficients come as d1−b1

a2
. Therefore we can denote d1 − b1 = ka2

and obtain that b1 = d1 − ka2. After such denotation we obtain the
following coefficients of the infinitesimal generator V of the type (4.2.7)

ξ = d1S, (4.2.53)

ϕ = a2S + (d1 − ka2)u+ b2, (4.2.54)

τ = const, (4.2.55)

where we have a condition on the type of the function g, which now
takes the form

g(α) = c2a2ρ

(
1− αk

ρ

)− c1
ka2

. (4.2.56)

Theorem 4.2.1 1. For the function g of the general type, i.e. if there
are no other conditions on the function g(ρuS), except those that were
listed in Chapter 4.1, the Schönbucher–Wilmott equation

ut +
1

2

σ2S2uSS(
1− ρg′(ρuS)

g(ρuS)
SuSS

)2 = 0 (4.2.57)
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admits a three dimensional Lie algebra L3 with the following infinites-
imal generators

U1 = S
∂

∂S
+ u

∂

∂u
,

U2 =
∂

∂u
, (4.2.58)

U3 =
∂

∂t
.

The Lie algebra L3 possesses the following nonzero commutator relation

[U1, U2] = −U2.

The general type of the function g(α) > 0 corresponds to the utility

function U
(

1
g(α)

)
= 1− α.

2. For the function g(ρuS) of the type g(α) = c2e
c1α, (α = ρuS) the

Schönbucher–Wilmott equation takes the following form

ut +
1

2

σ2S2uSS

(1− ρc1SuSS)2 = 0. (4.2.59)

This type of the function g(α) corresponds to the utility function

U(x) =
1

c1

lnx+
1

c1

c2 + 1, x > 0, c1 6= 0.

Equation (4.2.59) admits a four dimensional Lie algebra L1
4 with the

following infinitesimal generators

U1 = S
∂

∂S
+ u

∂

∂u
,

U2 = S
∂

∂u
, (4.2.60)

U3 =
∂

∂u
,

U4 =
∂

∂t
.

The Lie algebra L1
4 possesses the following nonzero commutator relation

[U2, U3] = −U3.

The equation (4.2.59) was first derived in [4] and it was already ana-
lyzed using the Lie group theory by Bordag in [6] and by Bordag and
Chmakova in [8]. Thus, in further analysis we will not consider this
special case of the function g(ρuS).
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3. For the function g(α) = c2α
c1 , (α = ρuS) the Schönbucher–Wilmott

equation takes the form

ut +
1

2

σ2S2uSSu
2
S

(uS − c1SuSS)2
= 0. (4.2.61)

This type of the function g(α) corresponds to the utility function

U(x) = −(c2x)
− 1
c1 + 1, x, c1, c2 6= 0.

Equation (4.2.61) admits a four dimensional Lie algebra L2
4 with the

following infinitesimal generators

U1 = S
∂

∂S
,

U2 = u
∂

∂u
, (4.2.62)

U3 =
∂

∂u
,

U4 =
∂

∂t
.

The Lie algebra L2
4 possesses the following nonzero commutator relation

[U1, U3] = −U3.

4. For the function g(α) = c2(1 − α)
− 1
c1 , (α = ρuS) the Schönbucher–

Wilmott equation takes a form

ut +
1

2

σ2S2uSS(1− kuS)2

(1− kuS + c2kSuSS)2 = 0. (4.2.63)

Equation (4.2.63) admits a four dimensional Lie algebra L3
4 with the

following infinitesimal generators

U1 = S
∂

∂S
+ u

∂

∂u
,

U2 = (S − ku)
∂

∂u
, (4.2.64)

U3 =
∂

∂u
,

U4 =
∂

∂t
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This type of the function g(α) corresponds to the utility function

U(x) = (c2x)c1 , x, c1, c2 6= 0.

Lie algebra L3
4 possesses the following nonzero commutator relations

[U1, U3] = −U3, [U2, U3] = −kU3.

This type of the equation is also known. It is called a Sircar–Papnicolaou
equation (see [3]) and it was considered in the view of the Lie group
theory in [7] and [9]. So this particular type of the function g(ρuS) also
will be not investigated further.
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4.3 The utility functions related to the main

equation

In our analysis arises four types of the utility function (Definition see A.0.3),
which admits reacher symmetry groups. They were listed in the Theorem
4.2.1. Let us verify whether the founded functions U(x) satisfy the conditions
on the utility function or not.

1. The general type of the function g(α) > 0 related to the utility function

U(x) defined by the equation U
(

1
g(α)

)
= 1−α. We set that the function

U acts on the R+. Therefore g(α) > 0.

2. The second type of the function g(α), i.e. g(α) = c2e
c1α corresponds to

the utility function

U(x) =
1

c1

lnx+
1

c1

c2 + 1, c1 6= 0.

As the utility function acting on (0,+∞), the function g(α) = c2e
c1α

should be positive, i.e. the coefficient c2 should be strictly positive
c2 > 0. According to the Definition A.0.3 the utility function should
be nondecreasing, then c1 > 0. U ′ = 1

c1x
is continuous, positive and

strictly decreasing if x > 0, c1 > 0. Inada condition is also holds

U ′(∞) = lim
x→∞

U ′(x) = lim
x→∞

1

c1x
= 0.

3. The third type of the function g(α), i.e. g(α) = c2α
c1 corresponds to

the utility function

U(x) = −(c2x)
− 1
c1 + 1.

As the utility function acting on (0,+∞), the function g(α) = c2α
c1

should be positive, i.e. the coefficient c2 should be strictly positive
c2 > 0 if α−c1 > 0 and strictly negative c2 < 0 if α−c1 < 0. The Inada
condition is valid for the function U(x) if c1 > −1

U ′(∞) = lim
x→∞

U ′(x) = lim
x→∞

1

c1c
1/c1
2 x1/c1+1

= 0 ⇔ 1

c1

+1 > 0 (⇒ c1 > −1).

The derivative U ′ will be continuous, positive and strictly decreasing if
x > 0, c2 > 0, c1 > 0.
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4. The last type of the function g(α), i.e. g(α) = c2(1−α)
− 1
c1 corresponds

to the utility function
U(x) = (c2x)c1 .

The utility function acts on (0,+∞), then the function g(α) = c2(1−
α)−1/c1 should be positive, i.e. the coefficient c2 should be strictly
positive c2 > 0 when (1−α)−1/c1 > 0 and strictly negative c2 < 0 when
(1− α)−1/c1 < 0. The Inada condition induces

U ′(∞) = lim
x→∞

U ′(x) = lim
x→∞

c1c
c1
2 x

c1−1 = 0 ⇔ c1 − 1 < 0 (⇒ c1 < 1).

The derivative of the utility function is continuous, positive and strictly
decreasing in two cases

− if x > 0, 0 < c1 < 1, c2 > 0;

− or if x > 0, c2 < 0, c1 ∈ Z−.
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Chapter 5

An optimal system of
subalgebras

Let us recall that we are studying the Schönbucher–Wilmott equation

∆ = ut +
κS2uSS(

1− ρgα(ρuS)
g(ρuS)

SuSS

)2 = 0. (5.0.1)

In the previous Chapter 4 we obtained the Lie algebras of dimensions three
(4.2.58) and four (4.2.60), (4.2.62), (4.2.64) admitted by the examined equa-
tion (2.1.4) for special forms of the function g(ρuS). The next step will
be to find the non similar subalgebras, since to every class of similar sub-
algebras (for Definition see A.0.10) corresponds a class of solutions of the
equation. Because the linear combination of infinitesimal generators is also
an infinitesimal generator, there always exists infinitely many different sub-
algebras. Therefore a question arises how to find the list of them, which are
not equivalent to each other.

In 1982 in [14] Ovsiannikov introduced the so-called optimal system of
subalgebras and proposed an algorithm of its determining.

Definition 5.0.1 ([14],p.187) The union of the representatives of similar
algebra classes of given dimensionality r (one from every class) is called the
optimal system of subalgebras of dimension r.

Using the algorithm introduced in [14] we can find an optimal system
of non similar subalgebras. All subalgebras of the algebra are equivalent
to one of the subalgebras of the optimal system of subalgebras under some
automorphism of the algebra. The determined optimal system is not unique.

Our equation has two independent variables and is of the second order
that is why for the reduction to some ODEs we need mostly subalgebras of

41
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dimensions one. Using the main ideas suggested by Ovsiannikov in 1977 Pa-
tera and Winternitz classified all solvable subalgebras of the real Lie algebras
of low dimensions [13]. We use their results for the verification of the optimal
systems of subalgebras, which we describe below.

In our paper we follow a little different technique, used as well by Patera
and Winternitz, that was introduced by Olver in [10]. In contrast to Ovsian-
nikov who used the matrix of the adjoint representations, Olver suggested
to construct the so-called table of adjoint representation. Some examples of
calculations of optimal systems can be found also in [11].

In previous Chapter 4 we found symmetry algebras which admits the
Schönbucher–Wilmott equation under different assumptions. All algebras
were divided into four classes (4.2.58)–(4.2.64) according to the type of the
function g(ρuS). The algebras were listed in Theorem 4.2.1. At first we study
the algebra for the general type of the function g(ρuS). It is an algebra of
the dimension three which was denoted as L3.

We recall also that algebras L1
4 and L3

4 were already analyzed using the
Lie group theory in [6], [8], [9]. Therefore they will not be analyzed here.

5.1 The optimal system of subalgebras of the

Lie algebra L3

The generators of L3 are the following

U1 = S
∂

∂S
+ u

∂

∂u
, U2 =

∂

∂u
, U3 =

∂

∂t

with the nontrivial commutator relation [U1, U2] = −U2.
Let us introduce an algebra L′3 with operators

e1 = U1, e2 = −U2, e3 = U3.

The new notations are more convenient to compare the obtained optimal
system with the one which is founded in [13]. The algebra L′3 could be de-
composed in the following way L′3 = A2⊕A1 with the nontrivial commutator
relation [e1, e2] = e2, where A2 = {e1, e2} and A1 = {e3} is spanned by the
central element e3. This semidirect sum allows us to simplify technique that
is used for founding subalgebras of low dimensional Lie algebras. Here and
further we use notations introduced by Patera and Winternitz in [13]. Let Ln
and L′n be n–dimensional Lie algebras, An be an n–dimensional subalgebra.

The authors of [13] looked for the non similar subalgebras using the step-
by-step procedure. We use the same algorithm to find subalgebras of the
algebra L3.
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Step 1. All the subalgebras of the factor–algebra L′3/L2 = {e3} are ob-
viously {e3} and {0}, where L2 = A2 = {e1, e2}.

Step 2. All the subalgebras of L2 can be found using either Baker–
Campbell–Hausdorf formula (see Definition A.0.14) or, more simply, using
the adjoint representation expansion

Ad(eεv)w = w − ε[v, w] +
ε2

2
[v, [v, w]]− ... (5.1.2)

Ad e1 e2 e3

e1 e1 e2e
−ε e3

e2 e1 + εe2 e2 e3

e3 e1 e2 e3

Table 5.1: The adjoint representation table for the algebra L′3 with the (i,j)–
th entry indicating Ad(eεvi)vj.

There exist one– and two–dimensional subalgebras of L2. In a one–
dimensional case we take a nonzero vector field A = a1e1 + a2e2 where a1, a2

are constants such that |a1|+ |a2| 6= 0.
Suppose first that a1 6= 0. Acting by the adjoint representation Ad(eξe2)

on A, we can cancel the coefficient by e2

Ad(eξe2)A = a1e1 + (a1ξ + a2)e2.

Choosing ξ = −a2

a1
, we obtain that A is isomorphic to {e1}. If a1 = 0 than A

is isomorphic to {e2}. Collecting the previous investigations we obtain that
the optimal system of the one–dimensional subalgebras of L2 is spanned by
the vector fileds

{0} , {e1} , {e2} . (5.1.3)

There is only one two–dimensional subalgebra of L2 because the algebra L2

is of the second order
{e1, e2} . (5.1.4)

Step 3. The splitting extensions of the algebra (see Definition A.0.17)
{e3} can be found requiring [e3, Na] = λNa, where Na is a subalgebra of L2

with an e3 normalizer (for Definition of normalizer see A.0.11). As soon as e3

is a central element it is obviously that Na is running over the all subalgebras
of L2. Thus we add to the previous subalgebras (5.1.3), (5.1.4)

{e3} , {e1, e3} , {e2, e3} , {e1, e2, e3} . (5.1.5)



44 Chapter 5. An optimal system of subalgebras

Step 4. All subalgebras of L′3 which are not in L2 and does not similar
to e3 can be represented in the following way{

e3 +
∑
i

aiei, Na

}
,

where Na is running over the subalgebras of L2. Let us denote A = e3+a1e1+
a2e2 and take as Na the trivial subalgebra {0}. As e3 is central element, the
procedure at that step coincide with the one we made at Step 2. For this
case we obtain two one–dimensional subalgebras

{e3 + a1e1} , {e3 + a2e2} . (5.1.6)

We also obtain here the subalgebra {e3}. But it already had been found at
Step 1. Further if we get an algebra which was founded before, we would not
write it. Acting on the vector {e3 + a2e2} by Ad(eξe1) and choosing ξ = ln|a2|
we obtain the isomorphic to {e3 + a2e2} vector field

{e3 ± e2} . (5.1.7)

Further we act in the same way to all subalgebras obtained in Step 2 and
succeed following algebras

{e1, e2 ± e3} , {e2, e1 + a1e3} . (5.1.8)

Collecting all the obtained subalgebras, i.e. (5.1.3)–(5.1.8) and moving
back from L′3 to the algebra L3, we get a following proposition. Here and
further the maximal subalgebras are pointed out by ordinary brackets, e.g.
(U1, U3).

Proposition 5.1.1 The optimal system of the algebra L3 generates by the
following operators

Dimension of Subalgebras
the subalgebra
1 {U2} , {U1 cosϕ+ U3 sinϕ} , {U2 + εU3} .
2 (U2, U3), (U1, U3), (U1 + xU3, U2).

Table 5.2: The optimal system of subalgebras of the algebra L3, where x ∈
R, 0 ≤ φ ≤ π, ε = ±1.
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5.2 The optimal system of subalgebras of the

Lie algebra L2
4

Let us consider the algebra L2
4 of dimension four which is admitted by the

equation (4.2.61). It was obtained in Chapter 4 and listed in the Theo-
rem 4.2.1. The algebra L2

4 is spanned by operators

U1 = S
∂

∂S
, U2 = u

∂

∂u
, U3 =

∂

∂u
, U4 =

∂

∂t
.

We introduce following notations for the algebra L2
4

e1 = U2, e2 = −U3, e3 = U1, e4 = U4 (5.2.9)

and denote the obtained algebra by L′4. We have then L′4 = A2 ⊕ 2A1 with
the nontrivial commutator relation [e1, e2] = e2.

Step 1. As in previous case we separate the central element e4. All the
subalgebras of the factor–algebra L′4/L

′
3 = {e4} are obviously {e4} and {0}.

Steps 2-4. All the subalgebras of L′3 were found in Section 5.1. Making
the same steps which had been done for the three–dimensional Lie algebra
in Steps 3 and 4 and making the substitutions inverse to (5.2.9), we obtain
the following proposition.

Proposition 5.2.1 The optimal system of the algebra L2
4 generates by the

following operators

Dimension of Subalgebras
the subalgebra
1 {U3} , {U1 cosφ+ U4 sinφ} , {U2 + x(U1 cosφ+ U4 sinφ)} ,

{U3 + ε(U1 cosφ+ U4 sinφ)}
2 {U2 + x(U1 cosφ+ U4 sinφ), U3} ,

{U2 + x(U1 cosφ+ U4 sinφ), U1 sinφ− U4 cosφ} ,
{U1, U4} , {U3 + ε(U1 cosφ+ U4 sinφ), U1 sinφ− U4 cosφ} ,
{U3, U1 sinφ− U4 cosφ)}

3 (U2, U1, U4), (U3, U1, U4),
(U2 + x(U1 cosφ+ U4 sinφ), U1 sinφ− U4 cosφ, U3)

Table 5.3: The optimal system of subalgebras of the algebra L2
4 (4.2.62),

where x ∈ R, 0 ≤ φ ≤ π, ε = ±1.
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Chapter 6

The Lie group invariants and
reductions of the main equation

Previously we divided all possible cases of the Schönbucher–Wilmott equation
into four classes according to the type of the function g(ρuS). For every
type of the function g(ρuS) there was obtained a corresponding form of the
analyzed equation. Two cases were already investigated in [6], [8], [9]. For the
remaining two types of symmetry algebras we have found the optimal systems
in Chapter 5. These optimal systems allow us to describe the complete set
of invariant solutions (see Definition 3.3.1) of the corresponding equation. In
this chapter we do invariant reductions of the equations (4.2.57) and (4.2.61)
by using their optimal systems.

6.1 Invariant reductions of the main equation

The Lie algebra L3 arises in the case of the general type of the function
g(ρuS). It means that the Schönbucher–Wilmott equation is of the general
type

ut +
κS2uSS(

1− ρgα(ρuS)
g(ρuS)

SuSS

)2 = 0, α = ρuS, ρ,κ ∈ R+, κ = σ2/2. (6.1.1)

The three non similar subalgebras of dimension one were obtained in Chapter
5.1. They corresponds to the one-dimensional non conjuagte subgroups. The
subalgebras were listed in the Table 5.2. We use them below for the reduction
of the equation (6.1.1) to an ordinary differential equations.

1. The first subalgebra of dimension one is spanned by the generator

U =
∂

∂u
. (6.1.2)
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It generates the so-called local gauge symmetry group. The symmetry
does not lead to any invariant reductions of the equation (6.1.1), but it
can be used to modify the existing solutions. So, if we add an arbitrary
constant to a solution it will also be a solution of the same equation.

2. Let us take the next one–dimensional subalgebra of the Lie algebra L3

spanned by the generator

U =
∂

∂u
+ ε

∂

∂t
, ε = ±1. (6.1.3)

The Lie equations (see Definition 3.3.5) in this case have the following
form

dS

0
=
dt

ε
=
du

1
.

Solving this system we obtain two invariants

inv1 = S, inv2 = u− εt.

We take one of them, e.g. inv1 as an independent variable z and the
second one as a dependent variable W (z). Differentiating over the t
once and over the S once and twice we get accordingly ut = ε, uS =
W ′, uSS = W ′′. Inserting it in the Schönbucher–Wilmott equation
(6.1.1), we get an ODE of the second order

ε+
κz2W ′′

(1− ρzW ′′ gα(ρW ′)
g(ρW ′)

)2
= 0, α = ρW ′.

This equation can be reduced to the first order ODE by introducing
the variable Y = W ′

ε+
κz2Y ′

(1− z(ln g(ρY ))′)2
= 0. (6.1.4)

3. The third subalgebra of the dimension one in the Table 5.2 is spanned
by the generator

U =

(
S
∂

∂S
+ u

∂

∂u

)
cosφ+

∂

∂t
sinφ, 0 ≤ φ ≤ π. (6.1.5)

We obtain the invariants of the corresponding Lie group by solving the
system

dS

S cosφ
=

dt

sinφ
=

du

u cosφ
.
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Two invariants can be found from the Lie equations

inv1 = lnS − cotφt, inv2 =
u

S
. (6.1.6)

We take the first of them as an independent variable z, while the sec-
ond as a dependent variable W (z). Using these invariants we reduce
the main equation to an ODE of the second order, which after the
substitution W ′ = Y is reduced to the first order ODE

Y cotφ− κ(Y ′ + Y )

(1− (ln g(Y ′ + Y ))′)2
= 0. (6.1.7)

We have finished the study of all invariant reductions to the equation
(6.1.1) provided by the one–dimensional subalgebras in the Table 5.2.

6.2 Invariant reductions of the main equation

in case g(α) = c2α
c1

The algebra L2
4 arises in the special case of the function g(ρuS) : g(α) =

c2α
c1 , c1, c2−const. The Schönbucher–Wilmott equation for this type of the

function g(ρuS) takes a form

ut +
κS2uSS(

1− c1S
uSS
uS

)2 = 0, c1 ∈ R, κ ∈ R+, κ = σ2/2. (6.2.8)

In the Chapter 5.2 for the algebra L2
4 there were obtained four non similar

subalgebras of the dimension one. They corresponds to the one-dimensional
non conjugate subgroups. The subalgebras were listed in the Table 5.3. Now
we want to check whether it is possible to use subalgebras that have been
found for the reduction of (6.2.8) to ODEs or not.

1. As we have already noticed the subalgebra, which generates the local
evolutionary (gauge) group,

U =
∂

∂u
(6.2.9)

does not give rise to any reduction of the main PDE. It can be used to
modify the existing solutions, i.e. if we add an arbitrary constant to a
solution it will also be a solution of the same equation.
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2. Let us take the subalgebra

U = S cosφ
∂

∂S
+ sinφ

∂

∂t
, 0 ≤ φ ≤ π. (6.2.10)

The Lie equations have the form

dS

S cosφ
=

dt

sinφ
=
du

0
.

Taking as invariants the following expressions

inv1 = lnS − t cotφ = z, inv2 = u = W (z),

we obtain the second order nonlinear ODE

W ′ cotφ− κ(W ′′ −W ′)W ′2

(W ′(c1 + 1)− c1W ′′)2
= 0. (6.2.11)

After the substitution W ′ = Y this equation can be reduced to the
ODE of the type

Y cotφ− κ(Y ′ − Y )Y 2

(Y (c1 + 1)− c1Y ′)2
= 0. (6.2.12)

It is an ODE of the first order and its solution can be written as

W ′ = Y = cez/k,

k = k1,2 =
2c1(c1 + 1) + κ tanφ±

√
4c1κ tanφ+ κ2 tan2 φ

2c2
1

.

Going back to the old variables, we get the solution of the Schönbucher–
Wilmott equation (6.2.8) in the form

u(S, t) = d1S
1/ke

− cotφ
k

t + d2, d1, d2 − const. (6.2.13)

The pictures of the solution with different values of the parameter k:
k = k1 and k = k2 are presented in Figure 6.1.

3. The third one–dimensional subalgebra in Table 5.3 is spanned by the
generator

U = u
∂

∂u
+ x(S cosφ

∂

∂S
+ sinφ

∂

∂t
), 0 ≤ φ ≤ π, x ∈ R. (6.2.14)
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Figure 6.1: Plot of the explicit solution u(S, t) (6.2.13) which arises in the

Case 2, i.e. u(S, t) = d1S
1/ke

− cotφ
k

t + d2, k = k2 = 1.81, with parameters
φ = π

3.1
,κ = (

√
0.4)2/2, c1 = 0.6, d1 = 20, d2 = 0, and k = k1 = 2.99 with

parameters φ = π
33.1

,κ = (
√

0.4)2/2, c1 = 0.6, d1 = 20, d2 = 0.
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If the coefficient x = 0, then the operator U coincides with the (6.2.9),
otherwise we have

dS

Sx cosφ
=

dt

x sinφ
=
du

u
.

As the invariants of the corresponding group we took the following
expressions

inv1 = lnS − t cotφ = z, inv2 = lnu− t

x sinφ
= W (z).

We take the invariants z and W (z) as new variables and reduce the
PDE equation (6.2.8) to a second order ODE

− cotφW ′ +
1

x sinφ
+

κ(W ′′ −W ′ +W ′2)W ′2

((W ′(c1 + 1)− c1W ′′ − c1W ′2)2
= 0. (6.2.15)

Using the substitution W ′ = Y , we can reduce this equation to the first
order ODE

1

x sinφ
− Y cotφ+

κ(Y ′ − Y + Y 2)Y 2

(Y (c1 + 1)− c1Y ′ − c1Y 2)2
= 0. (6.2.16)

Correspondingly

Y ′1,2 =
Y (a1 + a2Y + a3Y

2 ±
√
b1Y + b2Y 2)

r1 + r2Y
, where

a1 = 2c1(c1 + 1),

a2 = −(2c2
1 + 2xc1(c1 + 1) cosφ+ κx sinφ),

a3 = 2c2
1x cosφ,

b1 = −4c1κx sinφ,

b2 = κ2x2 sin2 φ+ 4c1x
2κ cosφ sinφ,

r1 = 2c2
1, r2 = −2c2

1x cosφ.

4. Let us take the fourth one–dimensional subalgebra in Table 5.3, which
is spanned by the operator

U =
∂

∂u
+ ε(S

∂

∂S
cosφ+

∂

∂t
sinφ), 0 ≤ φ ≤ π, ε = ±1 (6.2.17)

and find invariants of the corresponding Lie group. The Lie equations
are

dS

εS cosφ
=

dt

ε sinφ
=
du

1
.
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Taking as invariants the expressions

inv1 = lnS − t cotφ = z, inv2 = u− t

ε sinφ
= W (z),

we obtain the following ODE of the second order

1

ε sinφ
−W ′ cotφ+

κ(W ′′ −W ′)W ′2

(W ′(c1 + 1)− c1W ′′)2
= 0. (6.2.18)

Making the substitution W ′ = Y , we get the ODE of the first order

1

ε sinφ
− Y cotφ+

κ(Y ′ − Y )Y 2

(Y (c1 + 1)− c1Y ′)2
= 0. (6.2.19)

Then it follows that

Y ′1,2 =
Y (a1 + a2Y ±

√
b1Y + b2Y 2)

r1 + r2Y
, where

a1 = 2c1(c1 + 1), a2 = −2c1(c1 + 1)ε cosφ− κε sinφ,

b1 = −4c1κε sinφ, b2 = κ2 sin2 φ+ 4c1κ sinφ cosφ,

r1 = 2c2
1, r2 = −2c2

1ε cosφ.

We solve these equations by the aid of the Mathematica program and
obtain

z =
c1 lnY
1 + c1

−
c1 ln

(
−(1 + c1)2 + (1 + c1)2εY cosφ+ εκY sinφ

)
1 + c1

±∣∣∣ c1−1
c1+1 sinφ

∣∣∣κ ln
(
−(1 + c1)2 + (1 + c1)2εY cosφ+ εκY sinφ

)
2((1 + c1)2 cosφ+ κ sinφ)

+

(2c1(1 + c1) cosφ+ κ sinφ) ln(−(1 + c1)2 + (1 + c1)2εY cosφ+ εκY sinφ)
2((1 + c1)2 cosφ+ κ sinφ)

∓∣∣∣ c1−1
c1+1 sinφ

∣∣∣κ
2((1 + c1)2 cosφ+ κ sinφ)

ln(εκ2Y + c2
1εκ2Y − (1 + c2

1)εκ2Y cos 2φ−

4c1(1 + c1)2κ sinφ+ 2κ|(c2
1 − 1) sinφ|

√
εκY sinφ(−4c1 + 4c1εY cosφ+ εκY sinφ) +

2c1εκY sin 2φ+ 4c2
1εκY sin 2φ+ 2c3

1εκY sin 2φ)±√
κ sinφ(4c1 cosφ+ κ sinφ)

2ε((1 + c1)2 cosφ+ κ sinφ)
ln(κ2Y − κ2Y cos 2φ− 4c1εκ sinφ+ 4c1κY sin 2φ+

2κ| sinφ|
√

(4c1 cosφ+ κ sinφ)εY (−4c1 + 4c1εY cosφ+ εκY sinφ)).

The plot of this solution is given in the Picture (6.2).
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Figure 6.2: Plot of the solution of the equation (6.2.19) which arises in the
Case 4 with coefficients c1 = 10, ε = 1, φ = π/4,κ = 10.



Chapter 7

Conclusion

In this paper we have considered the model proposed by Schönbucher and
Wilmott for an illiquid market, which gave rise to a partial differential equa-
tion (2.1.3). It is a nonlinear PDE which was first introduced in the article
[2]. Applying the theory, which was introduced by S.Lie in 1896 and devel-
oped further in [10], [11], [14] and [15], we were looking for invariant solutions
of the Schönbucher–Wilmott equation. The equation contains an unknown

function g(ρuS) which is related to the utility function U
(

1
g(α)

)
= 1 − α.

According to the type of the function g(ρuS), we were analyzing four differ-
ent cases, two of which were previously investigated in [8], [6], [7] and [9].
All steps of founding the algebra of the main equation was proved using the
Mathematica.

We concentrated only on two new cases: on a special case g(α) = c2α
c1 , (α =

ρuS) and on g(ρuS) of the general type. For the function g(α) = c2α
c1 the

Schönbucher–Wilmott equation

ut +
κS2uSS(

1− ρgα(ρuS)
g(ρuS)

SuSS

)2 = 0, α = ρuS, ρ,κ ∈ R+, κ = σ2/2, (7.0.1)

turns into the equation

ut +
κS2uSS(

1− c1S
uSS
uS

)2 = 0, c1 ∈ R, κ ∈ R+, κ = σ2/2. (7.0.2)

The special case, equation (7.0.2). On the first step we were looking
for the optimal system of subalgebras for the symmetry algebras. We ob-
tained four one–dimensional subalgebras of the Lie algebra (4.2.62), which
are non similar to each other. Using the optimal system of subalgebras one
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can find the invariants of the corresponding non conjugate subgroups. One
subalgebra is spanned by the gauge symmetry operator and does not induced
reductions of the original equation. The second subalgebra from the optimal
system of non similar one–dimensional subalgebras leads to the invariants

inv1 = lnS − t cotφ = z, inv2 = u = W (z),

which reduced the PDE (4.2.61) to the ODE

Y cotφ− κ(Y ′ − Y )Y 2

(Y (c1 + 1)− c1Y ′)2
= 0, W ′ = Y.

This first order ODE has a solution, which gives rise to the solution of the
equation (4.2.61)

u(S, t) = d1S
1/ke

− cotφ
k

t + d2, (7.0.3)

d1, d2, c1 ∈ R,κ =
σ2

2
, 0 ≤ φ ≤ π,

k =
1

2c2
1

(
2c1(c1 + 1) + κ tanφ±

√
4c1κ tanφ+ κ2 tan2 φ

)
.

The third one–dimensional subalgebra from Table 5.3 leads to invariants

inv1 = lnS − t cotφ = z, inv2 = lnu− t

x sinφ
= W (z).

Using the corresponding symmetry group we reduce the PDE (4.2.61) to the
ODE

1

x sinφ
− Y cotφ+

κ(Y ′ − Y + Y 2)Y 2

(Y (c1 + 1)− c1Y ′ − c1Y 2)2
= 0, W ′ = Y,

κ =
σ2

2
, 0 ≤ φ ≤ π, x, c1 ∈ R.

The fourth one–dimensional subalgebra from the Table 5.3 leads to the
invariants

inv1 = lnS − t cotφ = z, inv2 = u− t

ε sinφ
= W (z).

Using the corresponding symmetry group we reduce the PDE (4.2.61) to the
ODE

1

ε sinφ
− Y cotφ+

κ(Y ′ − Y )Y 2

(Y (c1 + 1)− c1Y ′)2
= 0, W ′ = Y,

κ =
σ2

2
, 0 ≤ φ ≤ π, σ, c1 ∈ R, ε = ±1.
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General case, equation (7.0.1). The optimal system for the main
equation in case of the general type of the function g(ρuS) has three one–
dimensional non similar subalgebras. One of them does not lead us to any
reduction. The second subalgebra from the Table 5.2 induces the invariants

inv1 = S, inv2 = u− tε,

which allow us to reduce the main equation to the ODE

ε+
κz2Y ′

(1− z(ln g(ρY ))′)2
= 0, W ′ = Y, κ =

σ2

2
, σ, ρ ∈ R, ε = ±1.

Finally, we took the third subalgebra in Table 5.2. It leads to the invariants

inv1 = lnS − cotφt, inv2 =
u

S
,

which we use to reduce the main equation to the first order ODE

Y cotφ− κ(Y ′ + Y )

(1− (ln g(Y ′ + Y ))′)2
= 0, W ′ = Y, κ =

σ2

2
, σ ∈ R, 0 ≤ φ ≤ π.

We described all invariant reductions of the PDEs (4.2.61), (4.2.57) to
the corresponding ODEs (6.1.4), (6.1.6), (6.2.12), (6.2.11), (6.2.15), (6.2.18).
Solutions of the ODEs gave rise to the invariant solutions of the main equa-
tion.

To the equation (7.0.2) we were able to find the exact solution (7.0.3) and
present it graphically in Figure 6.1.
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Notations

Pϑ = (Pϑt )0≤t≤T = P (ϑ, t) the asset prices in the paper of Bank and Baum

P(θt, t) = Pθtt the asset prices in a time–varying case of strategy

in the paper of Bank and Baum

ϑ ∈ R number of shares which were held by the large investor

t ∈ R+ time

T the length of the time interval

θ = (θt)0≤t≤T the time–varying strategy of the large investor

βθ the bank account value of the large investor

W θ
t the book value of the portfolio

Ṽ θ
t the block liquidation value

L(ϑ, t) the income from a single block liquidation

V θ
t the real wealth

H the contingent claim

Π(H) the superreplication price of a contingent claim H

St the asset price in the general case

Bt the price of a risk–free bond

Wt the Brownian motion

f (S, t) the dynamic trading strategy of a large investor

X (S,W, t) the excess demand

D(S,W, t) the demand

S(S,W, t) the supply
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Appendix A

Glossary (mathematics)

Definition A.0.1 A continuous semimartingale is a real valued process
that can be decomposed as the sum of a continuous local martingale and an
adapted continuous finite-variation process.

Definition A.0.2 Ito’s formula for the diffusion process dXt = µtdt +
σtdWt states the following

df(t,Xt) = (ft(t,Xt) + µtf
′(t,Xt) +

1

2
σ2
t f
′′(t,Xt))dt+ f ′(t,Xt)σtdWt.

Proposition A.0.1 Let Xt be a time–homogeneous Itô diffusion process.
Assume that f ∈ C2((R)). Then

u(x, t) = Ex[f(XT )] = E[f(XT )|Xt = x] (A.0.1)

is a solution to

∂u

∂t
+ µ(x, t)

∂u

∂x
+

1

2
σ2(x, t)

∂2u

∂x2
= 0, u(x, T ) = f(x). (A.0.2)

Moreover, if v ∈ C1,2(Rd × [0, T ]) is a bounded solution to (A.0.2), then
v(x, t) = u(x, t), given by A.0.1).

Definition A.0.3 ([12], p.94) A utility function is a concave, nonde-
creasing, upper semicontinuous function U : R→ [−∞,∞) satisfying

(i) the half–line {x ∈ R;U(x) > −∞} is a nonempty subset of [0,∞);

(ii) U ′ is continuous, positive and strictly decreasing on the half–line from
(i) and

U ′(∞) = lim
x→∞

U ′(x) = 0.
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Definition A.0.4 ([10], p.3) 3-dimensional manifold is a set M to-
gether with a countable collection of subsets Uα ⊂ M , called coordinate
charts, and one-to-one functions χα : Uα → Vα onto connected open subsets
Vα ⊂ R3, which satisfied

(i) The coordinate charts cover M, i.e.
⋃
α

Uα = M,

(ii) On the overlap of any pair of coordinate charts Uα, Uβ the composite
is smooth

χβ ◦ χ−1
α : χα(Uα ∩ Uβ)→ χβ(Uα ∩ Uβ),

(iii) If x ∈ Uα, x̄ ∈ Uβ are distinct points of M , then it follows that there
exist open subsets W ⊂ Vα and V̄ ⊂ Vβ with χα(x) ∈ W and χβ(x̄) ∈ W̄
which satisfied the following property

χ−1
α (W ) ∩ χ−1

β (W̄ ) = ∅.

Definition A.0.5 The manifold is called smooth if all the functions χα
in Definition A.0.4 are smooth.

Definition A.0.6 ([10], p.13) A topological space is connected if it cannot
be written as a disjoint union of two open sets.

Proposition A.0.2 ([10], p.13) Blanket Hypothesis. Unless explicitly
stated otherwise, all manifolds are assumed to be connected.

Definition A.0.7 A non-empty set G with one algebraic operation is called
a group if the following conditions are satisfied

− the operation in G is associative,

− the inverse operation can be performed in G.

Proposition A.0.3 ([10],p.200) Let H and H̃ be connected, s–dimensional
Lie subgroups of the group G with corresponding Lie subalgebras h and h̃ of
the Lie algebra g of G. Then H̃ = gHg−1 are conjugate subgroups if and
only if h̃ = Ad g(h)

Definition A.0.8 ([10], p.151) A Lie algebra g is called abelian (or com-
mutative) algebra if [v, w] = 0 for all v, w ∈ g

Definition A.0.9 ([10], p.46) A subalgebra h of a Lie algebra g is a vector
space which is closed under the Lie bracket, i.e. [v, w] ∈ h whenever v, w ∈ h.
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Definition A.0.10 ([14], p.187) The subalgebras N and M of the Lie al-
gebra L are called similar if there is an inner automorphism (see Definition
A.0.16) A ∈ Int L such that A(N)=M.

To each optimal system of non conjugate subgroups there corresponds a sys-
tem of pairwise non similar subalgebras. It seems that the terms ”similar”
and ”conjugate” are used widely. Some of the authors use ”conjugate” for
both the subalgebras and subgroups, someone use ”similar” for both subalge-
bras and subgroups, others use the terms ”similar subgroups” and ”conjugate
subalgebras”. We use in the paper the fourth case: we say ”similar” to sub-
algebras and ”conjugate” to subgroups.

Definition A.0.11 ([18],p.xv) The normalizer of a subset S of group G
is the subgroup NorG(S) = {x ∈ G|x−1Sx = S}.

Definition A.0.12 ([10],p.151) Let G be a Lie group with Lie algebra g.
Then g is solvable if there exists a chain of ideals

g(0) ⊂ g(1) ⊂ ... ⊂ g(l),

such that for every k = 1 . . . l, dim g(k) = k and g(k−1) is an ideal of g(k), i.e.
[g(k−1), g(k)] ⊂ g(k−1).

Definition A.0.13 The element v ∈ g is called central if [u, v] = 0 for
any u ∈ g. The union of all central elements is called the center of the Lie
algebra g.

Definition A.0.14 ([16],p.48) The Baker–Campbell–Hausdorf formula
(BCH) is a formula for an exponent eaxye−ax in terms of commutators of
x and y. The first view terms of the expansion are

eaxye−ax = y + a[x, y] +
a2

2!
[x, [x, y]] +

a3

3!
[x, [x, [x, y]]] + ....

Definition A.0.15 ([18],p.19) An automorphism of a group G, denoted
Aut(G), is an isomorphism of G onto itself. The set of all automorphisms
of G forms a group Aut G under usual compositions of mappings.

Definition A.0.16 ([18],p.19)A special automorphism ū(u ∈ G) defined by
ū : x→ u−1xu, (x ∈ G) is called inner automorphism. The set of auto-
morphisms of G forms a group Int G under usual compositions of mappings.

Definition A.0.17 ([17],p.234) Let H1 and H2 be two subgroups of the
group G with H1 ∪ H2 = G, H1 ∩ H2 = {e} and H is normal subgroup
of G, then G is said to be splitted over H. Group G is a splitting exten-
sion of H1 by H2 if there exists a normal subgroup H of G isomorphic to
H1 such that G splits over H and G/H = H2.
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Appendix B

Glossary (economics)

Definition B.0.18 A large trader (large investor) is a trader (or a
bunch of small traders) who conducts a large or above–average volume of
trades.

Definition B.0.19 A market illiquidity - is an asset’s inability to be eas-
ily converted through an act of buying or selling without causing a significant
movement in the price and with minimum loss of value.

Definition B.0.20 A self-financing portfolio is a portfolio that retains
specified characteristics (e.g., it is zero-investment and risk-free) without the
need for additional investments in the portfolio.

Definition B.0.21 A market manipulation is a deliberating attempt to
interfere with the free and fair operation of the market and create artificial,
false or misleading appearances with respect to the price of the security, the
commodity or currency.
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