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Abstract: We consider an incremental redundancy 

(IR) type-II hybrid ARQ scheme based on multi-
dimensional single parity check (SPC) product codes. 
Random interleaving is applied between dimensions, 
resulting in equivalent systematic, parallel or serially 
concatenated SPC codes. This enables larger interleav-
ers and a larger range of overall code rates. The 
puncturing pattern used for IR transmissions of the 
concatenated SPC codes is chosen specifically to reduce 
decoder complexity for the hybrid ARQ scheme, activat-
ing only those constituent decoders for which parity bits 
have been received. Given the proposed puncturing 
pattern and a maximum number of allowable 
transmissions, an approach for determining the optimal 
number of parity bits per IR transmission in terms of 
maximizing the overall code rate, is suggested. With this 
strategy, each data frame is accepted following the 
transmission of a minimum number of parity bits.  

1. INTRODUCTION* 

Automatic-repeat-request (ARQ) protocols have 
recently experienced a research revival due to the 
growing interest in wireless packet data access, e.g., [1]. 
In a wireless multiple access environment, fading and 
multiple access interference cause time-varying 
disturbances. As a consequence, each received packet 
may potentially be exposed to different short-term 
statistical channel characteristics. In this environment 
hybrid ARQ (HARQ) schemes are highly tractable due 
to their adaptive and flexible nature. A retransmission 
protocol implies maximizing the probability of correct 
delivery in a dynamically changing environment, using 
a minimum of resources.   

Multiple parallel concatenated codes are especially 
advantageous in conjunction with retransmission 
schemes [2], creating highly flexible and adaptive 
concatenated HARQ (CHARQ) systems. The 
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concatenated structure with D parallel encoders lends 
itself perfectly to type-II CHARQ schemes with 
incremental redundancy (IR) [2]. We adaptively obtain 
increasingly stronger codes, with increasingly higher 
decoding complexity, since the number of necessary 
constituent decoders is determined by the number of 
encoders contributing parity bits to the accumulated 
received packets. 

In this paper, we suggest to use multi-dimensional 
concatenated single parity check (SPC) codes as a low 
complexity alternative for powerful IR-CHARQ 
schemes. In addition, we propose an approach to 
determine the optimal number of parity bits to include 
in each transmission, given a particular low-complexity 
puncturing pattern for the concatenated SPC codes and a 
maximum number of allowable transmissions. 

2. CONCATENATED SPC CODES 

To allow for low-complexity IR-CHARQ schemes, 
we consider multi-dimensional SPC product codes [3] 
with iterative decoding. SPC are simple, yet fairly 
strong codes when encoded in multiple dimensions. 
Random interleaving as suggested in [3] for the SPC 
product code structure, leads to equivalent systematic 
concatenated SPC codes. These can be serially or 
parallel concatenated codes, depending on whether 
checks on checks are included or not. This interpretation 
allows for extensions to the product code approach 
developed in [3]. The interleaver sizes are no longer 
constrained by the product code dimensions, and thus 
much larger interleavers are possible. In turn, these 
larger interleaver sizes lead to better performance at the 
same code rate as compared to the SPC codes with 
random interleavers used in [3]. In addition, the 
systematic properties of SPC codes allow for multiple 
serially concatenated codes to be used in IR-CHARQ 
schemes and also to adopt an arbitrary decoder 
activation order, since all dimensions share the 
systematic bits. Thus, even if serially concatenated 
codes are used, it is not required to activate the decoders 
in the traditional serially nested order. 

In addition, the use of iterative decoding allows for 
“running-start” decoding, following the reception of 
additional IR packets.  As shown in [4], given a 
sufficient number of activations, the activation order for 



multiple concatenated decoders is irrelevant for 
reaching the convergence fix point, as long as each 
constituent decoder works on all information relevant 
for its particular code constraints. Thus, when parity bits 
from a new encoder arrive we do not have to restart the 
decoding process, but may just include the newly 
arrived parity bits in the ongoing iterative decoding 
process.  

The decoding complexity of applying SPC codes in 
an IR-HARQ scheme can be further reduced by a 
conveniently chosen puncturing pattern, selecting parity 
bits successively from each constituent SPC encoder. 
By systematically selecting parity bits for inclusion in 
IR packets, exhausting all parity bits from each SPC 
encoder successively, we only need to activate the 
constituent decoders for which the parity bits are 
associated with. The decoding complexity thus 
increases with the strength of the code, as parity bits 
belonging to additional dimensions arrive. 

Given this particular puncturing pattern, we propose 
an approach for finding the optimal IR strategy that 
maximizes the average code rate [5]. Here, an IR 
strategy is defined by a maximum number of allowable 
transmissions and the number of check bits to be 
included in each incremental redundancy transmission. 
With this strategy, each data frame is accepted 
following the transmission of a minimum number of 
parity bits. 

3. IR FRAME STRUCTURE 

A data frame is a set of k information bits. Each data 
frame is passed through a rate k/n encoder, generating a 
codeword of length n code bits with n–k parity check 
bits. This codeword is then partitioned into M IR-frames 
for transmission according to an IR strategy defined as 
follows. Let ti denote transmission i and ci denote the 
number of parity bits sent in ti. Note that t1 will include 
k information bits as well as c1 parity bits according to 
t1:k+c1, whereas for i ≥ 1, ti includes only parity check 
bits according to: 
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Following transmission i, the decoder attempts to 
decode the corresponding codeword of length  
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Transmission is over an additive white Gaussian 
noise channel using binary phase shift keying. If a 
detected decoding failure (DDF) occurs, the receiver 
will include the next IR frame to arrive following a 

time-out, and continue the decoding process. This 
proceeds until the data frame is successfully decoded, 
and an acknowledgement (ACK) is sent to the 
transmitter through an error-free feedback channel, or 
until all available parity bits have been sent. 

The probability of DDF for transmission i is denoted 
by PARQ(ni). Observe that the probability of an 
additional transmission is a function of the number of 
parity bits in the current block, PARQ(ni+1) ≤PARQ(ni). We 
further assume that the criterion for declaring a 
decoding failure is such that a received data frame 
accepted based on a codeword of length ni also will be 
accepted based on a codeword of length ni+1. The error 
rate performance of the corresponding IR-CHARQ 
scheme is therefore determined by the criterion for 
declaring a decoding failure and by the error rate 
performance of the rate k/nM code of the final 
transmission. 

4. OPTIMAL IR STRATEGY  

The average code rate in an IR-CHARQ scheme is a 
function of the associated probabilities of the DDF. 
Consider M=2, i.e., we can transmit a codeword of 
length n2 using at most two transmissions. We first 
transmit IR-frame 1, a codeword of length n1=k+c1 code 
bits and if additional redundancy is necessary we will 
transmit IR-frame 2, a block of parity bits of length c2, 
such that the accumulated codeword length is 
n2=k+c1+c2=n1+c2.  The average number of code bits 
transmitted is then k+c1+c2PARQ(n1) and the 
corresponding ARQ system with at most two 
transmissions will consequently have an average code 
rate of: 
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Generalizing this to an ARQ system allowing M 
transmissions the code rate is given by  
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where ci is subject to the constraints in (2) and ni is 
given by (3). 

The task is now to select ci, for i=1, 2, …, M so that 
ARQ M

Cr = is maximized. For M transmissions, this is an M 
dimensional discrete maximization problem according 
to: 

 
1 2

* * *
1 2 , ,...,
, ,..., arg max ,

M

ARQ M
M Cc c c

c c c r =" # =$ %  (6) 

where ARQ M
Cr =  is as given in (5) and ci is subject to the 

constraints given in (2).  
Having obtained the optimal number of parity bits to 

be included in each of the M IR transmissions in order 



to maximize the average code rate for a given M, we can 
obtain the maximum average code rate as a function of 
the number of transmissions, i.e., for M=1, 2, …, n–
k+1. Hence, we can determine the optimal value of M, 
i.e., the value of M that maximizes the average code 
rate.  

We also consider two different cases of error rate 
constraints. In case 1, the required frame error rate 
(FER) or bit error rate (BER) is kept the same as the 
FER or BER provided by the parent code of the IR 
scheme. In case 2, we want to maintain a specific target 
error rate over a range of signal to noise ratios (SNRs). 
In this case, the amount of parity bits included in the last 
transmission is SNR dependent. Only the number of 
parity bits required to achieve the specified target FER 
is included. In both cases, an adequate error control 
code must be chosen to accommodate the required 
maximum FER (or BER) at a specific minimum SNR. 
This code will have codewords of a certain maximum 
length, n, which also gives a lower bound on the code 
rate, k/n. In case 1, the number of parity check bits in tM 
contains all the remaining parity bits of the parent code 
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The discrete maximization problem then becomes: 
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with the constraints on cM and ci given by (2) and (7).  

5. NUMERICAL RESULTS 

We have selected a three-dimensional (3D) SPC 
(8,7) code as the parent code. 3D implies that parity bits 
are added in three dimensions. Data is arranged in 
blocks of length 7 and encoded using a SPC code in 
each dimension, according to [3]. Further, we have used 
random interleavers and, in order to get appropriate 
sizes of the two interleavers, k=73 ⋅ 7=2401. 
Consequently, data is arranged in a 4D hypercube even 
if only encoded in three dimensions. The interleavers 
are then of size 8 ⋅ 73=2744 and 82 ⋅ 72=3136 respectively 
and consequently n=83 ⋅ 7=3584. This 3D SPC parent 
code will provide the required FER at an acceptable 
SNR. The lowest possible code rate a scheme based on 
this parent code can have is then 1ARQ

Cr = = k/n ≈ 0.6699.  
The puncturing pattern is such that parity check bits 

are chosen consecutively from each dimension, i.e., first 
parity check bits are selected consecutively among the 
1D parity check bits, thereafter follows consecutive 
selection among the 2D parity check bits, and the 3D 
parity check bits, respectively. 

For simplicity, and in order to get a lower bound on 
achievable performance, we assume perfect error 
detection (PED). Hence, PARQ(ni) is equal to the FER for 
ti. Since we have PED, the FER in accepted frames is 
zero and the number of rejected frames following the 
last allowable transmission determines the total FER of 
the CHARQ scheme.  

Numerical results for PARQ(ni) or equivalently, since 
we are using PED, the FER as a function of SNR are 
obtained by simulation. Figure 1 shows PARQ(ni)=FER 
as a function of Eb/N0 for the different ni. 

Based on Figure 1 we can plot PARQ(ni) as a function 
of the block length for a fixed Eb/N0. Note that these 
results only apply to the chosen puncturing strategy of 
only transmitting parity bits pertaining to dimension l 
once all the parity bits pertaining to dimension l-1 have 
been transmitted. A different puncturing pattern would 
result in a different set of curves in Figure 1. However, 
given this particular puncturing pattern used to obtain 
Figure 1, Figure 2 shows PARQ(ni) as a function of the 
number of parity bits for different Eb/N0. Variations in 
code strength are observed as the number of parity 
check bits increases in each dimension. This is due to 
the fact that depending on which parity bits are 
transmitted, PARQ(ni) is affected in different ways. For 
example, receiving the first few bits from a new 
dimension in our concatenated SPC code have less 
impact than receiving the last few from the same 
dimension. This is true for every dimension. The values 
343, 735 and 1183 marked with dashed bold lines in 
Figure 2 represents having received all the bits from the 
first, second and third dimension respectively. 

Now we want to solve the maximization problem in 
(8), with constraints on ci and cM given in (2) and (7). 
For M=2 this is a one dimensional optimization 
problem. The Nelder-Mead simplex search method is 
used here for solving the optimization problem. The 
optimal value for c1 at Eb/N0=4 dB is 827 parity bits 

Figure 1: FER for block lengths of n1=k+0, n2=k+172, 
n3=k+343, n4=k+539, n5=k+735, n6=k+959, n7=k+1183 

as a function of Eb/N0. 

1 2 3 4 5 6 7 8 9 10
10−4

10−3

10−2

10−1

100

Eb/N0

FE
R

k+1183 

k+959 k+735 

k+539 
k+343 

k+172 
k+0 



yielding 2ARQ
Cr

= = 0.7221, Figure 3. This implies that c1 
should contain all of the 343 parity bits from the first 
dimension, all of the 392 parity bits from the second 
dimension and finally any 92 parity bits of the 448 in 
the third dimension.  

In Figure 4 we have plotted maximum average code 
rate as a function of Eb/N0 for CHARQ schemes with 
M=1,2,3,4,5,6,7 obtained by solving the maximization 
problem in (8) with the constraints in (2) and (7). We 
see that the maximum average code rate increases with 
M. If M=1184, which implies setting c1=0 and ci=1 for 
i=2, …, 1184, we get 1184ARQ

Cr
= = 0.7625 for Eb/N0=4 dB. 

We conclude that allowing a large number of IR 
transmissions leads to a finer resolution of code rates, 
facilitating the task of only transmitting the required 
amount of redundancy. Hence the optimal choice of M 
is to set it to the maximum value allowed. The 
corresponding average code rate is an achievable upper 
bound for 1 ≤M ≤ n–k+1. 

6. CONCLUSIONS 

We have suggested the use of multi-dimensional 
concatenated SPC codes in conjunction with an IR-
CHARQ scheme. Random interleaving, as opposed to 
traditional product code interleaving, is applied to 
enhance the performance of the concatenated SPC codes 
and a puncturing pattern specifically intended to reduce 
the decoder complexity was chosen. Further, we have 
proposed a general solution to the problem of finding 
the optimal partitioning of n–k parity bits over at most 
M transmissions in terms of maximizing the average 
code rate, assuming a specific puncturing pattern. 
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Figure 2: FER for different Eb/N0 as a function of the 
block length. 

Figure 3: Average code rate versus block length for a 
maximum of two transmissions at Eb/N0=4 dB. Here c2 
always contains the remaining parity bits of the parent 

code. 

Figure 4: Maximum average code rate as a function of 
Eb/N0 for different M. Here cM always contains the 

remaining parity bits of the parent code. 
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