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Abstract

In this thesis we present a model of the interacting agents on the financial
market. The agents are represented by a non-Euclidean random graph,
where each agent communicate with another with probability p, and the
interaction according to the Ising Model. We investigate properties of
the model by direct calculations for small graph sizes, and by perfect
simulation for larger graph sizes. We also present a model for asset price
variation by using the magnetization of the Ising model.
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Chapter 1

Introduction

In this first chapter a brief historical background of the Ising model is presented,
motivation for using the Ising model for the application of financial mathematics
considered, and thereafter the purpose and delimitations of the problem to be
investigated. In the end of the chapter the topics which are covered are described.

1.1 Ising Model

The Ising model is named after the german physicist Ernst Ising ["ısıN] [5],
but it was actually his thesis supervisor Wilhelm Lenz who first suggested
the model in an article in 1920 when he was working in Rostalk University in
Germany (see McCoy [20], and Bhattacharjee and Khare [3]). Though Lenz
conveyed the idea of the model, he never used it to make any calculations.
Instead he moved to Hamburg in 1921, where he met the Ph.D. student Ising
and asked him to study it in order to explain certain properties of ferromag-
netic materials that had been empirically observed [17]; especially the case
of phase transitions. Ising did so, and was able to find a correct solution
for the one dimensional case. His results was published in an article in 1925
citeBrush. When he moved on to study the problem in higher dimensions he
made a few wrong conclusion, and therefore he stated that no phase tran-
sitions occurred in the case of two or three dimensions (see Bhattarcharjee
and Khare [3], and Kobe [18]) As a consequence of this the model sank
into oblivion for a decade. When Hitler came to power in 1933, Ising was
no longer allowed to stay in public school since he was Jewish. In 1939 he
managed to escape Germany and he survived the war in a small town in
Luxenburg, where he was totally cut of from all science. A couple of years
after the war had ended and Ising had come to the USA he discovered that
his name had become famous and the Ising model had regained interest in
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2 Chapter 1. Introduction

the scientific world [5].

Following Ising’s thoughts, Gorsky, Bragg and Williams were among the
first ones who studied the model and tried to find other ways to prove the
phenomena of phase transitions. The name Ising model was most likely
coined by Peierls [24]. He stated that for sufficiently low temperatures phase
transitions would appear in the Ising model in two and three dimensions.
Even though it was proved much later that Peierls had made an incorrect
step in his calculations, his conclusions and general procedure are correct
[3]. The next big breakthrough regarding the model was made by Kramers
and Wannier [19] in 1941, when they successfully obtained the first exact
quantitative result for the two dimensional case and were able to determine
the temperature for which phase transitions occur. Wannier gave a talk
about his and his colleague’s results at a meeting of the New York Academy
of Sciences in 1942, and at the end of the meeting Onsager, who was a
chemist, announced that he had been able find the exact solution of the two
dimensional Ising model with no external magnetic field [5]. He published
his results two years after the meeting [22].

Since the middle of the forties the Ising model has been well studied
and it has been applied to a numerous amount of areas. One reason might
be that it is not only a tool for locating the critical temperature for which
phase transitions occur in a system of interacting elements; it has many other
properties that can be calculated exactly in the two dimensional case [20].
The model has also fascinated a great many scientists since it at first sight
appears to be simple but in fact is mathematically very non-trivial. One can
mention that besides Onsager’s exact solution for the two dimensional case
with no external magnetic field no solutions for the same case but for non-
zero external magnetic field has yet been found. Neither has anyone been
able to solve the problem in three dimensions with no external field. Though,
some special cases in three dimensions have known solutions [3].

1.2 Interacting Agent Models in Finance

One of the areas of application is the interdisciplinary research field econo-
physics, which has been a subject of increasing interest during the last decade.
Prediction of price variations of assets on the financial market is of great inter-
est to financial institutions and investors, who base their products and trad-
ing decisions on these calculations. The efficient market hypothesis (EMH)
is one of the most essential pillars of modern economics [28], and the most
used models (such as e.g. Black-Scholes formula for option pricing) is based
on it. The EMH asserts that asset prices reflects all relevant information of



The Ising model on a random graph. . . 3

the market. It means that if asset prices were predictable, investors would
seize these opportunities to make a gain which, in a competitive and effi-
cient market, leads to an immediate rise in demand and as a result also an
immediate rise in the asset price and the opportunities will disappear. The
EMH is in accordance with the random walk hypothesis (RWH), which states
that asset prices follows the behaviour of a random walk. This was also the
idea of Bachelier almost a century ago [28]. Though, empirical studies of
asset price variation have shown that the distribution of changes and returns
of asset prices deviate from the random walk distribution (see Count and
Bouchaud [10], Alfarano et al [1]). A number of features, commonly called
stylized facts, have been observed among empirical data. These are e.g. fat
tails and volatility clustering. Their origin are not easy to trace (see Al-
farano et al [1]), and according to Cont and Bouchard [10] they are difficult
to explain only by terms of changes fundamental economic variables. Fur-
thermore, the financial market is known to exhibit unusual phenomena, such
as speculative bubbles and crashes (e.g. the stock market crash in 1987),
which features are hard to capture by macroeconomic models based on the
EMH (see Bornholdt [4]). Instead one has to take a microscopic view of the
financial market and look at the individual agents that act on the market
and investigate their behaviour. The EMH is then no longer valid, since it
assumes that agents are rational and homogeneous with respect to the in-
formation available and therefore interaction between them can be neglected
(see Alfarano et al [1]). Another market hypothesis, the interacting agent
hypothesis (IAH) must then be taken into account in order for the mod-
els to have the important characteristic instability properties. In the IAH
the market consists of agents which have different access to information and
different interpretation of it, and they do not necessarily have to share the
same investment strategy. Interaction among the traders takes place in form
of e.g. direct communication or just by imitating each others behaviour [1].
There are numerous interacting agent models for asset price variations pre-
sented, and many of them have been successful in capturing the stylized facts
and phenomena such as speculative bubbles and crashes (see Bornholdt [4],
Chowdhury and Stauffer [7], Queirs et al [26], Kaizoji [16], Roehner and Sor-
nette [27]). In this thesis we will present the interaction among agents on
the financial market by the Ising model on a random graph.

In this chapter the background is given. In Chapter 2 the methods, tech-
niques and models used in the thesis are presented. All results are presented
in Chapter 3 and discussed and interpreted in Chapter 4. Finally proof of
theorems and simulation program code may be found in Appendix A and B.
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Chapter 2

Methods

In this chapter the theory behind the model is presented, both of the classical
Ising Model and for the special case of the Ising model on a random graph, which
will later be simulated and applied to real data.

2.1 Ising Model

2.1.1 Ising Model - General Formula

A brief presentation of the Ising model will be given below. For further
reading, see e.g. Onsager [22], Pickard [23].

The Ising model is a lattice model. That is, the underlying system to be
investigated is a configuration of points in a metric space. The dimension
of the lattice could be one, two, three or higher. Each point is called a site,
and sites are connected by bonds. If two sites are connected by a bond they
are neighbours. The lattice can be infinite, i.e. consisting of infinitely many
sites, or it can be finite, i.e. consisting of a finite number of sites. Depending
on which system that the lattice represents the sites have different spatial
distributions and different relations to their neighbours.

Figure 2.1 shows two examples of types of lattices. To the left is a square
lattice depicted. In this type of lattice each site which is not located at
the boundary has 2d neighbours where d is the dimension, consequently in
the two dimensional case for each site the number of neighbours is four. To
the left in Figure 2.1 an example of a two dimensional triangular lattice is
shown. In this lattice each interior site has six neighbours. The problem that
interior and boundary sites do not have the same number of neighbours is
called boundary problem and one way of dealing with this is by considering
a wrap around (see Cipra [8]). Then extra bonds connect sites on opposite
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Figure 2.1: Examples of two-dimensional lattices. To the left is the structure
of a square lattice shown and to the left the structure of a triangular lattice.

sides of the lattice.

To each site i, i = 1 . . . N , a random variable xi is assigned. The variable
xi can only take one of two different states, it can take values in the set
{−1, 1}. Ising studied materials with magnetic properties. In his model the
value 1 represented an up spin of a atom in the material an −1 a down spin.
A configuration is an assignment of values in the permissible set to all the
sites x = (x1, . . . , xN) of the lattice. The number of configurations is 2N .
The set of all possible configurations is denoted Ω = {−1, 1}N .

To each configuration we define the total energy H, called the Hamilto-
nian in mathematical physics, of the system under considerations as:

H(x) = −EQ(x)− JR(x) = −E
∑
i∼j

xixj − J
∑

i

xi (2.1)

where the first sum is over all sites that are neighbours in the configuration
and the second is over all sites. The parameter E corresponds to the energy
connected to neighbour interaction and J to interaction with an external
field. If E > 0,∀i, j interaction between neighbours gives them the tendency
to be in the same state. Therefore this is called the attractive case. In
opposite, the repulsive case is the case when E takes negative values for
which interaction between neighbours tends to make them be in different
states. As a consequence of this the first term of equation 2.1 contributes
minimum energy when all the sites are in the same state. For the second
term we will from now on only consider the case for which the parameter
J = 0. This mean that there is no external field that might influence the
state of the sites. The reason for this is the fact that forthcoming calculations
will be extremely difficult. As mentioned in Chapter 1.1, the case of nonzero
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external field is actually so difficult that no one has yet been able to find the
exact solution for it.

For J = 0 the Hamiltonian for each configuration then takes the form
H = −EQ(x), and to each configuration x a probability is given proportional
to:

exp{φQ(x)} (2.2)

where φ is an interaction parameter. Generally, in statistical mechanics,
φ = −E

kT
, where T is the temperature and k a universal constant normally

called Boltzmann’s constant. Hence, a probability measure on Ω can then
be written as a Gibbs distribution:

pX(x) =
1

Z
exp{φQ(x)} (2.3)

where Z is the partition function. It is a normalizing constant defined
by:

Z =
∑

x

exp{φQ(x)} (2.4)

2.1.2 Neighbourhood Configuration

For a financial application we are interested in modeling how the interaction
between agents on the financial market might influence them in their trading
decision. An agent is more likely to be selling if the agents he is in communi-
cation with are selling. Each agent will be represented by a site in a lattice,
where the agents he is interacting with are the sites neighbours. We assume
that there are N agents on the market, and that each agent i, i = 1, . . . , N
can either decide to buy, that is take the state xi = 1, or sell, xi = −1, in
accordance with the Ising model. In todays society where a wide variety of
communication aids (e.g. mobile phone, email, instant messenger, financial
instrument built-in messaging etc.) are available, it is likely to assume that
the communication between agents is not dependent on the physical distance
between them, and the amount of neighbours one agent has does not have
to be restricted. The classical two-dimensional square lattice, mentioned in
Section 2.1.1, is therefore not representative for the financial market. Instead
we will represent the ways of communication between agents as a random
graph, where agents i and j are neighbours with probability pi,j indepen-
dently of each other (see Figure 2.1.2). The special case of an Ising model
on totally connected graph, i.e. when p = 1, is named the Curie-Schwarz
model. The set of all distinct pairs of neighbours is called a neighbourhood



8 Chapter 2. Methods

configuration and is denoted D = {i ∼ j : i = 1, . . . , N−1, j = i+1, . . . , N}.
It contains N(N−1)/2 elements and is a stochastic variable. The realization
of D is denoted d and its elements di∼j, i = 1, . . . , N − 1, j = i + 1, . . . , N
takes values in {0, 1}, where 0 means that sites i and j are not neighbours
and 1 that they are. d ∈ D = {0, 1}N(N−1)/2, where D is the set of all possi-
ble neighbourhood configurations. ∂Di is the set of site i’s neighbours in the
configuration D.
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Figure 2.2: A two-dimensional random graph with five sites. Sites i and j
interact with probability pij.

One of the properties of the random graph is that it is non-Euclidean
(see Theorem 1 below). In a Euclidean graph sites are neighbours if they
lie within a specified distance r of each other. In the non-Euclidean space
neighbours are independent of the distance between them.

Theorem 1 In two dimensions, there exists random graph neighbourhood
configurations that are not possible in Euclidean graphs.

2.1.3 Ising Model on a Random Graph

Remembering equations 2.3 and 2.4 of the probability density function for
the general Ising model, we now consider the conditional probability density
function given a neighbourhood configuration D (see Section 2.1.2):

pX|D(x|d) =
1

Zd

exp{φQd(x)} (2.5)

Zd =
∑

x

exp{φQd(x)} (2.6)

where Qd(x) is the summation of pairwise products over all distinct pairs
in the realization d that are neighbours. pX|D(x|d) is a Gibbs distribution,
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and it describes the global properties of the distribution. An important local
property of the Ising model is the Markov property; conditional on the states
of its neighbourhood the states of a site is independent of other sites. Partly
due to this property our random graph is a Markov random field, since it
satisfies the following definition:

Definition 1 (Markov Random Field) A stochastic variable X is a Markov
random field with respect to the neighbourhood configuration D if,

P (X = x) > 0 ∀x ∈ Ω (2.7)

P (Xi = xi|D = d) = P (Xi = xi|∂Di = ∂d
i ) (2.8)

In general the joint probability of a Markov random field can not easily
be determined. Though, Hammersley and Clifford (see Clifford [9]) found a
connection between Markov random fields and Gibbs distribution:

Theorem 2 (Hammersley-Clifford, see Clifford [9]) Let D be a neigh-
bourhood pattern. Then X is a Markov random field with respect to D if and
only if pX(x) = P (X = x) is a Gibbs distribution with respect to D.

For the original proof on this theorem, see Clifford [9], and for an alter-
native proof, see Besag [2].

For agents acting on the financial market it is possible to find real data
of transactions that take place during trading hours. Information about
communication among agents is more difficult to map. It is possible to keep
records of e.g. email-logs, but in general they are not accessible to the public.
Therefore the unconditional probability distribution is of interest. It has the
form:

pX(x) =
∑

d∈D

pX,D(x ∩ d) =
∑

d∈D

pX|D(x|d)pD(d) (2.9)

where pD(d) is the probability that the neighbourhood configuration d occurs.
If n is the number of distinct pairs of neighbours in d and pij = p, i =
1, . . . , N−1, j = i+1, . . . , N the probability that sites i and j are neighbours
then:

pD(d) = pn(1− p)N(N−1)/2−n (2.10)

Hence,

pX(x) =
∑

d∈D

pn(1− p)N(N−1)/2−n 1

Zd

exp{φQd(x)} (2.11)
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2.1.4 Sufficient Statistic

In the chase for a statistic for inference about the parameter φ, the property
of sufficiency plays an important role.

Definition 2 Suppose that observations x = (x1, . . . , xN) form a realization
of a random variable X governed by the probability density function pX(x; φ),
where φ is a parameter. A statistic T = T (X), with corresponding observed
value t = t(x), is sufficient for the parameter φ if the conditional probability
density function of X given the statistic is independent of φ, i.e. pX|T (x|t; φ)
does not involve φ.

Intuitively, one can say that the sufficient statistic captures all the informa-
tion about the parameter φ. If a sufficient statistic is found for our model and
its properties is determined, then the properties of the model itself is easily
described. Therefore we will from here on focus on the sufficient statistic. In
order to find one we use the factorization theorem:

Theorem 3 (Factorization Theorem, see e.g. Cox and Hinkley [11])
A necessary and sufficient condition that T (X) be sufficient for φ in the given
probability distribution is that there exists functions h(X) and g(T (X), φ)
such that for all permissible φ,

pX(x; φ) = h(x)g(t(x), φ) (2.12)

Proposition 1 Conditionally on D, Q(x) is a sufficient statistic for the
interaction parameter φ.

Proposition 2 Unconditionally on D, Q(x) is a sufficient statistic for the
interaction parameter φ.

2.2 Model for Asset Price Variation

In accordance to B.M. Roehner and D. Sornette [27] variation of asset prices
is defined as:

p(t)− p(t− 1)

p(t− 1)
= f

(∑N
1 σi(t− 1)

N

)
+ γη(t) (2.13)

where (1/N)
∑N

1 σi(t− 1) is the access demand at time t− 1, γ the price
volatility based on historical data and η(t) is standard Gaussian white noise.
For simplicity we choose the function f(x) to be linear and thus proportional
to its argument, i.e. f(x) = µx.
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We assume that each agent buy or sells the same amount of an asset,
which is one unit. The first term on the right hand side of equation 2.13
represents the systematic price drift which is the effect of a possible difference
in the amount of buyers and sellers. The second term represents the existence
of noisy sources of price fluctuations.

Then we can decide the asset price through forward iteration:

p(t) = p(t− 1)(f
(∑N

1 σi(t− 1)

N

)
) + p(t− 1) (2.14)

2.3 Simulation

2.3.1 Gibbs Sampler

The Gibbs sampler is a simulation tool which generates samples approxi-
mately according to the probability distribution pX(x) indirectly given by the
conditional probability density function pX|D(x|d) (see Casella and George [6],
Gelfand [13]), and by simulating a large enough sample all the characteristics,
e.g. mean and variance, of pX(x) can be calculated to the degree of accuracy
one desires. Geman and Geman [14] are often credited for the method.

Given a neighbourhood configuration D, an arbitrary starting configu-
ration x(0) at time 0, a site sequence (e.g. i = 1, . . . , N) and discrete time
steps t = 1, 2, 3, . . ., the method is to go from one site to the next in a site
sequence at each time step and update the state at site i, xi according to:

g(xi(t), ui(t)) =

{
1 if p(1|∂Dxi

(t− 1)) > ui(t)
0 otherwise

where {ui(t) : i = 1, . . . , N, t = 0, 1, 2, . . .} is a sequence of random variables
from the uniform distribution on [0, 1]. Hence, if we at time step t have the
states {x1(t), . . . , xN(t)} and visit site i at the following time step t + 1 the
states will be {x1(t + 1), . . . , xi(t + 1), . . . , xN(t + 1)}, with only the value
of state xi updated. Starting with the arbitrary initial configuration x(0),
and update the individual sites according to the given site sequence, which
contains each site infinitely often, the sequence {x(0), x(1), x(2), . . .} is a
Markov chain with the property:

lim
t→∞

P (X(t) = x|X(0) = x0) = pX(x) ∀ x, x0 ∈ Ω (2.15)

where pX(x) is the equilibrium distribution of the generated Markov chain.
That is, we are able to approximately simulate a state configuration in agree-
ment of the probability distribution of x in our Ising model.
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2.3.2 Perfect Sampling

In order to illustrate the effect of the interaction parameter φ on the random
graph configurations we use the technique called perfect sampling, which was
first presented by Propp and Wilson [25].

The idea behind the technique is that two monotone Markov chains are
generated, with respect to a partial ordering ¹ of the state space Ω. The par-
tial ordering relation is defined as follows: for configurations x and y which
belongs to Ω, x ¹ y if xi ≤ yi for all i = 1 . . . N . Further, Ω contains the
elements −1̂ and 1̂ with −1̂ ¹ x ¹ 1̂ for all x ∈ Ω. The idea is then to use the
Coupling-from-the-past-protocol to produce the two partially ordered Markov
chains {x(t)}0

t=−M and {y(t)}0
t=−M . This means that we start at time −M

with x(−M) = −1̂ being the minimal state of the natural partial ordering
and y(−M) = 1̂ the maximal one, and end at time 0 with x(0) = y(0). The
variable M is unknow from the beginning and it is determined during the run
of the algorithm. From start, M is set to 1 and we go from time −1 to time
0, updating the two Markov chains and check the criteria if they coalesced
at the end time. If not, we move further back in time by doubling M (see
Møller [21], Propp and Wilson [25]. The pseudocode for the algorithm is as
follows:

M ← 1
repeat

upper ← 1̂
lower ← −̂1
for t = −M to N

for i = 1 to N
upper ← g(upper, ui(t))
lower ← g(lower, ui(t))

M ← 2M
until upper = lower
return upper

where the function g is the updating function in Gibbs sampler in subsection
2.3.1, but where the sequence of random variables uniformly distributed on
[0, 1] is {ui(t) : i = 1, . . . , N, t = −M, . . . , 0}.

Propp and Wilson [25] emphasize the monotonicity condition which the
distribution that is to be sampled from must must satisfy in order for the
algorithm to work properly. The Gibbs distribution with parameter φ is
monotone for the attractive case (when φ is positive), but not for the re-
pulsive case (when φ is negative). Tough, for the repulsive case the Gibbs
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distribution fulfills an anti-monotonicity condition (see Järpe [15]). With a
minor alteration in the Gibbs sampler, the algorithm for perfect sampling
will still function. Therefore, when using Gibbs sampler to update each site
and generate the two Markov chains denoted upper and lower in the pseu-
docode the updating process for the two cases are switched. That is, upper
is updated with respect to the neighbours of lower and vice versa. With
this alteration samples from the desired Ising model are possible to simulate
regardless of the value of the parameter φ.

The program code is deferred to the Appendix B.
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Chapter 3

Results

In this chapter theoretical and simulation results are shown.

3.1 Theoretical Results

3.1.1 Conditional Moments of Q(x)

Theorem 4 The derivative with respect to the parameter φ of the partition
function Z is equal to the expected value of Q(x) given the neighbourhood D,
that is

d

dφ
ln Z(φ) = Eφ,p[Q(x)|D] (3.1)

Theorem 5 The second derivative with respect to the parameter φ of the
partition function Z is equal to the variance of Q(x) given the neighbourhood
D, that is

d2

dφ2 ln Z(φ) = Varφ,p[Q(x)|D] (3.2)

3.1.2 Unconditional Moments of Q(x)

The expectation and variance of Q(x) are:

Eφ,p[Q(x)] =
∑

d∈D

∑
x

Qd(x)pX|D(x|d)pD(d)

=
∑

d∈D

∑
x

Qd(x)pnp
N(N−1)

2
−n exp{φQd(x)}∑

x

exp{φQd(x)}
(3.3)
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16 Chapter 3. Results

Varφ,p[Q(x)] = Eφ,p[Q
2(x)]−

(
Eφ,p[Q(x)]

)2

=
∑

d∈D

∑
x

Q2
d(x)pnp

N(N−1)
2

−n exp{φQd(x)}∑
x

exp{φQd(x)}

−
(∑

d∈D

∑
x

Qd(x)pnp
N(N−1)

2
−n exp{φQd(x)}∑

x

exp{φQd(x)}
)2

(3.4)

where n is the number of distinct pairs of nearest neighbours of the neigh-
bourhood configuration d, N(N − 1)/2 the total amount of possible distinct
pairs, and p the probability that two sites are nearest neighbours. In equa-
tions 3.3 and 3.4 the number of terms grows exponentially with the number of
sites since one has to sum over each x (2N possible) for each d ∈ D (2N(N−1)/2

possible).
For the unconditional first and second moments of Q(x) we can not ob-

serve the same relation as for the conditional first and second moments
(see Section 3.1.1), i.e. the derivative of E[Q(x)] with respect to φ is not
Var[Q(x)].

3.1.3 Exact Plots of Unconditional Moments of Q(x)

Exact plots of the unconditional expected value and variance of the sufficient
statistic Q(x) has been made in the software R. Due to the fact that the num-
ber of terms in equations 3.3 and 3.4 grows exponentially with the number of
sites (see Section 3.1.2), we were only able to make exact plots for the number
of sites, N = 3, 4, 5 for φ in the interval −7 to 7 for p = 0.05, 0.2, 0.4, 0.6.

Figures 3.1 to 3.4 show E[Q′(x)] and Figures 3.5 to 3.8 show Var[Q′′(x)],
where

Q′(x) =
2

N(N − 1)
Q(x) (3.5)

Q′′(x) =

√
2

N(N − 1)
Q(x) (3.6)

which normalizes, respectively, the expected value and the variance of Q(x),
and therefore makes the graphs more comparable.
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Figure 3.1: Expected value of Q′(x) for
p = 0.05 on interval φ ∈ (−7, 7).
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Figure 3.2: Expected value of Q′(x) for
p = 0.2 on interval φ ∈ (−7, 7).
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Figure 3.3: Expected value of Q′(x) for
p = 0.4 on interval φ ∈ (−7, 7).
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Figure 3.4: Expected value of Q′(x) for
p = 0.6 on interval φ ∈ (−7, 7).
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Figure 3.5: Variance of Q′′(x) for p =
0.05 on interval φ ∈ (−7, 7).

−6 −4 −2 0 2 4 6

0.
0

0.
1

0.
2

0.
3

0.
4

phi
V

ar
[Q

’’]

N=3
N=4
N=5

Figure 3.6: Variance of Q′′(x) for p =
0.2 on interval φ ∈ (−7, 7).

−6 −4 −2 0 2 4 6

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

phi

V
ar

[Q
’’]

N=3
N=4
N=5

Figure 3.7: Variance of Q′′(x) for p =
0.4 on interval φ ∈ (−7, 7).
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Figure 3.8: Variance of Q′′(x) for p =
0.6 on interval φ ∈ (−7, 7).
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3.2 Simulation Results

3.2.1 Unconditional Moments of Q(x) from Perfect Sim-
ulation

Samples based on 10 000 simulations of Q(x) with N = 10 has been made for
φ = 0,±0.2,±0.4,±0.6,±0.8,±1.0 for p = 0.05, and for φ = 0,±0.2,±0.4
for p = 0.2. Thereafter the samples has been processed in the software R.
As in Section 3.1.3 E[Q′(x)] and Var[Q′′(x)] is plotted, where

Q′(x) =
2

N(N − 1)
Q(x) (3.7)

Q′′(x) =

√
2

N(N − 1)
Q(x) (3.8)

Figures 3.9 and 3.11 show both the exact plots and the samples from
perfect simulation for the expected value and variance respectively for p =
0.05, and Figures 3.10 and 3.12 for p = 0.2.
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Figure 3.9: Expected value of Q′(x) for
p = 0.05 on interval φ ∈ (−7, 7).
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Figure 3.10: Expected value of Q′(x)
for p = 0.2 on interval φ ∈ (−7, 7).
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Figure 3.11: Variance of Q′′(x) for p =
0.05 on interval φ ∈ (−7, 7).
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Chapter 4

Discussion

In this chapter the results from Chapter 3 is discussed and ideas for future work
is presented.

4.1 Conclusions

The major result of this thesis one can see from the plots in section 3.1.3 and
regards phase transitions. For small values of p traces of phase transition is
visible (see plots 3.1, 3.2, 3.5, 3.6), but for larger values of p there seems to
be none (see plots 3.3, 3.4, 3.7, 3.8). This is illustrated by that there is only
one peak in the plots of the second moment of Q(x). It would indicate that if
there are many ways of communication between the agents in the market, i.e.
each agent has several neighbours, speculative bubbles and crashes would not
appear as a phenomena. This can seem logical since in large networks agents
have to take into consideration information and the behaviour from lots of
other agents. If the networks are not completely connected, i.e. all agents
belonging to the network are in communication with each other, some agents
interact directly with agents that others do not. In this sense, clustering
among agents is probably more likely to occur if the networks are rather small.
If an agent for example has two nearest neighbours who takes opposite states,
he is equally influenced by each of them and might have trouble deciding
which state he should take based on his neighbours. If he should only interact
with one, his decision might be easier to make. Traces of this can be visible
on the financial market from time to time. There are financial experts who
interact with people trading with stocks by showing their recommended stock
portfolio on the internet. When the expert makes changes in his portfolio it
sometimes reflects in the stock prices since people are strongly influenced by
him and follow his advice.
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Another observation from the plots in section 3.1.3 is that the critical
temperature of φ tends to be closer to 0 when the number of sites increases.
This would mean that the more agents that have access to the market the
more sensitive the agents are in changes of the behaviour of their neighbours
and to the information their neighbours supply. Consequently, the variance
of Q(x) is more peaked.

From the plots in Figure 3.1 to 3.4 it seems as if there exists a lower
bound K such that:

−1 < K ≤ 2

N(N − 1)
Q(x) ∀x ∈ Ω (4.1)

which is not the case of the ordinary Ising model. In the case of N = 3 and
N = 4 this can easily be verified by simple calculations.

The plots from exact calculations and perfect simulation (see Figures
3.9 to 3.12) are in correspondence with each other for values of φ close to
0. In theory, phase transition can only appear when the number of sites is
infinitely large. Therefore, in the original Ising model the variance of Q(x)
is more peaked the larger the number of sites is. Figure 3.12 indicates that
this is also the case for the Ising model on a random graph for p = 0.2. For
p = 0.05 (see Figure 3.11) the simulation results deviate slightly from the
exact plots when φ increases. Since we were only able to make simulations
for values of φ in a rather narrow interval around φ = 0, which is not so close
to the critical point of the exact plots, it is hard to make any conclusions if
the curve for the simulation results will have a steeper peak or not for the
case when p = 0.05.

4.2 Future Work

As forthcoming work a test of the model on real data would be desirable.
For this to be possible, suitable real sell and buy data and information of
communication ways among agents is necessary. The latter is not possible to
find out at this moment. To overcome this, one could estimate the parameter
p and then simulate a communication network. Information about what an
amount of stock an agent is selling to who at what time is listed by the
statistical company Six AB. Several approaches has been made to Six AB in
order to get access to such information but without any fruitful result.

Instead of using the two-state Ising model to model the interaction among
agents, a three-state Potts model would be interesting to investigate. The
states buy and sell would be complemented by a third state inactive. Also,
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to include an exterior field in the model, which included e.g. the current
business cycle and influences of media, could be of interest.
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Notation

N Total number of sites.

Ω = {−1, 1}N Set of possible outcomes of all site i, i = 1, . . . , N .

x = (x1, x2, . . . , xN ) Stochastic variable which represents the sites.
Takes values in Ω.

Q(x) =
∑

i∼j xixj Summation over all distinct pairs.

Q′(x) = 2
N(N−1)

∑
i∼j xixj Used for normalized value of E[Q(x)].

Q′′(x) =
√

2
N(N−1)

∑
i∼j xixj Used for normalized value of Var[Q(x)].

D Neighbourhood configuration, i.e. set of distinct pairs.

d Realization of the stochastic variable D.
Takes values in D.

∂Di The set of neighbours of site i in the neighbourhood
configuration D.

D = {0, 1}N(N−1)/2 Set of all neighbourhood configuration.

pij , p Probability that site i and j are neighbours.

Z Partition function, a normalizing constant.

p(x) Probability density function of x.

E[·] Expected value function.

Var[·] Variance function.
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University, Göteborg (1998)

[16] T. Kaizoji: Speculative Bubbles and Crashes in Stock Markets: An
Interacting-Agent Model of Speculative Activity. Physica A, V. 287, N.
3-4, P. 493-506 (2000)

[17] R. Kindermann, J.L. Snell: Markov Random Fields and Their Applica-
tions. Contemporary Mathematics V. 1, American Mathematical Society.
Providence, RI (1980)

[18] S. Kobe: Ernst Ising - Physicist and Teacher. Journal of Statistical
Physics, V. 88, N. 3-4, P. 991-995 (1997)

[19] H.A. Kramers, G.H. Wannier: Statistics of the Two-Dimensional Ferro-
magnet. Part I. Physical Review, V. 60, N. 3, P. 252-262 (1941)

[20] B. McCoy: The Two-Dimensional Ising Model. Harvard University
Press. Cambridge (1973)

[21] J. Møller: Perfect Simulation of Conditionally Specified Models. Journal
of Royal Statistical Society, Series B, V. 61, N. 1, P. 251-264 (1999)

[22] L. Onsager: Crystal Statistics. I. A Two-Dimensional Model with an
Order-Disorder Transition. Physical Review, V. 64, N. 3-4, P. 117-149
(1944)

[23] D.K. Pickard: Asymptotic Inference for an Ising Lattice. Journal of
Applied Probability, V. 13, N. 3, P. 486-497 (1976)

28



[24] R. Peierls: On Ising’s Model of Ferromagnetism. Proceedings of the Cam-
bridge Philosophical Society. Mahtematical and Physical Science, V. 32, P.
477-481 (1936)

[25] J.G. Propp, D.B. Wilson: Exact Sampling with Coupled Markov Chains
and Applications to Statistical Mechanics. Random Structures and Algo-
rithms, V. 9, N. 1-2, P. 223-252 (1996)

[26] S.M.D. Queirs, E.M.F. Curado, F.D. Nobre: A multi-interacting-agent
model for financial markets. Physica A, V. 374, N. 2, P. 715-729 (2007)

[27] B.M. Roehner, D. Sornette: ”Thermometers” of Speculative Frenzy.
European Physical Journal B, V. 16, N. 4, P. 729-739 (2000)

[28] Y.-C. Zhang: Toward a theory of marginally efficient markets. Physica
A, V. 269, N. 1, P. 20-44 (1999)

29



30



Appendix A

Theorems with Proofs

Theorem 1 In two dimensions, there exists random graph neighbourhood
configurations that are not possible in Euclidean graphs.

Proof: Lets assume that all neighbourhood configurations are possible
in a Euclidean space, i.e. that neighbours lie within a distance r from each
other, and then consider the neigbourhood configuration shown in Table 1,
where ∼ denotes that the two sites are neighbours and 6∼ that they are not.

1 ∼ 2 2 6∼ 3 3 ∼ 4 4 ∼ 5
1 ∼ 3 2 ∼ 4 3 6∼ 5
1 6∼ 4 2 6∼ 5
1 ∼ 5

Table 1: Example of neighbourhood configuration in a random graph.

r

a

1 4r r

Figure 1: The distance a must be larger than 2r for the configuration in Table
1 to be possible in a Euclidean space.

31



Then consider the intersection of the neighbourhoods of 1 and 4. It is
largest when 1 and 4 are as close to each other as the configuration allows,
i.e. almost at the distance r from each other. If 2, 3 and 5 all shall lie in this
intersection but are not allowed to be neighbours, then the distance between
the points of intersection of the neighbourhoods of 1 and 4, a, must be larger
than 2r (see Figure 1).

If 1 lies in the origin of a Cartesian coordinate system, then 4 lies at the
distance r from 1 in the point (r, 0). The equations for the circles that enclose
the neighbourhoods of the two points are x2 + y2 = r2 and (x − r)2 + y2 =
r2 respectively. The points of intersection of the two circles are therefore
( r

2
, −

√
3r

2
) and ( r

2
,
√

3r
2

). Hence the distance a = |( r
2
, −

√
3r

2
)−( r

2
,
√

3r
2

)| = √
3r <

2r, which is the largest distance possible since if we make the intersection
smaller d will increase. Consequently the configuration in Table 1 is not
possible in an Euclidean space.

2

Proposition 1 Conditionally on D, Q(x) is a sufficient statistic for the
interaction parameter φ.

Proof: Proposition 1 follows directly since pX|D(x|d) is a member of the
exponential family (see Cox and Hinkley [11]).

2

Proposition 2 Unconditionally on D, Q(x) is a sufficient statistic for the
interaction parameter φ.

Proof: Rewrite the unconditional probability density function pX(x) (see
equation 2.5) as a scalar product:

pX(x) =




pnd1 (1− p)N−nd1Z−1
d1

pnd2 (1− p)N−nd2Z−1
d2

...
pn

dN (1− p)N−n
dN Z−1

dN




T 


exp(φQd1(x))
exp(φQd2(x))

...
exp(φQdN (x))


 (2)

where d1 denotes the first element in D, d2 the second etc., and the integer
N = N(N − 1)/2. The elements of the first vector on the right hand side
are then functions of the parameter φ, and the elements of the second vector
are functions of φ and Q(x). Thus, from Theorem 3 it follows that Q(x) is
sufficient for the interaction parameter φ in the probability density function
pX(x). 2
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Theorem 4 The derivative with respect to the parameter φ of the partition
function Z is equal to the expected value of Q(x) given the neighbourhood D,
that is

d

dφ
ln Z(φ) = Eφ,p[Q(x)|D] (3)

Proof: If we differentiate the partition function Z with respect to the pa-
rameter φ and use the definition of expected value we see that:

d

dφ
ln Z(φ) =

1∑
x

exp{φQD(x)}
d

dφ

[∑
x

exp{φQD(x)}
]

=

∑
x

QD(x) exp{φQD(x)}
∑

x

exp{φQD(x)}

=
∑

x

QD(x)
1

Z
exp{φQD(x)} = Eφ,p[Q(x)|D]

2

Theorem 5 The second derivative with respect to the parameter φ of the
partition function Z is equal to the variance of Q(x) given the neighbourhood
D, that is

d2

dφ2 ln Z(φ) = Varφ,p[Q(x)|D] (4)

Proof: Analogously to the proof of theorem 4 it follows:

d2

dφ2 ln Z(φ) =

∑
x

Q2
D(x) exp{φQD(x)}

∑
x

exp{φQD(x)}
−




∑
x

QD(x) exp{φQD(x)}
∑

x

exp{φQD(x)}




2

=
∑

x

Q2
D(x)

1

Z
exp{φQD(x)} −

(∑
x

QD(x)
1

Z
exp{φQD(x)}

)2

= Eφ,p[Q
2(x)|D]− Eφ,p[Q(x)|D]2 = Varφ,p[Q(x)|D]

2

where the expected value and the variance of Q(x) given a neighbourhood
configuration D is not only dependent on the parameter φ, but also on p.
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Appendix B

R code for exact values of Eφ,p[Q] and Varφ,p[Q]

------Function for generating vectors of zeros and ones------

dec2bin <- function(m,N){

answ <- 0*1:N

temp <- m

for(i in 1:N){

step <- N-i

if(temp>=2^step){

answ[i] <- 1

temp <- temp-2^step

}

}

if((m<0)|(N<0)|(m>=2^N))

return("ERROR")

else

return(answ)

}

------Function for calculating the expected value of Q(x)------

EQ <- function(N,phi,p){

numofneighs <- N*(N-1)/2

temp1 <- 0*1:(2^N)

temp2 <- 0*1:(2^N)

z <- 0

for(i in 1:(2^N)){

x <- 2*dec2bin((i-1),N)-1

for(j in 1:(2^numofneighs)){

y <- dec2bin((j-1),numofneighs)
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m <- sum(y)

tick <- 1

q <- 0

for(k in 1:(N-1)){

for(r in (k+1):N){

if(y[tick]==1)

q <- q+x[k]*x[r]

else

q <- q

tick <- tick+1

}

}

temp1[i] <- temp1[i]+p^m*(1-p)^(numofneighs-m)*exp(phi*q)

temp2[i] <- temp2[i]+q*p^m*(1-p)^(numofneighs-m)*exp(phi*q)

}

}

z <- sum(temp1)

expvalq <- sum(temp2)/(z*numofneighs)

return(expvalq)

}

------Plotting the expected value pf Q(x)------

p <- "put in value for p here"

m <- 1400

phi <- 0.01*(1:m-700)

N <- 3

eq3 <- 0*phi

for(i in 1:m) eq3[i] <- EQ(N,phi[i],p)

N <- 4

eq4 <- 0*phi

for(i in 1:m) eq4[i] <- EQ(N,phi[i],p)

N <- 5

eq5 <- 0*phi

for(i in 1:m) eq5[i] <- EQ(N,phi[i],p)

plot(phi,eq3,type="l",xlab="phi",ylab="E[Q]")

lines(phi,eq4,lty=2)

lines(phi,eq5,lty=3)
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------Function for calculating the Variance of Q(x)------

VarQ <- function(N,phi,p){

numofneighs <- N*(N-1)/2

temp1 <- 0*1:(2^N)

temp2 <- 0*1:(2^N)

temp3 <- 0*1:(2^N)

z <- 0

for(i in 1:(2^N)){

x <- 2*dec2bin((i-1),N)-1

for(j in 1:(2^numofneighs)){

y <- dec2bin((j-1),numofneighs)

m <- sum(y)

tick <- 1

q <- 0

for(k in 1:(N-1)){

for(r in (k+1):N){

if(y[tick]==1)

q <- q+x[k]*x[r]

else

q <- q

tick <- tick+1

}

}

temp1[i] <- temp1[i]+p^m*(1-p)^(numofneighs-m)*exp(phi*q)

temp2[i] <- temp2[i]+q*p^m*(1-p)^(numofneighs-m)*exp(phi*q)

temp3[i] <- temp3[i]+q^2*p^m*(1-p)^(numofneighs-m)*exp(phi*q)

}

}

z <- sum(temp1)

varianceq <- (-(sum(temp2)/(z*numofneighs))^2+(sum(temp3))/

(z*(numofneighs)^2))numofneighs

return(varianceq)

}

------Plotting the variance of Q(x)------
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p <- "put in value for p here"

m <- 800

phi <- 0.01*(1:m-400)

N <- 3

varq3 <- 0*phi

for(i in 1:m) varq3[i] <- VarQ(N,phi[i],p)

N <- 4

varq4 <- 0*phi

for(i in 1:m) varq4[i] <- VarQ(N,phi[i],p)

N <- 5

varq5 <- 0*phi

for(i in 1:m) varq5[i] <- VarQ(N,phi[i],p)

plot(phi,varq3,type="l",xlab="phi",ylab="Var[Q]")

lines(phi,varq4,lty=2)

lines(phi,varq5,lty=3)

Fortran code for perfect simulation of samples

according to the stationary distribution.

The function ran2 is a routine for generating random number, which is avail-
able at Numerical Recipes homepage (see Flannery et al [12]).

C PROGRAM FOR PERFECT SAMPLING

C

C

C FUNCTION - GENERATING RANDOM NUMBERS

C

function ran2(idum)

integer idum,im1,im2,imm1,ia1,ia2,iq1,iq2,ir1,ir2,ntab,ndiv

real ran2,am,eps,rnmx

parameter (im1=2147483563,im2=2147483399,am=1./im1,imm1=im1-1,

& ia1=40014,ia2=40692,iq1=53668,iq2=52774,ir1=12211,ir2=3791,

& ntab=32,ndiv=1+imm1/ntab,eps=1.2e-7,rnmx=1.-eps)

integer idum2,j,k,iv(ntab),iy

save iv,iy,idum2
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data idum2/123456789/,iv/ntab*0/,iy/0/

if (idum.le.0) then

idum=max(-idum,1)

idum2=idum

do j=ntab+8,1,-1

k=idum/iq1

idum=ia1*(idum-k*iq1)-k*ir1

if (idum.lt.0) idum=idum+im1

if (j.le.ntab) iv(j)=idum

end do

iy=iv(1)

end if

k=idum/iq1

idum=ia1*(idum-k*iq1)-k*ir1

if (idum.lt.0) idum=idum+im1

k=idum2/iq2

idum2=ia2*(idum2-k*iq2)-k*ir2

if (idum2.lt.0) idum2=idum2+im2

j=1+iy/ndiv

iy=iv(j)-idum2

iv(j)=idum

if (iy.lt.1) iy=iy+imm1

ran2=min(am*iy,rnmx)

return

end

C

C

C SUBROUTINE - GENERATING NEIGHBOURHOOD CONFIGURATIONS

C

subroutine neighbourhood(p,N,seed,pairs)

integer N,pairs(N,N),seed

double precision p,randommatrix(N,N)

real ran2

do i=1,N

do j=1,N

pairs(i,j)=0

randommatrix(i,j)=ran2(seed)

end do

end do

C THE PAIR (i,j) ARE NEIGHBOURS WITH PROBABILITY p

do i=1,N-1
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do j=i+1,N

if(p.gt.randommatrix(i,j)) then

pairs(i,j)=1

else

pairs(i,j)=0

end if

end do

end do

do i=1,N-1

do j=i+1,N

pairs(j,i)=pairs(i,j)

end do

end do

return

end

C

C

C SUBROUTINE - MAKING SAMPLE FROM DESIRED GIBBS DISTRIBUTION

C

subroutine xsample(N,phi,p,seed,Mstop,lo,hi,pairs)

integer N,seed,Mstop,pairs(N,N),M,lo(N),hi(N),sumlo,sumhi

double precision randomnumbers(Mstop,N),p,phi,problo,probhi

real ran2

logical coalesced

C MATRIX OF RANDOM NUMBERS

do i=1,Mstop

do j=1,N

randomnumbers(i,j)=ran2(seed)

end do

end do

C INITIAL VALUES

M=1

coalesced=.FALSE.

C CHECK VALUES FOR STOP OR CONTINUE

10 if (M.gt.Mstop) then

write(*,*) "Not coalesced"

goto 20

end if

if (coalesced) goto 20

C MINIMAL AND MAXIMAL STATES

do i=1,N
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lo(i)=-1

hi(i)=1

end do

C START ALGORITHM

do k=1,M

do i=1,N

sumlo=0

sumhi=0

C COUNT VALUE OF NEIGHBOURS USING pairs

if(phi.gt.0.d0) then

do j=1,N

sumlo=sumlo+lo(j)*pairs(i,j)

sumhi=sumhi+hi(j)*pairs(i,j)

end do

else

do j=1,N

sumlo=sumlo+hi(j)*pairs(i,j)

sumhi=sumhi+lo(j)*pairs(i,j)

end do

end if

C GIBBS SAMPLER

problo=1.d0/(1.d0+exp(-2.d0*phi*sumlo))

probhi=1.d0/(1.d0+exp(-2.d0*phi*sumhi))

if (problo.gt.randomnumbers(M-k+1,i)) then

lo(i)=1

else

lo(i)=-1

end if

if (probhi.gt.randomnumbers(M-k+1,i)) then

hi(i)=1

else

hi(i)=-1

end if

end do

end do

C SET COALESCED

coalesced=.TRUE.

do i=1,N

coalesced=coalesced.AND.(lo(i).eq.hi(i))

end do

C UPDATE M
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M=2*M

goto 10

20 return

end

C

C

C SUBROUTINE - CALCULATE Q(x)

C

subroutine Qsample(N,lo,pairs,Q)

integer N,lo(N),pairs(N,N),Qsum,Mstop,seed

double precision Q,phi,p

C CALCULATE Qsum, USING pairs AND lo

Qsum=0

do i=1,N-1

do j=i+1,N

Qsum=Qsum+lo(i)*lo(j)*pairs(i,j)

end do

end do

C CALCULATE NORMALIZED Q

Q=(Qsum*2.d0)/(N*(N-1)*1.d0)

return

end

C

C

C

C MAIN PROGRAM

C

C MARK! MUST PUT IN VALUES INSTEAD *

integer seed,N,pairs(*,*),lo(*),hi(*),Mstop,samplesize

double precision p,phi,Q,Qvec(*)

p=*d0

phi=*d0

C MARK! seed MUST BE NEGATIVE INTEGER

seed=-*

Mstop=*

N=*

samplesize=*

do i=1,N

lo(i)=-1

hi(i)=1

do j=1,N
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pairs(i,j)=0

end do

end do

do j=1,samplesize

Qvec(j)=0.d0

end do

do i=1,samplesize

Q=0.d0

call neighbourhood(p,N,seed,pairs)

call xsample(N,phi,p,seed,Mstop,lo,hi,pairs)

call Qsample(N,lo,pairs,Q)

Qvec(i)=Q

end do

write(*,*) (Qvec(i),i=1,samplesize)

end
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